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1 Introduction

To clearify our problem, we will start with a prototype example. Let K, (t > 0)
be the positive definite quadratic form function on the real line defined by:

1 _(==y)?

\/me - (z,yeRxR). (1)

The function K; is known as the heat kernel of the heat equation

1 ,
Kiw,y) = o /Re"(m_”"e‘“’*d& -

{8tu—Au=0 zeR,t>0 )

u(-,0)=f z € R.

Denote by u; the solution of (2) when we are given f € L?*(R). Then we can con-
sider the uniquely determined reproducing kernel Hilbert space Hg,(R) admitting
the kernel K;, (t > 0). Observe that

Hi,(R) = {us(,1) : f € L*(R))

and that
s (- ) g, @) = 11 fll 2wy



Therefore, for any 0 < t; < 5,
Ktz < Kt1; (3)

that is, Ky, — K, is a positive definite quadratic form function as we can see from

(1). Hence we have
Hth (R) - HKtl (R)

and

1 e, ®) 4 Pl @) (B2 4 81)

for any function f € H, (R) in the sense of the non-decreasing norm conver-
gence; see [2]. In [2] N. Aronzajn discussed such a property in detail for nonde-
creasing family of reproducing kernels { K };~q satisfying (3) when the limit

of functions converges in some set.

However, in the present case (1), the limit ¢; | 0 fails to converge in the usual
sense. However, we claim that we have a formal representation;

—y) = _1_ ~i(z—y)€ g
oo —y) = 5= [ e eee (5)
In this case 6(z — y) is not a usual function, but from the above calculation we
learn that it is determined as an increasing limit in the above sense of reproduc-
ing kernels. Aronszajn did not treat such a case in [2]. Denote by K|diag the
restriction of K to the diagonal: K'|diag(z) = K(z,z) for x € E. He established a
natural theory on the point set where 115% K, |diag converges. In our model case,

the limit diverges everywhere on diag as the explicit formula (1) implies.

We wish to establish the fact corresponding to divergent nondecreasing se-
quences of reproducing kernels under a natural condition. We will obtain some
generalized delta functions which may be considered as reproducing kernels in a
reasonable sense. We will give the fundmental applications to some general initial
value problems using eigenfunctions.

We organize the remaining part of this note as follows: First, we recall an
important result on the range of the integral transform in Section 2. In Section
3, we move on to our concrete setting of L*(I, e‘t’\zdm). We apply our result

to initial value problems in Section 4. Our main theorem is given in Section 5,
which is stated in full generality. Further examples are given in Sections 6 and

7. Section 6 considers applications to Szego spaces. We pass to a discrete case in
Section 7.

107



108

2 Preliminaries on linear mappings and inver-
sions

In order to analyze the integral transform and in order to fix the basic background
for our purpose, we review the essence of the theory of reproducing kernels.

We are interested in the integral transforms in the framework of Hilbert spaces.
Of course, we hope to characterize the image functions, the isometric identity like
the Parseval identity and the inversion formula, basically. For these general and
fundamental problems, we have a unified and fundamental method and concept
in the general situation as follows:

Following (14, 15, 16], we recall a general theory for linear mappings in the
framework of Hilbert spaces. Let H be a Hilbert (possibly finite-dimensional)
space. Let E be an abstract set and h be an H-valued function on £. Thenwe
will consider the linear transform

f=Lf=(fh(-)y, feH, (6)

from H into the linear space F(F) consisting of all complex-valued functions on
E. In order to investigate the linear mapping (6), we form a positive definite
quadratic form function K : £ x E — C defined by:

K(z,y) = (h(y),h(z))» on ExE.

A complex-valued function ¥ : F x E — C is called a positive definite
quadratic form function on the set F, or shortly, positive definite function,

when :
> X@X(yk(z,y) >0 (7)

z,yeF

for an arbitrary function X : £ — C and any finite subset F' of F.

By the fundamental theorem, we know that for any positive definite quadratic
form function K, there exists a uniquely determined reproducing kernel Hilbert
space Hi(FE) admitting the reproducing property. Here and below we always
assume that Hy (F) is separable, when we are given a positive definite kernel K.

The following result is fundamental.
Proposition 2.1.
(I) We can characterize the range of the linear mapping (6) by H as the re-
producing kernel Hilbert space Hyi(FE) admitting the reproducing kernel K

enjoying two properties: (i) K(-,y) € Hx(E) for any y € E and, (ii) for
any f € Hx(E) and for any x € E, (f, K(-,2))nx () = f(2).



(IT) In general, we have the inequality

| fll ey < 1E]]3-

Here, for any member f of Hx(E) there exists a uniquely determined f* € H

satisfying
f={h())y onkE
and
1 ey = (€713 (8)
(III) In general, we have the inversion formula in (6) in the form
fof (9)

in (IT) by using the reproducing kernel Hilbert space Hy (E).

However, this formula (9) is, in general, involved and delicate. Consequently,
case-by-case we need different arguments; see [15, 16] for details and applica-
tions. Recently, however, we obtained a very general inversion formula based
on the Aveiro Discretization Method in Mathematics [3] using the ultimate re-
alization of reproducing kernel Hilbert spaces. In this note, however, to give
prototype examples with the analytical nature, we will consider the following
general inversion formula in the general situation with natural assumptions.

Here we consider a concrete case of Proposition 2.1. To derive a general
inversion formula widely applicable in analysis, we assume that H = L?(I,dm).
To state our result simply, we will assume that I is an interval on the real line.
Denote by Z the Borel sigma algebra on I. Furthermore, below we assume that
(I,Z,dm) and (E, &, du) are both o-finite measure spaces and that

Hy(E) = L*(E, du) (10)
in the sense of continuous embeddings.

Suppose that we are given a measurable function h : I x E — C satisfying
hy = h(-,y) € L*(1,dm) for all y € E. Let us set K(z,y) = (hy, hz)r2(7,4m)- AS
we have established in Proposition 2.1, we have

HK(E) = {f € ]:(E) : f(l') = <F, hm>L2(I,dm) for F' € H} . (11)
Let us now define a linear mapping L : H — Hy(E)(— L*(E,du)) by
LF(z) = (F, ha) 2 (1.am) = / FOVRONZ) dm()), z€E (12)
I

for F € H = L?*(I,dm), keeping in mind (10). Observe that LF € Hg(FE) since
LF®LF < K.

The next result will serve to the inversion formula.
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Proposition 2.2. Assume that { Ex}%_; is an increasing sequence of measurable
subsets in E such that

O Ex=E (13)
N=1
and that
/ / B, ) dm(\) du(z) < oo (14)
IXEN
for all N € N. Then we have
L*£() (= lim (L[xs, /() = Jim / @k ) du(z)  (15)

for all f € L*(1,du) in the topology of H = L*(I,dm). Here, L*f is the adjoint
operator of L and it represents the inversion with the minimum norm for f €
HK(E),'

LL*f = f and \IL"fllse = _inf gl

In this Proposition 2.2, we see that with the very natural way, the inversion
formula may be given in the strong convergence in the space H = L%(I,dm).

3 Formulation of a fundamental problem

In Proposition 2.2, as in (1), we consider the integral transform F' € H; — f; €
F(I) given by
fi(@) = (F\ ha) 2 e-02 gy (€ € E) (16)

and the corresponding reproducing kernel K; given by
Ki(z,y) = (hy, hw>L2(1,e-t/\2dm) (z,y € ). (17)

Here and below we assume that H, is the Hilbert space L2(I,e~**dm) and that
h, € H; for any x € E. We assume as in stated in the introduction that the
monotone family of reproducing kernels { K;}+>¢ fail to converge in general, when
limy o Ky(z,y). Nevertheless, we will write Ko(z,y) for the limit formally as if it
were the delta function, namely,

Ko(xay) = lggl Kt(xay) = <hy= hz)L2(1,dm)' (18)

This integral fails to exist in general and the limit is understood as special one
as in the introduction. We are interested, however, in the relationship beteween



the spaces L2(I,e*"dm) and L?(I,dm) by associating the kernels K; and Ko,
respectively.

We assume that {h, : z € E} is complete in the space H;. At first, for
the spaces H; and the reproducing kernel Hilbert space Hg,(E), we recall the
isometric identity (8);

”ft“HKt(E) = HF”L’A’(I,e—tk?dm)- (19)

Next note that for any F € L*(I,dm),

0 11 vtamy = 1l 0

by the momotone convergence theorem. Here, of course, the norms are nonde-
creasing.

Let F' € L*(I,dm). As the function corresponding to f; € Hg,(E), we will
consider the function

£(2) = (F, ha) gy am) = / FO)h(\z)dm(Y) (z € E) (21)

in the view point of (16). However, this definition does not make sense, because
the above integral fails to converge in general. So, we consider the function
formally, tentatively. However, we are considering the correspondence

fe € Hi (E) «— [ € Hi,(E). (22)

however, for the space Hk,(FE), we have to make its meaning more precise; here,
when the kernel K| exists by the condition h, € L?(I,dm), z € E, Hg,(E) is
the reproducing kernel Hilbert space admitting the kernel K.

We consider the formal calculations as follows: First assume (14). Following
Proposition 2.2, we consider

FO) (= Jim (L DW) = Jim [ fopO ) dut)  (23)

= lim
N—oo

for F € L?(1,dm)
f(ﬂf) = (F, hm>L2(I,dm)

B <Nh£%o /EN FW)h(A ) d,u(y),hm>

= lim - ; (W) Ko(y, z)du(y).

L2(I,dm)

N—oo
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This formal calculation will show that K, looks like a reproducing kernel for the
image space of (21) and we have the isometric identity, in (21)

I oty () = [1F ]| 22(2,dm) (24)

Then we obtain the norm convergence as follows:
1}{51 | fell o, () = 1 f | By () = 1 F M| L21,0m) - (25)

and the norms are nondecreasing.

Note that in (23), the first term and the last term make sense and they have
the isometric relation. This will mean that the general L? norm is represented
by a reproducing kernel Hilbert member and its norm. Indeed, in this note, we
will grasp Kj as a reproducing “kernel” together with a clear formulation.

We will take the kernel K, as a generalized reproducing kernel. We further-
more give the fundamental applications to some general initial value problems
using the related eigenfunctions.

4 Applications to initial value problems

We first formulate a general initial value problem in the framework of reproducing
kernel Hilbert spaces based on [5].

For some general linear operator L, (and differential operator 9;), for some
function space on a certain domain F, we will consider the initial value problem
of the equation

(0 + Ly)us(z,t) =0, t>0, (26)
for an unknown u; satisfying the initial value condition
us(z,0) = f(2). (27)

Here we have to give a precise meaning of the equality in (27).

Having in mind the general framework of Section 3, we recall a general initial
value problem based on [5, 6, 13]. For this purpose, we let I be an interval
contained in [0,00). Assume that the eigenvalues of L all belong to I. The
parameter )\ represents the eigenvalues for some linear operator L for functions
on E satisfying '

LIh(\, )] = Ah(N,-), Ael. (28)
Here, h(), z) is the eigenfunction and in order to set our notation in a consistent
way, we take the complex conjugate there.



We form the reproducing kernel
Ki(z,y) = / B\, )0 2) exp(—At) dm(}), t> 0, (29)
I

and
Ko(z,y) = /I RO\, y)R(N2) dm()), (30)

Note that (29) stands for

Ki(z,y) = lim h(\, y)h(X, ) exp(—At) dm(X)

We assume that

/1 AL )2 dm()) < 0o (31)

for all z € F.

Consider the reproducing kernel Hilbert space Hy,(E) admitting the kernel
K;. In particular, note that

Ki(y) € Hg(E), y€E,
in the situation of Section 2 for Ky = K. Then we have

Proposition 4.1. For any element f € Hy(E), the solution us of the initial
value problem (26)—(27) exists and it is given by

U‘f(mvt) = <fa Kt('ax»HK(E) (t>0,CL' € E) (32)
Here the meaning of the boundary condition (27) is given by
tEIEOUf(x,t) = tgr_{_l0<f’ Kt('vx»HK(E) = (/, K("x»HK(E) = f(SL’), (33)

whose existence is ensured and the limit is given in the sense of uniform conver-
gence on any subset of E where K|diag is bounded.

The uniqueness property of the initial value problem depends on the com-
pleteness of the family of functions

{Ki(-,x);z € E} - (34)
in HK(E)

In Proposition 4.1, the properties of the solutions u; of (26)—(27) satisfying
the initial value f may be completely derived by the reproducing kernel Hilbert
space admitting the kernel

/C(:B,t;y,T) = <KT('ay)aKt("x)>HK(E)' (35)
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In our method, we see that the existence of the solution of the initial value prob-
lem is based on the eigenfunctions and we are constructing the desired solution
satisfying the considered initial condition. In view of this, with broader knowl-
edge for the eigenfunctions we can consider more general initial value problems.
Furthermore, by considering the linear mapping (32) with various situations, we
will be able to obtain various inverse problems which may be described by looking
for the initial values f from the various output data of u(z,t).

We can rephrase the main purpose of this paper; we seek to consider the
reproducing property of f € Hg,(E). To see this delicate property, we recall the
proof of Proposition 4.1 .

Proof of Proposition 4.1. First, note that the kernel K(-,y) satisfies the operator
equation (26) for any fixed y, because the functions

exp(—At)h(A,z) (A >0)

satisfy the operator equation. The condition (31) guarantees the change of the
limit with respect to R and L. Similarly, the function us(z,t) defined by (32) is
the solution of the operator equation (26).

In order to see the initial value property, we note the important general prop-
erty:
K, < K; (36)

and hence we have Hg,(E) C Hx(FE). For any function f € Hg,(E), it holds
7l = Jm [ i)

in the sense of non-decreasing norm convergence (cf. [2]). To verify the crucial
point in (33), note that

IK(,y) = K@ ) = K@) — 2Ky, 9) + 1K ) e ey
< K(y,y) — 2Ky, ) + 1K 9) o, )
= K(y;y) - Kt(ya y)a

that converges to zero as t — +0. We thus obtain the desired limit property in
the theorem.

The uniqueness of the initial value problem follows directly from (32). O
Now, we shall consider the general situation such that K exists for all{ > 0
and but that K does not exist in general.

From these considerations, we formulate a general and abstract result in the
next section.



5 The main results

Let E be a set. Assume that we are given a family of reproducing kernel {Ki}iso
satisfying Ky > K, for ¢ < ¢t. We wish to introduce a preHilbert space by

Hy, = | | Hx,(E).

t>0

For any f € Hg,, there exists a space Hg,(F) containing the function f for some
t > 0. Then, for any t' € (0, 1),

HKt (E) - HKt’(E)
and, for the function f € Hg,,

1l 2y 2= 1 o, (-

Therefore, the limit exists :
1ty = T 1 e

Denote by Hy the completion of Hg,. Due to the fact that the normed space Hy
satisfies the parallelogram law, we see that Hy is a Hilbert space.

Now we give a general application that is our main purpose in this paper and
has many concrete applications in L? version initial value problems (see many
concrete examples in [5, 6, 13]). However, in order to apply Theorem 5.1, we use
nondecreasing kernels like (1), (17) and (29) in the sequel.

For the general situation such that K, exists for all ¢ > 0 but that K may fail
to exist, Proposition 4.1 is still valid for any function f € H,.

Theorem 5.1. Let E be a set and suppose that we are given a family of positive
definite functions {K;}iso such that Ky, < Ky, for all 0 < ty < t1. Then, for all
f € Hy, we have

uf(x,t) = <f, Kt(',x»Ho (w € Hy,t > O) (37)
and
Jm up(e,8) o= f, (38)

in the space Hy.

Proof. Let us check f; = uy(-,t) € Hg,(F) for f € Hy. We can check

fr @ ff <l Ko
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by using (37). Indeed, as we did in [15, page 45],

11 Y~ CiCirKy(zyr, m5) —
i J

i fi (x5)

= ||f”§10}:20 Cy Ki(xjr, 75) — <f’ZC Ky(- :1:])>

j g Hyp

> (1113, D CiCh Ku(wyr, 5) — I lI3, || D_ CrK(- z5)
A J

> 1% Y CiCr Ky, z5) = £l | D CiKilsms)|| =0
VY J

for any finite number of points {z;} of the set E and for any complex numbers
{C;}. Therefore f; € Hy,(E). From this calculation we see that f € Hg,(E)
and that

17 e, ) < 1 - (39)

The mapping f — f; being uniformly bounded, we can assume that f €
Hg, (E) for some r > 0. Since {K,(-,q)}qcE spans a dense subspace of Hg, (E),
we may assume that f = K,.(-,q) for some ¢ € E. Let 0 <t < s < r. Then we

have

fi (@) = (K:( q), Kil5 7)) o

and hence

15 ey By < U N8y S NEGC Do) < IKGC D, (),

where we used (39) for the second inequality.
Let {©"}rcn, be a CONS of Hg,(E), where A, is at most. countable. Then

we have
(t)
E <P

AEA

with the convergence in Hg,(F) for any fixed z € E. Therefore

=3 R @)K(0),60)m, (€ E).

AEA:

Note that

ST EA0), 08 ) a|? < 00

AEA;



thanks to the Bessel inequality. This implies

£7=Y K 0), 6 mee,

AEA:

where the convergence takes place in the topology of Hg,(E) for any q € E.
Inserting this expression into (K.,.(-,q), f) Hy,(E)> We obtain

(Ke( @) by = DKo (, @), 0 i (K (@), 0 b, ) (40)

AEAL
and
1 ey = [ WK @) 087 ) o 2 (41)
AEA:
We also have
1B (o Dl ey = [ D 1K (, @), 05 e () |2(< 00) (42)
AEA;

forall0 <r <t By the Lebesgue convergence theorem, we obtain

0 =limsup ||f = f{ ||z, z) = limsup [|f — f; ||z, = 0.
t—0 t—=0

In the correspondence (22), the space Hg,(E) corresponds to the space Hy in
Theorem 5.1 and the space Hjp is isometric to the space L2(I,dm). The integral
in (29) exists and the function defined by the left hand side in (29) satisfies the
partial differential equation (26), because the function K;(z’,z) satisfies it for
any fixed ' and it is the summation. Furthermore, the initial value is satisfied
as in (38). Thus the proof of Thereom 5.1 is complete. O

The completion space Hy will be dqtermined, in many conclete cases, from
the realizations of the spaces Hg,(F), by case-by-case.

6 Special example

. d
For the simplest derivative operator D = e we have, of course,
x

De*® = e, (43)

We will be able to see that we can consider initial value problems with various
situations by considering consequent A and the variable z. As typical cases we
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can handle the weighted Laplace transforms, the Paley-Wiener spaces and the
Sobolev spaces depending on A > 0, A being on a symmetric interval or A on the
whole real space.

The Laplace transform may be taken into account in many situations by
considering various weights; see [15]. So we consider the simplest case:

K(z,u) = / e e M\ = , z=2x+1y, (44)
0

z+u
on the right half complex plane. The reproducing kernel is the Szego kernel and
we have the image of the integral transform

£(2) = / eF(\dN (Re(z) > 0), (45)
0
for the L?(0, 00) functions F(A). Thus, we obtain the isometric identity
1 o0 ' o0
o [ 1rPdy= [T 1FO)Par (46)
T J-c 0

Here, f(iy) stands for the Fatou’s non-tangential boundary values of the Szego
space of analytic functions on the right hand-half complex plane.

Now, we will consider the reproducing kernel K;(z,%) and the corresponding
reproducing kernel Hilbert space Hg,(C) by taking

Ki(z,u) =/ e Me e Mg\, (47)
0

Note that the reproducing kernel Hilbert space Hg,(C) is the Szego space on the
right hand complex plane =z > ———2-—

For f € Hk,(C) on the right-half complex plane, the function
1 [* . =
Uplt,2) = (Kol 2 g = o [ £ Raliw, 21y

satisfies the partial differential equation

(8, — D,)U(t,z) =0. (48)
For the sake of the monotonicity of the reproducing kernels, it holds

we obtain the desired initial condition:
11_1_33 Uf(t’ z) = %E;%(f: Kt(.77))HKt(C) = <f’ K(a E)>HK = f(Z)

in Hg,(C). From the general property of the reproducing kernels, we see that the
above convergence is uniform on any compact subset of the right-half complex
plane. Now, by the new Theorem 5.1, for any functions f € L?(iR) on the pure
imaginary axis we can obtain the corresponding result, and the general version
results are valid for many situations; see, for example, [5, 6, 13].



7 Discrete versions

. We refer to the discrete version as other typical situation. We will consider
an Hermitian polynomial system as a typical case. For the differential operator
P(D) = D*>—z2D we know the eigenfunctions u,, and the eigenvalues A, = 2n+1,
n > 0, satisfying the property

P(D)un(z) = Aun(x). (50)

In fact, these eigenfunctions are well known to be

n(2) = —— e~ H, (1), (51)

vV 2rnly/m
where we are using the Hermite polynomials
mn

Ha(z) = (~1)" exp(s?) 7 exp(~?). O ®

Moreover, the system {u,} is complete and orthonormal on the space L?(R)
endowed with the norm || - || which satisfies

1l = \/ / " |7 (@) de < oo, (53)

We will be able to consider the initial value problem u(z,t),
(0: + P(D))us(z,t) =0 (t>0), us (0, ) = f(),

and construct such a solution. Here, the important points are the characterization
of the functions space {f} and the precise meaning of the initial value

Jim ug(z,t) = us (0, 2) = f(2).

The crucial point is a realization of the reproducing kernels generated by the
eigenfunctions. For such a concrete purpose, inspired by the interesting books
[1, 8, 9, 10, 11], we find the following identity as the reproducing kernel which is
generated by the eigenfunctions

\ 22 z/2 b /
K(z,2') = e 7e 7 Z Hn_@mgiﬁ(_xlrn
n=0 n
22 2 1 2xx'r — (22 + 2'*)r?
= e 2 2 1_T_2exp( 1—r2 (54)
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for 0 < r <1 (cf. [1, p. 280]). Now we are interested in idealizing the linear
transform property, which is induced from the representation (54), for

f@)=e 7Y G, I;ZE:;)T" (55)
n=0 )

where we are considering ¢2(Np) sequences {Cy,}2, satisfying
Z | Tl'2 (56)
onnl

Doing so, we obtain an isometric identity, because the system {H,}2, is lin-
early independent, for the reproducing kernel Hilbert space Hg, (C) admitting
the reproducing kernel K,

I fll, ©) = (57)

Meanwhile, we can realize the reproducing kernel Hilbert space Hg, (C) con-
cretely, in a self-contained manner, as follows: At first, the reproducing kernel
K, (z, ') is extended analytically onto the whole complex plane z = x 44y in the

form
1 —22r?2 w32 or2l
’—"'1_r2eXp(1—r2_1—r2+1—r2)' (58)

Here, in particular, for any fixed A > 0, the kernel e”** is the reproduéing kernel
on the Fischer (Bergmann) Hilbert space consisting of the entire functions f with

finite norms

A 2.2 172

<;/ |f(z + iy)|Pe~AE"FY )da:dy) < oo.
R2 '

Nle
w":"\,

€

K. (z,u)=e€"

Azu

From the basic properties of reproducing kernels about multiplications by pos-
itive constants and products of reproducing kernels, we are able to identify the
reproducing kernel Hilbert space Hg, (C) admitting the kernel K, (z,%); the space
Hg, (C) is composed of entire functions f with finite norms

(N%—rg/w If(m+iy)l2exp<1lr 2+—(§——t:—)>d dy)l/2 < oo.
(59)

Meanwhile, from (55), we obtain the representations of {C,}>2,, by using the
orthogonality of the Hermite polynomials

/_00 f(a:)Hn(x)e'%zdx. (60)

1
N



Therefore, we see that the elements of the reproducing kernel Hilbert space
Hg, (C) are characterized by the real valued functions satisfying (55) with (60)
and this fact will give the analytic extension property of the elements of Hg, (C).

Therefore any member f € Hg, (C) is represented in the form (51) satisfying
(561) and (57), and the function f is extended analytically as an entire function f
satisfying (53) as the norm. Then, furthermore, we obtain the isometric identities
(53) and (56). In addition, by using these isometric identities, we can obtain the
corresponding inversion formulas.

Now, we form the reproducing kernel

22 2 o~ Ho(2)H,(z)
K.(z',xz;t) =e 7e 7 "t >0, 61
(&, z;8) = e wem ;Zﬂn!exp()\nt)r (61

and let us consider the reproducing kernel Hilbert space H, ) (C) admitting the
kernel K, (-,-;t). In particular, for each fixed z, K,(-,z;t) € Hg, (C) (however,
it is a symmetric function in the first and the second variables) Then, we can
obtain the following result.

Proposition 7.1. For any element f € Hg, (C), the solution us(z,t) of the
differential equation

(0 + P(D))us(z,t) =0 (t>0) (62)
satisfying the initial value condition
us(0,z) = f(z), (63)
ezists uniquely and it is given by
ug(z,t) = (f, K (-, 25 8)) mg, (©)- (64)

Here, the meaning of the initial value (63) is given by

lim us(,t) = lim (f, K-, 258)) b, ©) = (f, Kr (5 2)) i, 0 = f(z) - (65)

t—+

(whose ezistence is ensured and the limit is considered in the uniform convergence
sense on any subset of R such that K,.(z,z) is bounded).

In our Proposition 7.1, we naturally assume that the initial value function f
belongs to the naturally determined reproducing kernel Hilbert space Hg, (C).
However, the space may be extended to a naturally determined Hilbert space.

At first, recall the reproducing kernel Hilbert space Hg, (C) and its structure.
We will consider the limit 11 in (50). Note that ‘

Ki(z', z) B ’—Z 2”n' (66)
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is not a usual function, however, this is an expansion in terms of the complete

orthonormal system
o

{e"éHn(a:)}

in the Hilbert space L?(R) with the norm (53) in the symmetric form (as in
reproducing kernel forms). Recall the Parseval identity and the inversion formula
in the representation of the functions in the Hilbert space framework. This means
that the given kernel form K;(-,z) looks like the distribution §(- — z) and it is a
reproducing kernel in the sense that

f(@) = (f,0( — 7)) 2(w) (67)

n=0

in the Hilbert space L(R).

Furthermore, for any r < ' < 1,
K. (z,2') < Ky (z,2'); (68)
and hence H, (C) C Hk ,(C). For any function f € Hg, (C),
1 s, @) = Lim | Fll e, o)

in the sense of non-decreasing norm-convergence. However, at the present case,
K is not a usual function, but it is determined as an increasing limit in the above
sense of reproducing kernels.

From these considerations, we have

Theorem 7.2. Proposition 7.1 is also valid for any function f € L*(R) in the
sense that

ug(z,t) == (f, K(-,2; 1)) L2w) (69)
and _
tl_ilfouf(',t) = f, (70)
in L*(R).
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