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1 Introduction

In this paper we consider the following logistic diffusion equation with spatially inhomo-
geneous coefficients and continuously delay term:

ug = div{d(z)Vu} + u{a(z) — b(z)u — c(z)k * u(t)} in Q x (0,00),
(P) Bu=0 on 09 x (0, 00),
u(-, 0) = uo in Q,

where ) is a bounded domain in R with sufficiently smooth boundary 89, a,b and c are
functions of class L*(Q) with b > 0 and ¢ > 0 in 2 and

kx*u(t) = /0 k(t — s)u(s)ds.

A diffusion coefficient d is a positive function of class C'**(Q) with a € (0,1). Boundary
operator B represents the following boundary condition

Bu=u or Bu=0u/on+ p(z)u,

where 8/6n denotes the exterior normal derivative to 9Q and  is a nonnegative function
of class C'+*(5Q). Moreover, k is assumed to be a nonnegative function of class C*(0, co)N
L0, 00) satisfying

/ " k)t =1. (11)

Our problem (P) appears in ecology and u denotes the population density of a biological
species. . Throughout this paper, we always assume

(A.1) ug is a nonnegative (not identically zero) function of class L>(Q),

(A.2) inf,co{b(z) +c(z)} > 0.

If ¢ = 0, then (P) is an initial boundary value problem for a spatially inhomogeneous
logistic diffusion equation. In this case, the dynamics of solutions of (P) is well known
(see Cantrell-Cosner [3, 4, 5]). However, it is more realistic to take account of the past
information in the study of population biology. The term k  u(t) is sometimes called a
hereditary term and describes effects from the past to the present. Naturally, the following
two functions k are typical delay kernels in mathematical biology:

(K.1) k(t) = (1/T)e™"/T,
(K.2) k(t) = (t/T?e T,
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Here, (K.1) and (K.2} are called a weak delay kernel and a strong delay kernel, respectively.
For instance, they appear in the bacteria model (for details, see lida [8]).
Our main purpose is to study

(P.1) Existence and uniqueness of global solutions of (P),
(P.2) Asymptotic behavior of solutions as ¢ — oo,
(P.3) Existence, uniqueness and stability of positive stationary solutions.

When a,b,c and d are constants, (P.1)-(P.3) are studied by many authors and lots of
results are obtained (see e.g. [8, 10, 14, 17, 18] with homogeneous Neumann boundary
condition and [15, 20] with homogeneous Dirichlet boundary condition). In addition,
some systems of Volterra diffusion equations have also been studied in [1, 19). However,
there are few results for (P) under inhomogeneous environment. So our main purpose
is to study Volterra diffusion equations with spatial inhomogeneity. We have to develop
some devices and tools to discuss the spatial inhomogeneity. Details for our arguments
will be found in the paper of Yoshida-Yamada [21].

The plan of this paper is as follows. In Section 2, we will introduce our results. They
are concerned with (P.1)-(P.3) and main results are Theorems 2.4, 2.5 and 2.7. Consider
the following eigenvalue problem:

(EP) { —div{d(z)Vy} —a(z)y =M in Q,

By =0 on 0.
Let A\; = A1(a, d) denote the principal eigenvalue of (EP). For the proof of some theorems,
the sign of A; is important. So in Section 3, we will discuss some sufficient conditions for
A1 < 0. In Sections 4, 5 and 6, we will prove Theorems 2.4, 2.5 and 2.7, respectively.

Notation

For p € [1, 00], LP(Q) denotes the Banach space of measurable functions « in Q with norm

1/p
el = { i |u<x>|pdm} <oo ifpe L o0),
[

l|u]l o052 := esssup |u(z)| < oo if p=oo0.
€S}

If there is no confusion, then we will omit the subscript Q. For each p € [1,00) and
integer k € [1,00), W*?(Q) denotes the usual Sobolev space of measurable functions u in
Q such that u and its distributional derivatives up to order k belong to L?(f2). Its norm

is defined by
1/p

lellkg = | D ID%lE |

la|<k

where a denotes a multi-index for derivatives. If there is no confusion, then we will also
omit the subscript Q. We sometimes write H*(Q) instead of W*2(Q2). Moreover, WEP(Q)
denotes the closure of C*(Q) in W*?(Q), where C$°(2) denotes the space of infinitely
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differentiable functions in  with compact support in Q. In the same way as H*(Q), we
sometimes write H¥(Q) instead of Wr2(Q). ,

Let I be any subinterval of [0, 00) and let X be any Banach space. Denote by C(I; X)
the space of X-valued strongly continuous functions in I. For any positive integer j,
C?(I; X) denotes the space of functions u of class C(I; X) such that u is j-times strongly
continuously differentiable in 7.

2 Main results

Let p > 1 be fixed. Define a closed, linear and elliptic opérator A with dense domain
D(A) by
Au = —div{d(z)Vu}

and
D(A) = WP (Q) N W22(Q) if Bu=u,
| {veWw?(Q) | Bu=0ondQ} if Bu=08u/dn+ B(z)u.

For each p € [0,1], we introduce the fractional power spaces D(A*) equipped with the
graph norm of A* in the standard manner. If p > max{1, N/2}, then

D(A*) c C*(Q) with v € [0,2u — (N/p)). (2.1)

For the proof of (2.1), see Henry [6] or Pazy [9]. It is well known that —A generates
an analytic semigroup {e=*4} _ in LP(Q). Then we can establish the global existence
theorem.

£>0

Theorem 2.1. Let p > max{1, N/2}. Then (P) has a unique solution u in the class
u € C([0, 00); LP(Q2)) N C*((0, 00); LP(2)) N C((0, 0); D(A));

which satisfies

u>0 in Qx(0,00) and Au/dn <0 on O x (0,00)

if Bu = u, and
u>0 in Qx(0,00)

if Bu = 0u/on + B(z)u. Moreover, if inf,cq b(z) > 0, then
u<m in Qx(0,00), (2.2)

where m = max {|[o|loo, SUP;en{alz)/b(z)}}-

This theorem can be proved in the standard manner. For details, see for instance [7]
and [18].
By a stationary solution of (P) we mean any solution of

(SP) { SAEITe) + o) = () +elollel =0 @

(note (1.1)). We will look for positive solutions of (SP).
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Recall (EP). Then ), is given by the following variational characterization (see [5,
Chapter 2]):

_ 2 24, 2
M_wﬁﬁn{ﬁﬂﬂwwdwﬂéﬂuWQWd ‘Ld@¢m}

2=1

if By = 8v/dn + B(z)y, where o denotes a surface element, while

_ 25 2
M—%ﬁ@{Aﬂﬂwwdx‘Adﬂwm}

llll2=1

if By = 1.

Then we can obtain the existence and uniqueness of a positive solution of (SP).

Theorem 2.2. Problem (SP) has a positive solution ¢ if and only if Ay < 0, where A; is
the principal eigenvalue of (EP). Moreover, when ¢ exists, it is uniquely determined and
it satisfies

O<p<M inQ (2.3)

and

0<¢g <M ondQ if Bop=0p/On +ﬁ(ac)

where M = sup,q{a(z)/{b(z) + (&)} }.
Remark 2.1. Since A\; < 0 requires sup,eqa(z) >0, M is a positive number.

Theorem 2.2 can be proved as an application of the monotone method (see Sattinger
[13, Theorem 2.1]).

We can show the following result on the asymptotic behavior of solutions for (P) in
the case of A\; > 0, namely the case of nonexistence of positive stationary solution:

{8@/3n<0 on 00 if Bp =,

Theorem 2.3. Assume
;Ielsf) b(z) >0 and A\ >0 or Llrelsf) b(z) =0 and A >0. (2.4)

Then every solution u of (P) satisfies
tl_lfg u(t) =0 wuniformly in Q.
Proof. Since c and k are nonnegative, the positivity of u implies
| u < div{d(z)Vu} +u {a(z) — b(z)u} .
Consider the following problem:

vy = div{d(z)Vv} + v {a(z) — b(z)v} in Q x (0,00),

Bv=0 on 90 x (0, 0o),
v(+,0) = |luoll in Q.

Owing to (2.4), the theory of dynamical systems shows

lim v(t) =0 uniformly in Q.
t—00

Since the comparison theorem (see e.g. Smoller [16]) shows u < v, the conclusion easily
follows. a



In what follows, we will discuss the case A; < 0, which assesses that there exists a
unique positive stationary solution ¢ of (SP). First, we will consider the case inf,eq b(z) >
0. Denote by k the Laplace transform of &:

Q) = / " e Mkt dt.

0

Then we can prove the global attractivity of ¢ of (SP).

Theorem 2.4. Assume infyco b(z) > 0, \; < 0 and tk € L'(0,00). Furthermore, assume
that there erists a positive constant ko such that

b(z) + Re IAc(m)c(a:) >ky forzeQ andneR. (2.5)
Then every solution u of (P) satisfies
tlgg) u(t) =¢ uniformly in . (2.6)

Recall special kernels (K.1) and (K.2). Then both kernels satisfy tk € L0, 00).
Moreover, for (K.1), '

o 1
inf Re k(in) = Iof Re (1 n z‘nT> 2.7)
—0,

and for (K.2),

. f + . — . f
Inf Re k(in) inf Re (
1
=-3 |
From (2.7) and (2.8), ¢ is always globally attractive for (K.1), while for (K.2), it is globally
attractive if

1+ z'nT) 2 (2.8)

€}

inf {b(:c) - f_(g_)} > 0. (2.9)

When we consider (P) with spatially homogeneous coefficients and homogeneous Neumann
boundary condition, it follows from [18] that, if k is given by (K.2), then ¢ loses its stability
and that the Hopf bifurcation occurs. However, there is no result on the Hopf bifurcation
in other cases.

We can also consider (P) for the case inf e b(z) = 0. One of the difficulties of this
case is to derive a priori estimate of u.

Theorem 2.5. Let inf,en b(z) =0, A < 0 and tk € L'(0,00). Assume Re k(in) > 0 for
n € R. Then every solution u of (P) satisfies

sup [[u(t)|loc < 00
t€[0,00)

13
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Repeating the proof of Theorem 2.4, we can also obtain the following result:

Theorem 2.6. In addition to the assumptions of Theorem 2.5, assume (2.5). Then every
solution u of (P) satisfies

lim u(t) = ¢ uniformly in Q.

t—o00 }

Recall that if k is defined by (K.1) (resp. (K.2)), it satisfies (2.7) (resp. (2.8)). Then
both of (K.1) and (K.2) cannot satisfy (2.5). This implies that Theorem 2.6 is inconvenient
from the viewpoint of the application. By putting additional assumptions, we can improve
Theorem 2.6 as follows.

Theorem 2.7. In addition to the assumptions of Theorem 2.5, assume k(0) # 0 and
K (= dk/dt) € L*(0,00). Furthermore, assume that there exist positive constants co and
k1 such that c(z) > ¢y for x € Q) and ’

Re {ic(zn)}
Then every solution u of (P) satisfies

1
>k, forneR. (2.10)

tlim v(t) = ¢ uniformly in Q.
—>00

3 Sufficient conditions for A\; < 0

In this section, we will search some sufficient conditions for A\; < 0. Set

Qo ={z € Q| a(z) > 0}, (3.1)

and always assume o # @ in this section. Consider the following eigenvalue problem:
—div{d(z)Vp} = pa(z)p in Q, ' (32)

Bp=0 on 0f). '

Let pf = pf(a,d) denote the positive principal eigenvalue of (3.2). It is given by the
following variational characterization (see e.g. [5]): '

/ a(z)p’dx
1 0

= sup
pi

<t [ d@|Volds + [ d)pia)sio
P20 Jg 8 '

(2

if Byp = &y/n + B(z)1, while

1 / a(z)p’dz
7= Sup = - (3.3)
Lo [ do)|vpPds

if By = 1. Note that if Bp = 8p/dn, then i exists if and only if

/ a(z)dz < 0. (3.4)

For the proof of (3.4), see, e.g., [5]. The relation between A\; and 7 is given by the
following proposition (see [5, Theorem 2.6]):



Proposition 3.1. Let A\, be the principal eigenvalue of (EP) and let pi be the positive
principal eigenvalue of (3.2). '

() If B = & or B = 3y /0n + Bla)p (8 £ 0), then \; <0 if and only if ui < 1.
(ii) If By = 0/On with (3.4), then Ay < 0 if and only if pi < 1. If By = 0y/0n with

/ a(z)dz > 0, (3.5)
Q

then A\ < 0.

Then the following result is obtained:

Proposition 3.2. Define Qo by (3.1). Let By = + or By = 0¢/0n with (3.4) or

Bt = 04/0n + B(x)w (B £ 0). Then there exists a positive constant d* such that Ay <0
for any d_satisfying ||d||cc,0 < d*.

Proof. We will only discuss the case Biy = 1. The other cases can be handled similarly.
Take any connected set Q% C €. Take any function p € Hj(€) and let 5 : Q5 — R be
the natural extension of p. Observing (3.3), we can estimate

— 2> sup

/a(m)[?dw

Q

T T penin / d(2)|V5[2dz
p#0 Q P

/“ a(z)p’dz

%

> [|dl| o sw —
pe 0 .
0 o Vol*dz

Choose d* as

/a(x)p2dm
= sup
ﬂ€H0 ”3)/ le‘Qdm

Then pf < 1 for any d satisfying ||d||c,0; < d*. Therefore, Proposition 3.1 yields the
conclusion. O

Propositions 3.1 and 3.2 imply that a positive stationary solution exists if a diffusion
coefficients in a favorable habitat Qg is sufficiently small or (3.5) is achieved with homo-
geneous Neumann boundary condition. In ecology, this fact asserts that there is a chance
for a species to survive if the species stays in a favorable habitat Qp.

15
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4 Proof of Theorem 2.4

For the proof of Theorem 2.4, we will follow the argument used by Yamada [20]. Let ¢
be a positive solution of (SP). We introduce the following nonnegative functional:

E(u) = / 2 (@)g(u(z)/p(x))do
o (4.1)
u(z)

- [#ta) {u(z> — p(z) - plz) log m} d,

where
g(u) =u—1-logu. (4.2)
This functional has also been used in [1].

Lemma 4.1 (cf. [20, Lemma 3.1]). Define E(u) by (4.1). Then any solution u of (P)
satisfies ’
d

2 u(t) 2 2
70) = = [y [ {g DY o - [s@)tute) - ods
- [ ctaefult) = bk« (u - )0 (43)
+ /t " k(s)ds /ﬂ (@) {u(t) — p}dz.

Proof. We will only prove the case Bu = u. The other cases can be proved similarly.
Differentiation of (4.1) with respect to ¢ yields

9 p() —/ 12 Vo t)pds
dt —Ja u(t) N

_ /Q ’ {1 _ %} div{d(z)Vu(t)}dz

+ / o{u(t) - oHa(z) — b@)u(t) — c(z)k » u(t)}dz.
Q

In view of (1.1),
a(z) — b(z)u — c(z)k * u(t) = a(z) — {b(z) + c(z) }¢ — b(z)(u — @)
— o(@)k % (u— 9)(t) + c(z)p /t k(s)ds.

Since ¢ is a solution of (SP), it follows that
g—t-E(u(t)) _ /Q o {1 - %} div {d(z)Vu(t)} dz — /Q {u(t) — o} div {d(x)Ve} d
- [ Horetutt) — P - [ corptu(®) - ol x (u )0
+ /too k(s)ds[zc(x)wz{u(t) — p}dz.



Moreover, we also obtain from the integration by parts

/QW {1 - Wi)} div {d@)W(t)} dz — /(2 {u(t) — ¢} div {d(z)Vy} do

=~ [ {1ve ~ 5 we-wu) - pouor e

- oo

dz.
Therefore, (4.3) follows. a

Then we are ready to follow the argument in [20]. We will also prepare some regularity
results.

Lemma 4.2. Let u be a bounded solution of (P) and let 6 be any positive number. Then
there exist positive constants K;, K, and Ks, independent of t, such that for p > 1,
t € [6,00) and u € [0,1),

[A*u(B)]l, < K,

and for h > 0,
[|A#{u(t + h) — u(t)}|, < Koh” + Kzh' ™ (4.4)
with ¥ € (0,1 — p).
For the proof of Lemma 4.2, see [18, Theorem 3.1] and Rothe {12, Lemma 21]

Proof of Theorem 2.4. We may assume uy > 0. Indeed, we can retake ug = u(T) > 0 for
T > 0 and prove this theorem with slight modification. Integrating (4.3) over [0,T] with
arbitrary number T' > 0, we have

E(u(T)) + /OT/Qd.(a:)ga2 V{logy—g&} 2d$dt + /()T/nb(x)go{u(t) — }’dzdt
+ /OT /n c(z)o{u(t) — g}k * (u— np)(t)dxdt (4.5)

— B(uo) + /0 ' /t " k(s)ds /Q c(0)H{ult) - e}dzdr

By virtue of (2.2) and (2.3), the second term in the right hand side of (4.5) is estimated

/ / k(s)ds/ (z)p*{u(t) — p}dzdt < |lc||cM?*(m + M) IQ]/ sk(s)ds.

Since tk € L'(0,00), it follows from (4.5) and the above inequality that

/0 /Qb(ac)np{u(t) — @}’ dxdt +/0 /ﬂc(m)cp{u(t) —ptkx (u— @)(t)dzdt < K4, (4.6)

17
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where 00
Ku = E(uo) + |lclloeM*(m + M)|) / th(t)dt.
0

For v : [0,T] — R, define vr by

u(t) ift € 0,7,
vr(t) = { 0 ifte (—oo0,00)\[0,7],

and for k : [0,00) = R, define k& by

~ k(t) ift € [0,00),
k(?) ={ 0 ifte(—o0,0).

Then we can derive the following relation (cf. [18, Lemma 2.2]):
F (kxvr) (n) = k(i) For(n), (47)

where Fuv denotes the Fourier transform of v:

Fu(n) = (2m)~1/2 /00 ey (t)dt.

—00

Therefore, making use of (2.5), (4.7), Fubini’s theorem and Parseval-Plancherel’s equality,
we can obtain

/OT/nb(w)SO{u(t) — p}’dzdt + /OT/Qc(m)g:{u(t) — @}k * (u — )(t)dzdt

T (4.8)
ko [ [ lutt) - plpdsat,
0o Ja
(for details, see [18] and [20]).
Since T is arbitrary and K, is independent of T, (4.6) and (4.8) yield
P2(u - ¢) € L}((0,00); LX(9)). (4.9)

On the other hand, (4.4) shows that ©'/?(u — ) is uniformly continuous in (0, 00) with
respect to L2(£2) norm. The fact, together with (4.9) implies

lim / lu(t) — p|%pdz = 0. (4.10)
Q

t—00

Then we can prove (2.6) from (4.10). Its proof is exactly the same as in [20] with A
replaced by A + 1. ]

Remark 4.1. Take p > N and u € ((p+ N)/(2p),1). Then (2.1) implies

lim u(t) = ¢ in CY(Q).
t—o0



5 Proof of Theorem 2.5

We will prove this theorem along the arguments used in the work of Yamada [20, Proposi-
tion 3.3]. We can assume uo > 0. Since A; < 0, there exists an unique positive stationary
solution ¢ of (SP). Then integrating (4.3) over [0,7] with T > 0, we see

T 0o
E(u(T)) < E(uo) + |[¢M /0 /t k(s)ds /Q ou(t)dadt (5.1)

as in the proof of Theorem 2.4. Since g is a convex function (see (4.2)), it is possible to
- apply Jensen’s inequality (see e.g. [2, pp. 120]) to E(u(T)) to get

g (||90\|2_2/QWU(T)d:c> < llel3? /w 9 (u(;r)) dz (52)

= llelly* E(u(T))-

Put V(t) := ||lpll5? [, pu(t)dz. Then we obtain from (5.1) and (5.2)

lol29(V(T)) < E(vo) + licle - oM / / S)dsV ()dt. (5.3)

By using the idea in [20], it can be shown that for sufficiently large To,

o0 o0
Ko = ||l M / f k(s)dsdt < 1.
To t

Then (5.3) implies that for every T' > Ty,

g(V(T)) < ll¢l52E o) + oM / ° / $)dsV (t)dt + Ko sup V().

t>Ty
Recall that g is given by (4.2). Since Kg < 1, it follows from the above inequality that

sup V(t) < Ky (54)

t>To

with some K7. Then it follows from (5.4) that

sup/ﬂcpu(t)dx < Kg (5.5)

t>0

with some Kjy.
Let r € (0,1/2). Then we can obtain from (5.5) that

sup/,ur(t)da: < Koy, (5.6)
Q

>0

where Kj is a suitable positive constant, independent of ¢ (for details, see [20}). Therefore,
the result of Rothe [11, Proposition 2] implies the conclusion. d

19
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6 Proof of Theorem 2.7

We will prove this theorem by the same idea as in [20, Theorem 3.5]. We may assume
ug > 0. By A; < 0, there exists a unique positive stationary solution ¢ of (SP). Define a
new function v as

v(z,t) =k (u—p)(z,t).
Similarly to the proof of Theorem 2.4, integrate (4.3) over [0, T] with an arbitrary T > 0;
then there exists a positive constant K, independent of T, such that

E(T)) / / {log (t)} 2dasdt
(6.1)
/ / (z)p{u(t) — ¢}dzdt +/ / z)p{u(t) — p}v(t)dedt < Ky,
Since v satisfies
u(t) = k(0){u(t) — ¢} + K * (u - 9)(t), (6.2)

it follows that

1d

531 ] @O = [ co)utult)ds

- / (@) pu(t) (O){u(t) - @} + K * (u— p)(¢)] de.

Integrate this identity over [0, T):

1 [7d 2
> /0 o /“ c(z)ipv” (t)dzdt (6.3)

T
= /O /uc(x)wv(t) [K(0){u(t) — @} + K * (u— ¢)(t)] dzdt.

[)T%/gzc(‘”)w”Z(t)dxdt = /Q c()pv*(T)dz

> 0.

In view of v(0) = 0,

Therefore, we can see from (6.3)

/ / 2) U)K’ % (u — )(t)dzdt <k(0/ / c(@)p{u(t) — }v(t)dzdt (6.4)
<k(0)Ko,

where we have used (6.1).
Note

k' (in) = /0 ” e ™K (t)dt
—k(0) + ink(in)
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and F(vr)(n) = k(in)F((u — ¢)r)(n). Then

F(F x (= o)r) (n) = { ~5(0) +imk(in) } {kim)} ~ Flor) (o) (65)

By virtue of (6.5), Fubini’s theorem and Parseval-Plancherel’s equality, similarly in the
proof of Theorem 2.4, we can show

- /0 ' /u (@) vk % (u — )(t)dzdt
- [[@)e [ orlF + (- plryaeda
/ o(2)p / Re F(vr)(n)F (ic'*(u—go)T) (n)dndz
=k0) [ etale [ Re {ktin)} " 1F(or)n)Pdnds

T ,
c0k1/ /gpvz(t)dmdt < Ky,
0 Jo

(note (2.10)). Since T is arbitrary and K7 is independent of T, this fact implies
% € L((0, 00); L3(9). (6.6)

Therefore, (6.4) implies

One can prove the uniformly continuity of v(t) with respect to ¢ from (6.2) (see [20]).
Hence, it follows from (6.6) that

lim ©Y?(t) =0 in L3(Q).

t—o00

In the same manner as [20] (replace A by A + 1),
lim v(t) = 0 uniformly in Q. (6.7)

t—o00

The rest of the proof is essentially the same as Yamada [20]. So we omit the details. [
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