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1. Introduction

This is a report on the recent work [5] with A. Kadoya and M. Niezgodka. The main
objective of this paper is to reconsider economic growth models (cf. [7,8]) in the macro-
economics from a viewpoint of the mathematical theory on quasi-variational inequalities.
As many economists pointed out, the technological innovation brings various changes to
production systems. Especially it enables to get big output by rather small labor force
and this is a very important point for our aging society in the future.

In this paper we propose new economic growth models, taking account of technological
development, in which we investigate its influence on the growth of economics. Moreover,
we discuss it in a closed system between major economic elements which are capital,
technological level, labor force and output; in the classical growth model due to R. M.
Solow [8] the most important one was “capital” as well as its dynamics on condition that
the evolution of technological level and labor force are prescribed independently each
other and the output is prescribed by the other three elements. However, in a complex
structure of our future society it is quite natural to suppose that these elements depend
on each other and is expected that the production system is formulated as a closed loop
between them. Along such a direction we shall propose a simplified model promoting the
economic growth.

2. Formulation and theorems
We consider an economic model that includes the formation and dynamics of knowledge-
technological (K&T') region in the system:

w'(t) + bw(t) = o P(L - A(t))w(t)*, t >0, (1)
(1) + O (rk(t)) D fe(w(t),mk(t)), t > -7, k=1,2,--- ,N, (2)
A'(t) + 0Ikor(e) (A(t) 2 g(r(t); w(t), A(t)) in RY, >0, @)

with 7(t) := (r1(¢), m2(t), - - ,rn(t)),
w(t) = wo(t) for t € [—70,0], A(0) = Ao, 7(—70)=0. (4)



In the macro-economics, w(t) is the capital, Ko(r(t)) is the knowledge-technology (K&T)
region cultivated by making continuous investiment, and A(¢) is the technological level.

The objective of this paper is to construct a global in time solution {w, r, A} of (1)-(4)
which posseses some properties from the economic point of view; for instance,

(el) the capital w(t) is non-decreasing in ¢ and the effective labor L - A(t) is non-
decreasing in t, too,

(e2) the K&T region Ky(r(t)) is non-decreasing in ¢ and A(t) € Ko(r(t)) for all ¢,

(e3) w(t),r(t) and L - A(t) converges as t — 00 t0 W, Too and L - Ay for any cluster
point Ay, of A(t).

In this work one of important questions is how to set up some specified classes of func-
tions fi(w,r%), g(r;w, A) and Ky(r) so that the solution posseses the above mentioned
properties.

Our problem is treated under the following assumptions:

(A)b>0,0<0<1, 0<a<1l, 7 >0 are constants, L := (Ly, Lg, - , Ly) with
Ly >0 (1 <k <N)and P(r) is a smooth function on R, such that

P(0)=0, P'(r)>0, Vr>0, liE}P’(r) = 0.
(A2) To each vector 7 := (r{,72, -+ ,rn) € RY a compact and convex subset Ko(r) of
RY is asigned so that ‘
Int.Ko(r) # 0, Vr € RY withr, >0, k=1,2,---,N,

and the mapping r — Koy(r) is Lipschitz continuous in the sense of Hausdorff
distance in RY and monotone increasing in the sense that Ko(r) C Ko(r') if ry <
. (1 <k <N)forall r = (ry,rq, -+ ,rn) and v’ = (r, 75, ,7y) € RY.

(A3) 9k (-) is a proper l.s.c., non-negative convex function on R such that 1y(r) = 0 for

all » < ry with a fixed positive number ro and D(%) is bounded from above, say
D(¢x) C (—00,7] or (—o0,7x) for a positive finite number ~,; hence dy(r) = 0
for r < rp and R(0vx) = R, '

(A4) Foreach k =1,2,--- , N, fi(-,) is a positive, non-decreasing (in each variable) and
Lipschitz continuous function on R2. If A := (A4;, As,--- , An) with 0 < Ay < 3
and 1 < k < N and if w is a positive number satisfying bw = o P(L - A)w®, then

fi(w, Ag) > sup O (Ax).

(A5) g(r;w, A) := (gl(r;w,A),gQ‘(r;w,A), -+« ,gn(r;w, A)) is a Lipschitz continuous
function from RY x Ry x RY into RY. If r € RY and A = (4,4, ,An) €
OKo(r) with Ay >0 forall k=1,2,---, N, then

N-L>0, YN € N,(A),
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and

+
yw, A) — ax sw,A)- N| N3-L>0, YVw>0,
{g(rw ) (N&(A)g(r w, A) ) } w
where N (A) is the unit normal cone of Ky(r) at A, namely

N.(A):={N € RN |IN|=1, N-(x - A) <0, Vx € Ko('r)}.
Then we have:

Theorem 1. For the initial data wy € W}r’z(—To,O) and Ag assume that wy is positive
and non-decreasing on [—7o,0] and

Ap € I’ntKo('l‘(O), b’UJ()(O) < O'P(L . Ao)’wo(O)a.
Furthermore suppose that

g(raw7A)L>07 Vr = (T15T27"' a’rN) ERJJ_/ with Tk >07 k=1727 7N7

‘ )
Yw > 0, VA:(Al,Ag,"' ,AN)GK()(’I‘) with Ak>0, k:1,2, ,N. ( )

Then problem (1)-(4) admits at least one global in time solution {w,r, A} such that

w, r and L - A are non — decreasing on [0, 00).

Theorem 2. Under the same assumptions as in Theorem 1, let {w,r, A} be any global
in time solution of (1)-(4). Then we have:

(1) Weo = LMoo W(t), Moo 1= limy_co 7(t) and Lo := limy .o L - A(t) exist. Moreover,
Ko(r(t)) converges to Ko(r) in the sense of Hausdorff distance ast — oo.

(ii) Let A, be any cluster point of A(t) ast — oo. Then £o, = L- A,,. Moreover, with
Too = (Tloo, T200y """ ,TNOO) we have:

bwee = o P(L - Au)ul,
fk(womrkoo) € aipk(’rk@), k=1,2,---,N,

g(rooa Woo, Aoo) -L S aIKO(rw)(Aoo) . L,
where 8l ko(ro)(Aoo) - L = {r5, - L | 7%, € Olky(ro0)(Aco)}-

Remark.1 In general, it is not guaranteed that A(t) converges in RN as t — 0o. The
uniqueness question of solutions to problem (1)-(4) remains open. See [2,3,4] for related
works.

Remark 2. (Quasivariational structure) Let {r,w, A} be a solution of our problem (1)-
(4). Now we denote by w = QA the solution of (1) uniquely determined by A and by



r = Ruw the solution of r of (2) uniquely determined by w. With these operator Q and
R, system (1)-(3) can be written in one evolution inclusion

A'(t) + 0l RQAw) (A1) 2 g(RQA(t); QA(), A(t)).

We should note that the convex constraint Ko(RQA(t)) depends on the unknown A(t).
In this sence, system (1)-(3) includes the quasivariational structure and it is called a
quasivariationl problem. For the general theory on quasivariational evolution inclusions,
see [6].

3. Examples
In this section we give some illustrative examples of data Ko(r), ¥« (-), fe(w,r%) and
g(r;w, A).

(Example of Ko(r) and g(r;w, A))
For a finite number p > 1 and a large positive constant M > max{v |k =1,2,--- , N},
we put '
N

N R R N | T % N
KO("')-—{’I‘—(TUTQ; ,r]\.,)eR+ ;min{(rk)P,MP}Sl}’ vreRl. (6)

Then it is clear that UpcgyKo(r) is bounded and the mapping r — Ko(r) satisfies
condition (A2). Next, let Ty, be the hyperplane cantaining 0, which is orthogonal to L.
See Fig. 3.

1

As is easily seen, for each vector © := (ry,79,--+ ,7n) € RY, there is one and only one
point Ay = (Ap1, Apa, -+, Apn) on 0Ky(r) and a hyperplane parallel to T y, meets with
0Ko(r) at Ayr. We now define

g(r;w, A) = c;(w)L + c3(w)(Ar — A), Vr € RY, Yw >0, VA € RY, (7
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where ¢ (-) and c,(-) are positive, globally bounded and Lipschitz continuous functions on
R, . The mapping r — Ky(r) and the vector field g defined by (6) and (7) satisfy (A5).
To check it we observe that

Arp - L= max A-L= max A-L,
AeaKo(r). AcKy(T)

whence
g(r;w, A) - L = ¢;(w)|L* + c2(w)(Ar — A) --L > 0,
vr € RY, Yuw > 0, VA € Ky(r).

Also, for any point A = (A, Az, -+, An) of 0Ko(r) with A, >0, k=1,2,--- ,N, and
any N € N,(A) we see from (6) that N - L > 0. Since (Ar — A) - N <0, it turns out
that

(c1(w)L + co(w)(Ar — A)) - L — {(c1(w)L + co(w)(Ar — A)) - N} N - L
= a(w)(|L]* - |L - NP*) + co(w) ((Ar — A) - L) = (Ap — A) - N(N - L))
0.

Y

Thus (A5) was checked.

(Example of ¥,(-) and fr(w,7%))

For each k = 1,2,--- , N, we give an example of ¢;(-) appearing in (2) accompanied
with scientific innovation. Consider the proper, l.s.c. convex function ¥(-) on R given
by

0, for r < 1,
Le1 (T — Ye1), for i1 < 7 < ko,
T) = 8
Yi(r) pr2(r — Ye2) + k(M2 — Yr1),  for yee <7 < i, ®)
00, for r > v,

In this case the graph of the subdifferential v is given by Fig.1:
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where k1, Yk2, Mkl and pgo are constants such that
0 < Vi1 <Yke <Mk <00, 0< gy < prig < 00.

Moreover consider a positive, Lipschitz continuous and non-decreasing function fi(w,r)
on R such that

fk(w’r) Z €05 Yw 2 0’ Vr e [077161), (9)
fe(w,r) > pr + €0, Yw >0, Vr € Vi1, Ye2), (10)
filw,r) > pra + €0, Yw >0, V1 € [vr2, W], (11)

Je(ir, Y1) > pers Fe(pi2, Ye2) > o (12)

for a positive number €¢. It is easy to see (A4) from (9)-(12). As a concrete example of
fx(w,r) there is the follwoing function:

fe(w,r) = eow + i1 frr(w, ) + (2 — Nkl)fk?(w,vr),

where v
0, forr <rp1 — e,
frr(w,r) = ;1;(7“ —rp1) +1, forrg —e; <71 <7,
1, for r > 7y,
0, for r < g — £,
fro(w,m) = ¢ Z(r—rie) +1, forrig —e1 <7 <7,
1, for r > 749

See Fig.5 which shows the graph of y = fx(w,r) for each fixed w > 0.

y=f, (w.r) Fig.5
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Remark 1. In the above Fig. 1 and 5, it is illustrated that there happen scientific
innovations at 1 = 7, and r = < on the subject r, and it costs a greate deal to
recompose their knowledges obtained by innovations as industrial technologies. Also,
there is a infinite scientific wall at r = -y, which is the limit of knowledge and one has no
ideas how to get it over.

Remark 2. Even in the above example, the uniqueness question of solutions to problem
(1)-(4) remains open.

4. Outline of the proof
In this section we mention the outline of the proofs of Theorems 1 and 2; for the
complete proofs we refer to the paper [5].

(Existence proof)

We construct a local in time solution of (1)-(4) by the fixed point arguement. Let
L,wy and Ag be as in the statement of Theorem 1, and for a finite time 7" > 0 and a
positive constant

C1 > |wolwr.2(—m,0),

put
Xr(wo, C1) := {w € W}*(=15,T) | w = wp on [—7,0], lwlwr2(crr < Ci}.  (13)
Now, for each w € Xr(wp, C}), solve the problem

{ Te(t) + 0Yr(ric(t)) D fr(w(t), (), for ae. t € (=7, T), ri(—70) =0,

14
A'(t) + 0l ) (A1) 3 g(r(t); w(t), A(t)) for ae.t € (0,T), A(0)= Ay, (14
where 7(t) := (r1(t),r2(t), -+ ,7~n(t)); in fact, problem (14) can be solved by the general
theory on evolution equations generated by time-dependent subdifferentials, since ¢ —
Ko(r(t)) and ¢t — g(r(t); w(t), A(t)) are regular enough in t. Moreover, we see that there
is a positive constant C> depending only on C;, T, Lg (Lipschitz constant of g) and the
initial data wp, Ag such that the solutions r and A satisfy the following inequality:

7 lwi20mmN) + |Alwrzorryy < Ca, (15)

as long as w € Xr(wo, C1). By the way, there is a positive constant C; depending only
on Cy and T such that
sup L - A(t) < C, (16)
0<t<T
as long as w € Xr(wp, C1).
Now, consider the Cauchy problem associated with the solutions » and A of (14)

W' (t) + bib(t) = o P(L - A(£))b(t)*, t€[0,T], @& =wo on [~o,0].



Then, this problem has one and only one C'—solution %, and

0 < B(t) < max {wo(O), {"qu*) }_} ¢y te0,T). (17)

These inequalities are obtained as follows. Since o P(L - A(t)) < o P(Cs) by (16), com-
paring w with the solution w of

w'(t) + bw(t) = o P(C3)w(t)®, t>0, W =wpon [—7p,0],
we get by virtue of the usual comparison results that

w(t) < w(t) < max {wO(O), {%}1——;} =: Cs; (18)

note that £ = {gﬂf_a)}m is the positive root of equation o P(C3)X* — bX = 0 of X.
Thus (18) holds. We see immediately from (17) and (18) that

’lIJ,(t) < UP(C3)C5a =:Cq, Vte€ [0, T]

Accordingly, with a small time T > 0 satisfying |wo|w1.2(—r,0) + (Cs + Ce)VT < C we
see that

1
2

T
Blwragmm = (|wo|%w,2(_m,0)+ /D (lw(t>r2+|m'(t)|2>dt)

T 3 T 3
|wo|w1.2(—ry,0) + (/ |1D(t)|2dt) + (/0 |’u7'(t)‘2dt)
0

< |’LU0|W1,2(_7-0,0) + (Cs + CG)ﬁ < Cl.

IA

This shows that the mapping S, which is defined by S(w) = @ via the solution A of (3),
maps Xr(wp, C1) into itself. Moreover it is not difficult-to derive that the set X (wp; C)
is non-empty, compact and convex in C([—7,T]) and S is continuous in it with respect
to the topology of C([—70,T)).

We now apply the Schauder’s fixed point theorem to the mapping S in Xr(wg, C1) to
find at least one fixed point w € Xr(wp, Cy) of S, namely w = S(w). By the definition
of S it is easy to see that the tripret {w,r, A}, with the solutions r and A of (14), gives
solutions of (1)-(3) on [—79,T] or [0,7] with (4). Furthermore, it is a standard work to
extend this local in time solution on the whole time interval [—7, 00) or [0, 00)

(The monotonicity properties of w, » and L - A in time)

Let {w,r, A} be a global in time solution of (1)-(4). In our proof the main point is
to show that L - A(?) is non-decreasing in ¢ > 0.

First of all, we prepare the statement:

Lemma 1. If w is non-decreasing on an interval [0,t'], then the solution ry of (2) is also
non-decreasing on [0,t'].

139



140

We shall use this below.
(Step 1) Now, we put

to :=sup{t > 0| L- A is non — decreasing on [0, t]}.

Since Ay is given in the interior of Ko(r(0)) and t — Ky(r(t)) is continuous in the sense of
Hausdorff distance (cf. (A2)), we see that A(t) is in the interior of Ko(r(¢)) for an small
time interval [0,t'], ¢’ > 0, so that OIx, () (A(t)) = 0 for all ¢ € [0,#]. This implies by
(3) that A'(t) = g(t) := g(r(t); w(t), A(t)) for a.e. t € [0,#]. From our assumption we
have that g(t) - L > 0, whence A(t)- L > 0 for a.e. t € [0,#]. This implies that A(t) - L
is non-decreasing on [0,¢/]. Hence t, > 0. Our claim is to show that ¢, = co. For a
contradiction, suppose that ¢y < co. In this case we have A(ty) € 0Ky(r(tp)). Otherwise,
since A(ty) € Int.Ky(r(tp)), by repeating the same argument as above we deduce that
L - A(t) is non-decreasing on an interval [to, %], ) > t;. This contradicts the definition
of to. .

Since o P(L - A(t)) is non-decreasing on [0,%g] by (A1), it follows from the usual
comparison result that w is non-decreasing and of C* on [0, to], namely w’ > 0 on [0, t).
If w'(tp) > 0, then w is non-decreasing [—79, to+do) for some positive number &. Therefore
it follows from Lemma 1 that the solutions ri(t), k =1,2,--- , N, of (2), namely r(t) is
non-decreasing on [—7o, %y + dp]. This implies by (A2) that the mapping t — Ky(r(t)) is
non-decreasing in RY with respect to ¢t € [—7o,ty + dy]. In another case of w'(ty) = 0, it
holds that A(ty) € 0Ko(r(to)) and bw(ty) = o P(L - A(to))w(to)®. Therefore, by (A4),

fr(w(to), Te(to)) > sup Ok (ri(to)) (19).

Here, we apply Theorem 3.5 in [1] to see that the right-derivative 4 rk(t) exists at every
t >0 and

) = uf 1 fe(w(®),re(®) - €.
In the present case, by (19) it turns out that
d+
—"k(t) = geawif(li(to))(fk(w(tt‘)),Tk(to)) -§) >0,

which implies that r(t) is increasing on an interval [to,to + d] for a small § > 0, k =
1,2,---,N. As a consequence, we observe that r(t) is non-decreasmg on [0,ty + d), and
so is t — Ko(7(t)) on [0, 9 + do)-

As was seen above, in any case the mapping t — Ko(r(t)) is non-decreasmg in RY on
[0, + o] for a small positive number § > 0.

(Step 2) Now, put
E = {t-€ [0,to+ ] | A(t) € 0Ko(r(1))}.
We pay our attention to the equation of A which is written in the form:

A*(t) == g(r(t);w(t), A®t)) — A'(t) € lkyrw))(A(t)) for a.e. t €[0,to + b,



subject to the initial condition A(0) = A,. Here we note from the definition of subdiffer-
entials of indicator functions that

0, if A€ Int.Ko(r(t)),

5IK0(T(t))(A) = { {CN l ce R+’ N € NC(A)}, if Ae 8K0(’I'(t))

Therefore A*(t) should be of the form:
0, if t # E,
A*(t) = (20)
c(t)N(t), iftekFE,

where c(t) is non-negative function of ¢ € F and IN(¢) is an element in the normal cone
N.(A(t)) for t € E; note that F is a closed in Ry and c(:)N(-) € L?(E;RY).

Next, at each point A(t) € Ky(r(t)) we decompose the forcing term g into the normal
and tangetial components:

g(t) = g(r(t);w(t), A(t)) = gn()N () + gr(t), gr(t) :=g(t) —gn(O)N (),

where N(t) is the same normal vector as in (20) and gy (t) := g(t) - N(%).

Lemma 2. We have that 0 < c(t) < gn(t) for a.e. t € E.

Proof. At each point A(t) € 0Ko(r(t)) we observe that A*(t) - A'(t) > 0. In fact, since
Ko(r(t)) is non-decreasing, it follows from the definition of subdifferential of Ix,(r()) that

A*(t) - (A(t) - A(t—6)) 2 0

for all 6 > 0. Hence, by deviding the both sides by & and taking the limit as & | 0, we get

A*(t)- A'(t) > 0.
Next, we multiply equation (3) by A*(¢) to obtain

|A* (@)1 < (gn (N () + gr(2) - A™(1).

for any t € E. Since A*(t) = c(t)IN(t) and g(t) - A*(t) = 0, it follows from the above
inequality that c(t)? < gn(t)c(t), hence 0 < c(t) < gn(2). <

Here, taking the inner product between L and the both sides of

A'(t) = gr(t) + (gn(t) — c(t))N(2)
at any point A(t) with ¢ € E, we derive from contition (A5) and Lemma 2 that
A'(t)-L=gr(t)- L+ (gn(t)—c(t))N()-L>0.
Also, at any point A’(t), t # E, namely A(t) € Int.Ko(r(t)) we have by (5) that
A'(t)-L=g(t)- L>0.

As a cosequence the inequality A’(¢) - L > 0 holds for a.e. t € [0,% + &), and thus A - L
is non-decreasing on [0, to + d]. This contradicts the definition of ¢p. Thus ¢ty = oo holds.
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(Step 3) Finally we show that w is non-decreasing on [0, 00). In fact, since L - A(t)
is non-decreasing on [0, 00), the coefficient o P(L - A(t)) of the equation

W (t) + bw(t) = oP(L - A(t))w(t)®

is non-decreasing on [0, 00), too. Hence, w is non-decreasing on [0, 00).
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