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ABSTRACT. The profinite completion of a group gives a way to encode all finite quotients
of the group. In this note we consider 3-manifold groups and discuss some properties
or invariants of a compact 3-manifold that can be detected by the profinite completion
of its fundamental group. In particular we study the case of knot complements in the
-sphere. The material of this note is largely based on [6].

INTRODUCTION

In this note we give a summary of recent results about profinite properties of 3-manifold
groups and the relations with the geometry and topology of 3-manifolds. The goal is not
to give details of the proofs, but to present a brief overview of the on-going developments
and to point out some interesting questions and problems. The material is largely based
on [6] where the details can be found.

In the first section we briefly review some basic background on profinite completions
of residually finite groups, basic references are [30] and [35]. In the second section we
discuss the notion of profinite rigidity for the class of finitely generated and residually
finite groups and present examples of such groups which cannot be distinguished by their
profinite completions. The third section deals with the class of 3-manifolds groups: we
overview the main results known about profinite properties of 3-manifold groups. More
material about topics of these two sections can be found in [29]. The fourth section
presents the main results obtained in [6] concerning the fiberedness and Thurston norm
of 3-manifolds with respect to the profinite completion of their fundamental groups. The
last section is devoted to knot groups and their profinite properties, according to [6].
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1. PROFINITE COMPLETION

In this note $\pi$ will be a finitely generated and residually finite group. Let $Q(\pi)$ be the
set of isomorphism classes of finite quotients of $\pi$ . A general question is:

Question 1.1. What properties of $7r$ can be deduced from the set $Q(\pi)^{9}$

For example if all finite quotient of $7|$ are abelian, then $\pi$ is abelian.

Finite quotients of $\pi$ correspond to finite index normal subgroups of $\pi$ . So properties

related to finite quotients of $\pi$ are encoded in the profinite completion of $7C.$

Let $\mathcal{N}(\pi)$ be the collection of all finite index subgroups $\Gamma\subseteq\pi$ . The set $\mathcal{N}(7r)$ is a
directed set with pre-order $\Gamma’\geq\Gamma$ if $r’cr.$

If $f^{t/}\geq\Gamma$ then there is an induced epimorphism $h_{r’,\Gamma}:\pi/\Gamma’arrow\pi/\Gamma$ . So to a group $\pi$

one can associate the inverse system $\{\pi/r, h_{r^{J},r}\}$ with $\Gamma\in \mathcal{N}(\pi)$ .

The profinite completion of $\pi$ is defined as the inverse limit of this system:

$\hat{\prime t(}=\lim\pi/\Gammaarrow.$

Here $is$ a more direct way, to define the profinite completion $\hat{\pi}$ . Let each finite quotient
$\pi/\Gamma$ for $\Gamma\in \mathcal{N}(7\ulcorner)$ be equipped with the discrete topology. Then the product

$\prod_{\Gamma\in N(zr)}\pi/\Gamma$

is a compact group. The diagonal map $9\in\piarrow\{g\Gamma\}_{f’\in N(\pi)}$ defines a homomorphism:

$i_{\pi}: \piarrow\prod_{\Gamma\epsilon N(\pi\rangle}7\ulcorner/\Gamma.$

This homomorphism $i_{\pi}:\piarrow\hat{7r}$ is injective since $\pi$ is residually finite. The profinite
completion of $7r$ can be defined as the closure :

$\hat{\pi}=\overline{i_{rr}(\pi)}\subset\prod_{\Gamma\in N(\pi)}\pi/\Gamma.$

By construction $\hat{\pi}$ is a compact topological group. A subgroup $U<\hat{\pi}$ is open if and only

if it is closed and of finite index. A subgroup $H<$ ff $is$ closed if and only if it is the

intersection of all open subgroups of $\hat{\pi}$ containing it.
The following result of N. Nikolov and D. Segal [25] is crucial for the study of profinite

completions of finitely generated groups. Its proof uses the classification of finite simple
groups.

Theorem 1.2. [25] Let $\pi$ be a finitely generated group. Then every finite index subgroup
$of\hat{\pi}$ is open. In particular $\hat{\hat{\pi}}=\hat{7(}.$
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In particular, there is a one-to-one correspondence between the normal subgroups with
the same finite index in $\pi$ and $\hat{\pi}:\Gamma\in \mathcal{N}(\pi)arrow\overline{\Gamma}\in \mathcal{N}(\hat{\pi})$ , and $\overline{\Gamma}=\hat{\Gamma}$ . The inverse map
is given by $H\in \mathcal{N}(\hat{\pi})arrow H\cap\pi\in \mathcal{N}(\pi)$ .

An important consequence of the result of Nikolov and Segal is the following:

Corollary 1.3. Let $\pi$ be a finitely generated group. For any finite group $G$ the map
$i_{\pi}:\piarrow\hat{\pi}$ induces a bijection $i_{\pi}^{*}:Hom(\hat{\pi}, G)arrow Hom(\pi, G)$ .

Given two groups $A$ and $B$ , a group homomorphism $\varphi:Aarrow B$ induces a continuous
homomorphism $\hat{\varphi}:\hat{A}arrow\hat{B}$ . Moreover if $\varphi$ is an isomorphism, so is $\hat{\varphi}.$

If the groups $A$ and $B$ are finitely generated, any homomorphism $\hat{A}arrow\hat{B}$ is continuous,
by [25]. On the other hand, a homomorphism $\phi:\hat{A}arrow\hat{B}$ is not necessarily induced by a
homomorphism $\varphi:Aarrow B.$

The following result holds:

Lemma 1.4. Let $A$ and $B$ be two finitely generated groups and $f:\hat{A}arrow\hat{B}$ be an iso-
morphism. Then for any finite group $G$ the isomorphism $f:\hat{A}arrow\hat{B}$ induces a bijection
$Hom(B, G)arrow Hom(A, G)$ given by:

$i_{A}^{*}of^{*}\circ i_{B}^{*-1}:Hom(B, G)arrow Hom(\hat{B}, G)i_{B}^{n-1}arrowHom(\hat{A}, G)f^{*}arrow Hom(A, G)i_{\dot{A}}.$

For $\beta\in Hom(B, G)$ we denote by $\beta of=i_{A}^{*}\circ f^{*}oi_{B}^{*-1}(\beta)$ the resulting homomorphism
in $Hom(A, G)$ .

It is clear from the definition that two groups $A$ and $B$ with isomorphic profinite
completions have the same finite quotients: $Q(A)=Q(B)$ . The converse also holds when
$A$ and $B$ are finitely generated, see [11], [30]

Lemma 1.5. Two finitely generated groups $A$ and $B$ have isomorphic profinite comple-
tions if and only if they have the same set of finite quotients.

The proof of Lemma 1.5 follows from the fact that for a finitely generated group $\pi$ the
system of characteristic finite index subgroups $C(n)$ $:= \bigcap_{[\pi:\Gamma]\leq n}\Gamma$ is cofinal for the system
of $aH$ finite index subgroups. So this system suffices to define the profinite completion,
i.e. $\hat{\pi}=\lim_{arrow}\pi/C(n)$ .

We call the finite quotients $\pi/C(n)$ the characteristic quotients of $\pi.$

2. PROFINITE $RIGI$

Following Grunewald and Zalesskii [17] we define the genus of a finitely generated and
residually finite group $\pi$ as the set $\mathcal{G}(\pi)$ of isomorphism classes of finitely generated,
residually finite groups $\Gamma$ such that $\hat{\Gamma}\cong\hat{\pi}.$

56



Definition 2.1. A residually finite and finitely generated group $\pi$ is profinitety rigid if
$\mathcal{G}(\pi)=\{\pi\}.$

Question 2.2. Which groups are profinitely $rigid’$? Can $\mathcal{G}(7r)$ be infinite?
In general these questions are wide open. One may ask a weaker question:

Question 2.3. What group theoretic properties are shared by groups in $\mathcal{G}(\pi)^{9}$

Such properties are called profinite properties of a group. For example, being abelian is a
profinite property.

The next lemma says that the abelianizations are the same.

Lemma2.4. Let $A$ and $\mathcal{B}$ be two finitely generated and residually finite groups. If $\hat{A}\cong\hat{\mathcal{B}},$

then $A^{ab}\cong B^{ab}$

Corollary 2.5. $A$ finitely generated abelian group is profinitely rigid.

Surprisingly, the analogous result is not known for free group:

Question 2.6. Is a finitely generated free group profinitely $rigid^{9}$

The following result of G. Baumslag [4] and R. Hirshon [21]] shows that in general the
profinite completion $\hat{\pi}$ does not determine the group $\pi.$

Theorem 2.7. [4, 21] Let Let $\Gamma$ aanndd rr two finitely generated groups. If $\Gamma\cross \mathbb{Z}\cong\pi\cross \mathbb{Z}$

then $\hat{\Gamma}\cong\hat{\prime,r}.$

Given a group $A$ and a class $\psi\in Aut\langle A$), one can build the corresponding semidirect
product $A_{\psi}$ $:=A\aleph\psi \mathbb{Z}$ . It corresponds to the split exact sequence

$1arrow Aarrow A_{\psi}arrow \mathbb{Z}arrow 1,$

where the action of $\mathbb{Z}$ on $\mathcal{A}$ is given by $\psi$ . The isomorphism type of $A_{\psi}$ depends only on
the class of $\psi$ in Out(A).

As a consequence of Theorem 2.7, one gets examples of finitely generated and residually
finite groups which are not profinitely rigid:

Corollary 2.8. Let $A$ be a finitety presented $(xnd$ residually finite group and $\psi\in Aut(A)$

such that $\psi^{n}$ is an inner automorphism for some $n\in \mathbb{Z}$ . Then for any $k\in \mathbb{Z}$ relatively

prime to $n,$
$\hat{A_{\psi^{k}}}\cong\hat{A_{\psi}}.$

Example 2.9. [4] Let $\pi_{1}=\mathbb{Z}/25\mathbb{Z}\lambda\psi \mathbb{Z}$ and $7r_{2}=\mathbb{Z}/25\mathbb{Z}x_{\psi^{2}}\mathbb{Z},$ $\psi\in Aut(\mathbb{Z}/25\mathbb{Z})$ be
given by $\psi(x)=x^{6}$ for a generator $x\in \mathbb{Z}f25\mathbb{Z}$ . Then $\hat{\pi_{1}}\cong\hat{\gamma r_{2}}$ . In this example $\psi$ is of
order 5 in Out $(\mathbb{Z}/25\mathbb{Z})$ .

Since $A$ is residually finite and finitely generated, the profinite completion $\hat{A_{\psi}}$ can be

computed from $\hat{A}$ and $\hat{\mathbb{Z}}$ , see [17], [26].
The system of characteristic finite index subgroups $C(n)$ $:= \bigcap_{[A:\Gamma]\leq n}\Gamma$ is cofinal in $A.$

For each $n\in N$ there exists some $m\in N$ such that $\psi^{m}$ induces the identity on the
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characteristic quotient $A/C(n)$ . It follows that $C(n)_{\psi^{m}}$ $:=C(n)x_{\psi^{m}}\mathbb{Z}$ is a cofinal system
of normal finite index subgroups of $A_{\psi}$ , since $A\cap C(n)_{\psi^{m}}=C(n)$ . In particular $A_{\psi}$ is
residually finite and its profinite topology induces that of $A$ , so the closure $\overline{A}\in\hat{A_{\psi}}$ can
be identified with $\hat{A}.$

By using the automorphisms induced by the elements of $Aut(A)$ on the finite quotients
$A/C(n)$ and the equality $\hat{A}=\lim_{arrow}A/C(n)$ , one can define an injective homomorphism

$Aut(A)arrow Aut(\hat{A})$ . Since $Aut\underline{(A)i}s$ itself residually finite, the above homomorphism
extends to a homomorphism $Aut(A)arrow Aut(\hat{A})$ . Therefore any homomorphism $\psi$ :
$\mathbb{Z}arrow Aut(A)$ extends to a homomorphism $\hat{\psi}:\hat{\mathbb{Z}}arrow A\overline{ut(A}$) $arrow Aut(\hat{A})$ . These are key
observations for the proof of the following results:

Proposition 2.10. [17, 26] Let $A$ be a finitely generated and residually finite group and
$\psi\in Aut(A)$ , then:

(1) $\hat{A_{\psi}}=\overline{A\rangle\triangleleft\psi}\mathbb{Z}=\hat{A}\cross_{\hat{\psi}}\hat{\mathbb{Z}}.$

(2) $\hat{A_{\psi}}=\hat{A}\cross\hat{\mathbb{Z}}$ if and only if $\psi$ induces an inner automorphisms on the finite char-
acteristic quotients of $A$

In [26] is given an example of a finitely generated and residually finite group $A$ with an
automorphism $\psi\in Aut(A)$ such that no positive power of $\psi$ is an inner automorphism,
but $\hat{A_{\psi}}=\hat{A}\cross\hat{\mathbb{Z}}.$

3. 3-MANIFOLD GROUPS

In the remainder of this paper $M$ will be a compact orientable aspherical 3-manifold
with empty or toroidal boundary. A typical example is the exterior $P_{\fbox{Error::0x0000}}(K)$ of a knot $K$ in
$S^{3}$ . By Perelman’s Geometrization Theorem $\pi_{1}(M\rangle$ is residually finite, see [19].

3.1. Rigidity.

Definition 3.1. An orientable compact -manifold $M$ is called profinitely rigid if $\overline{\pi_{1}(M)}$

distinguishes $\pi_{1}(M)$ from all other 3–manifold groups.

There are closed 3-manifolds which are not profinitely rigid. At the moment the exam-
ples known are $Sol$ manifolds, see [32], [16], or surface bundle with periodic monodromy,
i.e. Seifert fibered manifolds, see [20]. There are no hyperbolic examples known, so the
following question makes sense:

Question 3.2 (Rigidity). Which compact, orientable, irreducible 3-manifolds are profinitely
$rigid^{i}\rangle$ In particular what about hyperbolic 3-manifold$s^{p}$

The answer is positive for the figure-eight knot group by the work of M. Bridson and
A. Reid [8]:
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Theorem 3.3. [8] The figure-eight knot group is detected by its profinite completion,
among 3-manifold groups.

We describe now the Seifert fibered examples given by J. Hempel. Let $F$ be a closed
orientable surface, $h\in Homeo^{+}(F)$ and $M=FX_{h}S^{1}$ be the surface bundle over $S^{1}$

with monodromy $h$ . Let $h_{\star}\in Aut(\pi_{1}(F))$ be the automorphism induced by $h$ , then
$\prime(r_{1}(F)_{h_{\star}}=\gamma r_{1}(F)\cross h_{\star}\mathbb{Z}\cong\pi_{1}(M)$ .

By recent results of I. Agol [2] and D. Wise [41] virtually surface bundles are generic
in dimension 3. A surface bundle over $S^{1}$ is hyperbolic if and only if its monodromy is
pseudo-Anosov by Thurston’s hyperbolisation theorem, see [27]. It is Seifert fibered if
and only if its monodromy is periodic, see [18].

The following proposition follows from Corollary 2.8 by taking $A=\pi_{1}(F)$ :

Proposition 3.4. [18] There are surface bundles with periodic monodromies whose fun-
damental groups have the same profinite completion, but are not isomorp $hic.$

It has been shown by G. Wilkes [38] that these are the only possible examples for closed
Seifert fibered 3-manifolds:

Theorem 3.5. [38] Let $M$ be a closed orientable irreducible Seifert fibered space. Let $N$

be a compact orientable 3-manifold with $\overline{\pi_{1}(N)}\cong\overline{\pi_{1}(M)}$ . Then either:
(1) is profinitely rigid, $i.e.$ $\pi_{1}(N)\cong\pi(M)$ , or
(2) $M$ and $N$ are surface bundles with periodic monodromies $h$ and $h^{k}$ , for $k$ coprime

to the order of $h$ (Hempel examples).

A consequence of Wilkes’ resuk and Proposition 2.10 is:

Corollary 3.6. Let $F$ be a closed orientable surface. A homeomorphism $h$ of $F$ is ho-
motopic to the identity if and only if it induces an inner automorphisms on every finite
characteristic quotient of $\pi_{1}(F)$ .

One could ask whether the actions induced by $h$ on all the finite characteristic quotients
of $\pi_{1}(F)$ suffice to determine $h$ , up to conjugacy and isotopy, when $h$ is not periodic.

The following examples of torus bundles with Anosov monodromies show that it is not
true, see P. Stebe [32], L. Funar [16]: these -manifolds have solvable fundamental groups:

Proposition 3.7. [16, 32] There exist infinitely many pairs of torus bundles with Anosov
monodromies whose fundamental groups have the same profinite completion, but are not
isomorphic.

In these examples?$r_{1}(F)=A\cong \mathbb{Z}\cross \mathbb{Z}$ and the monodromies induce linear automor-
phisms $\psi,$ $\varphi\in GL(2, \mathbb{Z})$ which are represented by non conjugate Anosov matrices $\Psi$ and
$\Phi$ , whose imagoe in $GL(2, \mathbb{Z}/n\mathbb{Z})$ are conjugate for every integer $n>1$ . Here is an example
due to P. Stebe [32]:

$\Psi=(\begin{array}{ll}188 275l2l 177\end{array})$ and $\Phi=(\begin{array}{ll}188 ll3025 I77\end{array}).$
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More examples can be found in L. Funar’s work [16].

A continuous map $f:Marrow N$ induces an homomorphism $f_{\star}:\pi_{1}(M)arrow\pi_{1}(N)$ and

thus an homomorphism $\hat{f}_{*}:$ $\overline{\pi_{1}(N)}arrow\overline{\pi_{1}(M)}$ . The following result $(see[29, Thm 8.3])$

follows from the residual finiteness of compact 3-manifold groups together with the fact
that these groups are good (cf. section 4.1 and also [3, H26], [10]).

Proposition 3.8. Let $f:Marrow N$ a continuous map between two closed orientable as-
phemcal 3-manifolds. Then $\hat{f}_{\star}:\overline{\pi_{1}(N)}arrow\overline{\pi_{1}(M}$) is an isomorphism if and only if $f$ is
homotopic to a homeomorphism.

In particular for the examples given in Propositions 3.4 and 3.7 the isomorphism be-
tween the profinite completions is not induced by a continuous map between the manifolds.

The following finiteness problem is of interest:

Question 3.9 $($Finiteness)$.-$Given a 3-manifold $M$ , are there only finitely many 3-

manifolds $N$ with $\overline{\pi_{1}(N)}\cong\pi_{1}(M)^{!}$?

By analogy with surface bundles over the circle, the question for surface homeomor-
phisms can be stated as:

Question 3.10. Let $F$ be a closed orientable surface. Are there only finitely many home-
omorphisms $h$ of $F$ , up to isotopy, which induce the same outer automorphism on every
finite characteristic quotient of $\pi_{1}(F)^{Q}$

An important invariant of pseudo-Anosov homeomorphism $h\in Homeo^{+}(F)$ is the di-
latation factor $\lambda(h)$ . An affirmative answer to Question 3.10 for pseudo-Anosov homeo-
morphisms would follow from a proof that $\lambda(h)$ is a profinite invariant, namely:

Question 3.11. Let $F$ be a closed orientable surface and $h$ a pseudo-Anosov homeomor-
phism on F. Do the actions induced by $h$ on all finite characteristic quotients of $\pi_{1}(F)$

determine its dilatation factor $\lambda(h)’$?

The main question addressed in the remaining of this note is:

Question 3.12. Which invariants or properties of $M$ are detected by $\overline{\pi_{1}(M)}^{9}$

An invariant $\sigma$ (or a property $P$ ) is a profinite invariant (or a profinite property) if, given

two compact, aspherical, orientable 3-manifold $M$ and $N$ with $\overline{\pi_{1}(N)}\cong\gamma\overline{r_{1}(M}$), $M$ and
$N$ have the same invariant $\sigma$ (or $M$ has the property $P$ if and only if $N$ does).
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3.2. Geometries.

It is natural to ask whether the profinite completion detects Thurston’s geometric
structures. For closed aspherical orientable 3-manifolds this has been settled by H. Wilton
and P. Zalesskii [40]:

Theorem 3.13. [40] Let $M$ be a closed aspherical orientable 3-manifold, then $\overline{\pi_{1}(M)}$

detects:

(1) whether $M$ is hyperbolic.
(2) whether $M$ is Seifert fibered.

From the fact that profinite completions distinguish Fuchsian groups [29], they deduce
the following corollary:

Corollar$\underline{y3.1}4$ . Let $M$ and $N$ two closed orientable aspherical 3-manifolds such that
$7\overline{r_{1}(M})\cong\tau r_{1}(N)$ . If $M$ admits a geometric structure then $N$ admits the same geometric
structure.

Case $(2\rangle$ of Theorem 3.13 is used by Wilkes in the proof of Theorem 3.5

The non-empty boundary case is still open. The Seifert fibered case is settled in [6] for
knot exteriors. Coming back to the case of surface bundles over the circle, one gets the
following corollary:

Corollary 3.15. Let $F$ be a closed orientable surface and $h$ a homeomorphism on $F.$

Whether $h$ is pseudo-Anosov or periodic is detected by the actions induced by $h$ on all the

finite characteristic quotients of?$r_{1}(F)$ .

One may also remark that the profinite completion distinguishes hyperbolic geometry
among Thurston’s eight geometries because hyperbolic manifold groups arc residually
non abelian simple, see [24].

3.3. Volume conjecture.

The volume $Vol(M)$ of a compact orientable aspherical 3-manifold $M$ with empty or
toroidal boundary is defined as the sum of the volumes of the hyperbolic pieces in the
geometric decomposition of $M.$

A strong conjecture, see [23], asserts that the logarithmic growth of the torsion part of
the homology of the finite covers of $M$ determines $Vol(M)$ .

Let $\mathcal{N}(rr_{1}(M))$ be the collection of all finite index subgroups $I^{\gamma}$ of $\pi_{1}(M)$ .

Conjecture 3.16 (Asymptotic volume conjecture).

$\lim\sup\log(Tor(\Gamma^{ab})\rangle=Vol(M)/6\pi.$

$r\in N(\pi z(M))$

The lower bound has been established by $\ulcorner f$ . Le [23]:
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Theorem 3.17. [23]

$\lim_{\Gamma\in N(\pi}\sup_{1(M))}\log(Tor(\Gamma^{ab}))\leq Vol(M)/6\pi.$

The volume conjecture justifies the following question:

Question 3.18. Is $Vol(M)$ a profinite invarian$t^{p}$

A positive answer to this question would answer the finiteness question 3.9 for the case
of hyperbolic 3-manifolds.

A much weaker question is still open:

Question 3.19. Does the profinite completion $\overline{\pi_{1}(M)}$ detect whether $Vol(M)$ vanishes or
not9

Because of Perelman’s geometrization theorem, this is equivalent to decide whether
$M$ is a graph manifold or not. This question is addressed in [7] using the notion of
pro-virtually abelian completion of $\pi_{1}(M)$ .

4, THURSTON NORM

We study now the relation between the Thurston norm of a 3-manifold and the profinite
completion of its fundamental group. We recall that $M$ is a compact, orientable, aspherical
3-manifold, with $\partial M$ empty or an union of tori.

We define the complexity of a compact orientable surface $F$ with connected components
$F_{1}$ , . . . , $F_{k}$ to be:

$\chi_{-}(F) :=\sum_{i=1}^{d}\max\{-\chi(F_{i}), 0\}.$

Then the Thurston norm of a cohomology class $\phi\in H^{1}(M;\mathbb{Z})$ is defined as
$\Vert\phi\Vert_{M}$ $:= \min${$\chi_{-}(F)|F\subset M$ properly embedded and dual to $\phi$ }.

By homogeneity $\Vert.\Vert_{M}$ extends to a seminorm on $H^{1}(M;\mathbb{R})$ , see [34]. It is a true norm if
$M$ is hyperbolic.

In the $f\underline{\circ 11\circ wi}ng$ let $M_{1}$ and $M_{2}$ be two 3-manifolds such that there exists an isomor-

phism $f:\pi_{1}(M_{1})arrow\pi_{1}\overline{(M_{2}}$). Such an isomorphism induces in particular an isomorphism
$H_{1}\overline{(M_{1};}\mathbb{Z})arrow H_{1}\overline{(M_{2)}\cdot}\mathbb{Z})$ and therefore $H_{1}(M_{1};\mathbb{Z})$ and $H_{1}(M_{2};\mathbb{Z})$ are abstractly isomor-
phic.

In general this abstract isomorphism $H_{1}\overline{(M_{1};}\mathbb{Z}$) $arrow H_{1}\overline{(M_{2};}\mathbb{Z}$ ) is not induced by an
isomorphism $H_{1}(M_{1};\mathbb{Z})arrow H_{1}(M_{2};\mathbb{Z})$ .

In order to compare the Thurston norms of $M_{1}$ and $M_{2}$ , the following definition is
introduced in [6]:
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Definition 4.1. (1) An isomorphism $f:\pi_{1}\overline{(M_{1}}$) $arrow\pi_{1}\overline{(M_{2}}$) is called regular if the

induced isomorphism $H_{1}\overline{(M_{1};}\mathbb{Z}$ ) $arrow H_{1}\overline{(M_{2};}\mathbb{Z}$) is induced by an isomorphism
$f_{*}:H_{1}(M_{1)}\cdot \mathbb{Z})arrow H_{1}(M_{2};\mathbb{Z})$ .

(2) A class $\phi\in H^{1}(N;\mathbb{R})$ is called fibered if there is a fibration $p:Marrow S^{1}$ such that
$\phi=p_{*}:\pi_{1}(M)arrow \mathbb{Z}.$

The following result, obtained in [6], shows that for a regular isomorphism $f:\pi_{1}\overline{(M_{1}}$) $arrow$

$\pi_{1}\overline{(M_{2}})$ the corresponding isomorphism $f_{*}:H_{1}(M_{1};\mathbb{Z})arrow H_{1}(M_{2};\mathbb{Z})$ preserves the Thurston
norm and the fibred classes. So it sends the unit ball to the unit ball and preserves the
fibered faces.

Theorem 4.2. [6] Let $M_{1}$ and $M_{2}$ be two aspherical 3-manifolds with empty or toroidal
boundary. If $f:\pi_{1}\overline{(M_{1}}$) $arrow\pi_{1}\overline{(M_{2}}$) is a regular isomorphism, then:

(1) For any class $\phi\in H^{1}(M_{2};\mathbb{R})$ , $\Vert\phi\Vert_{M_{2}}=\Vert f^{*}\phi\Vert_{M_{1}}.$

(2) $\phi\in H^{1}(M_{2};\mathbb{R})$ is fibered if and only if $f^{*}\phi\in H^{1}(M_{1};\mathbb{R})$ is fibered.
When $\partial M_{1}\neq\emptyset$ and $\phi$ is a fibered class, this result has also been obtained by A. Reid

and M. Bridson [8], by a different method.

We now briefly describe the main steps of the proof of Theorem 4.2

4.1. Cohomological I roperties: Goodness.

Following J.P. Serre [31] a group $\pi$ is called good if the following holds: for any finite
abelian group $A$ and any representation $\alpha:\piarrow Aut_{Z}(A)$ the inclusion $\iota:\piarrow\hat{\pi}$ induces
for any $j$ an isomorphism $\iota^{*}:H_{\alpha}^{j}(\hat{\pi};A)arrow H_{\alpha}^{j}(\pi;A)$ of twisted cohomology groups.

If is good of finite cohomological dimension then $\hat{\pi}$ is torsion free.

The following theorem of W. Cavendish [10] is crucial for the proofs of the results in
[6] to transfer cohomological informations via profinite completion. Its proof uses Agol’s
virtual fibration theorem:

Theorem 4.3. [10] The fundamental group of any compact aspherical 3-manifold is good.

Corollary 4.4. For a compact aspherical 3-manifold the property of being closed is a
profinite property.

4.2. Twisted Alexander polynomials.

Let $X$ be a CW-complex, $\phi\in H^{1}(X;\mathbb{Z})$ and $\alpha:\pi_{1}(X)arrow GL(k,\mathfrak{B}’)$ be a representation,
$\mathbb{F}$ being a field. Set $\mathbb{F}[t^{\pm 1}]^{k}:=\mathbb{F}^{k}\otimes_{\mathbb{Z}}\mathbb{Z}[t^{\pm 1}]$ and consider the tensor representation:

$\alpha\otimes\phi:\pi_{1}(X)arrow Aut_{\mathbb{F}[t^{\pm 1}]}(\mathbb{F}[t^{\pm1}]^{k})$ ,

given by:

$g \mapsto(\sum_{i}v_{i}\otimes p_{z’}(t)\mapsto\sum_{i}\alpha(g)(v_{i})\otimes t^{\phi(g)}p_{i}(t))$ .
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That makes $\mathbb{F}[t^{\pm 1}]^{k}$ a left $\mathbb{Z}[\pi_{1}(X)]$ -module and the corresponding twisted homology

groups $H_{i}^{\alpha\otimes\phi}(X;\mathbb{F}[t^{\pm 1}]^{k})$ arc naturally $\mathbb{F}[t^{\pm 1}]$ -modules.

Definition 4.5. The i-th twisted Alexander polynomial $\Delta_{X,\phi,i}^{\alpha}\in \mathbb{F}[t^{\pm 1}]$ is the order of the
$\mathbb{F}[t^{\pm 1}]$ -module $H_{i}^{\alpha\otimes\phi}(X;\mathbb{F}[t^{\pm 1}]^{k})$ .

The twisted Alexander polynomials are well-defined up to multiplication by some $at^{k}$

where $a\in \mathbb{F}\backslash \{O\}$ and $k\in \mathbb{Z}$ (i.e. a unit in $\mathbb{F}[t^{\pm 1}]$ ).

For a polynomial $f(t)= \sum_{k=r}^{s}a_{k}t^{k}\in F[t^{\pm 1}]$ with $a_{r}\neq 0$ and $a_{8}\neq 0$ we now define
$\deg(f(t))=s-r$ . For the zero polynomial set dcg(O) $:=+\infty.$

The following results are crucial for the proof of Theorem 4.2. The first statement, see
[13], gives a non-vanishing criterion for a non-zero class $\phi\in H^{1}(M;\mathbb{Z})$ to be fibered, in
terms of twisted Alexander polynomials.

The second statement, see [14], [15], computes the Thurston norm of a non-zero class
$\phi\neq 0\in H^{1}(M;\mathbb{Z})$ in term of the degrees of some twisted Alexander polynomials.

Theorem 4.6. [13, 14, 15] Let $M$ be a compact, aspherical, orientable 3-manifold with
empty or toroidal boundary and $\phi\neq 0\in H^{1}(M;\mathbb{Z})$ :

(1) The class $\phi$ is fibered if and only if $\Delta_{M,\phi,1}^{\alpha}\neq 0$ for all primes $p$ and all represen-
tations $\alpha:\pi_{1}(M)arrow GL(k, \mathbb{F}_{p})$ .

(2) There exists a prime $p$ and a representation $\alpha:\pi_{1}(M)arrow GL(k, \mathbb{F}_{p})$ such that

$\Vert\phi\Vert_{M}=\max\{0, \frac{1}{k}(-\deg(\triangle_{M,\phi,0}^{\alpha})+\deg(\Delta_{M,\phi,1}^{\alpha})-\deg(\Delta_{M,\phi,2}^{\alpha}))\}.$

The proof of theorem 4.6 relies heavily on the work of Agol [1, 2], Przytycki-Wise [28]
and Wise [41].

Given $\phi\in H^{1}(M;\mathbb{Z})=Hom(\pi_{1}(M), \mathbb{Z})$ and $n\in N$ , set $\phi_{n}:\pi_{1}(M)arrow\phi \mathbb{Z}arrow \mathbb{Z}_{n}$ . For
a representation $\alpha:\pi_{1}(M)arrow GL(k, \mathbb{F}_{p})$ and $n\in \mathbb{N}$ , let $\mathbb{F}_{p}[\mathbb{Z}_{n}]^{k}=\mathbb{F}_{p}^{k}\otimes_{\mathbb{Z}}\mathbb{Z}[\mathbb{Z}_{n}]$ and
$\alpha\otimes\phi_{n}:\pi_{1}(M)arrow Aut(\mathbb{F}_{p}[\mathbb{Z}_{n}]^{k})$ the induced representation.

The following proposition shows that the degrees of twisted Alexander polynomials can
be computed from the dimension of some twisted homology groups, namely:

Proposition 4.7. [6] Let $\phi\in H^{1}(M, \mathbb{Z})\backslash 0$ and $\alpha:\pi_{1}(M)arrow GL(k, \mathbb{F}_{p})$ , then:

(1) $\deg\Delta_{M,\phi,0}^{\alpha}=\max\{\dim_{\mathbb{F}_{p}}(H_{0}^{\alpha\otimes\phi_{n}}(M;\mathbb{F}_{p}[\mathbb{Z}_{n}]^{k}))|n\in \mathbb{N}\}$

(2) $\deg\Delta_{M,\phi,1}^{\alpha}=\max\{\dim_{\mathbb{F}_{p}}(H_{1}^{\alpha\otimes\phi_{n}}(M;\mathbb{F}_{p}[\mathbb{Z}_{n}]^{k}))-\dim_{\mathbb{F}_{p}()}H_{0}^{\alpha\otimes\phi_{n}}(M\cdot \mathbb{F}_{p}[\mathbb{Z}_{n}]^{k}))|n\in \mathbb{N}\}.$

The next proposition and the goodness of aspherical compact 3-manifold groups will
conclude the proof of Theorem 4.2.
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Proposition 4.8. [6] Let $\gamma_{\}}$ and $7r_{2}$ be good groups and $f:\hat{rr_{1}}arrow\hat{\pi_{2}}\underline{\simeq}$ an isomorphism. Let
$\beta:JT_{2}arrow GL(k,\Psi_{p})$ be a representation. Then for any $i$ there $\dot{?}s$ an isomorphism

$H_{i}^{\beta\circ f}(7r_{1};\mathbb{F}_{p}^{k})\cong H_{i}^{\beta}(\pi_{2};F_{p}^{k})$ .

Since 3-manifold groups are good, one gets:

Corollary 4.9. Let $M_{1}$ and $M_{2}$ be two 3-manifotds. Suppose $f:\pi_{1}\overline{(M_{1}}$) $arrow\pi_{1}\overline{(M_{2}}$)
is a regular isomorphism. Then for any $\phi\neq 0\in H^{1}(M_{2}, \mathbb{Z})$ and any representation
$\alpha:\tau r_{1}(M_{2})arrow GL(k, \mathbb{F}_{p})$ one has:

$\deg(\Delta_{M_{1},\phi\circ f,i}^{\alpha\circ f})=\deg(\Delta_{M_{2},\phi i}^{\alpha}) , i=0, 1, 2$ .

When the first Betti number $b_{1}(M_{1})=1$ , then $b_{1}(M_{2})=1$ and the regular assumption
is not needed anymore because of the following lemma :

Lemm 4.10. $[6|$ Let $M$ be a 3-manifold with $H_{1}(M;\mathbb{Z})\cong \mathbb{Z}$ and $\beta:\pi_{1}(M)arrow GL(k,\mathbb{F}_{p})$

a representation. Let $\phi_{n}:\pi_{1}(M)arrow \mathbb{Z}_{n}$ and $\psi_{n}:7r_{1}(M)arrow \mathbb{Z}_{n}$ be two epimorphisms. Then
given any $i$ there exists an isomorphism $H_{i}^{\beta\otimes\phi_{n}}(M;\mathbb{F}_{p}[\mathbb{Z}_{n}]^{k})\cong H_{i}^{\beta\otimes\psi_{n}}(M;F_{p}[\mathbb{Z}_{n}]^{k})$ .

Knot exteriors in $S^{3}$ are typical examples of manifolds with first Betti number 1 and
are considered in the next section.

5. KNOT GROUPS

The exterior $E(K)=S^{3}\backslash N(K)$ of a knot $KcS^{3}$ is a compact orientable 3-manifold
with $b_{1}=1$ . The fundamental group $\pi_{1}(E(K))$ is called the group of the knot $K.$

There is a canonical epimorphism $\pi_{1}(E(K))arrow H_{1}(\sqrt{\lrcorner}(K);\mathbb{Z})\cong \mathbb{Z}$ . Let $\phi_{K}\in H^{1}(E(K\rangle;\mathbb{Z})$

be the corresponding class. If $K$ is non-trivial, then the Thurston norm of $\phi_{K}$ equals
$2g(K)-1$ , where $g(K)$ is the Seifert genus of $K$ . The knot $K$ is called fibered if $\phi_{K}$ is a
fibered class.

The following theorem summarizes the results obtained in [6] about profinite comple-
tions of knot groups.

Theorem 5.1. [6] Let $K_{1}$ and $K_{2}$ be two knots in $S^{3}$ such that $\pi_{1}\overline{(E(K}_{1}$ )) $\cong\pi_{1}\overline{(E(K}_{2}$ )).
Then the foltowing hold.

(1) $K_{1}$ and $K_{2}$ have the same Seifert genus: $g(K_{1})=g(K_{2}\rangle$ ;
(2) $K_{1}$ is fibered if and only if $K_{2}$ is fibered;
(3) if no zero of $\triangle_{K_{1}}$ is a root of unity, then $\Delta_{K_{1}}=\star\triangle_{K_{2}}$ ;
(4) If $K_{1}$ is a torus knot, then $K_{1}=K_{2}$ ;
(5) If $K_{1}$ is the figure-eight knot, then $K_{1}=K_{2}$ ;
(6) If $E(K_{1})$ and $E(K_{2})$ have a homeomorphic finite cyclic $cover_{J}$ either $K_{1}=K_{2}$ or

$\triangle_{K_{1}}$ and $\Delta_{K_{2}}$ are product of cyclotomic polynomials.
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The statements (1) and (2) are direct consequences of Theorem 4.2 and Lemma 4.10.
Statement (3) follows from Proposition 5.2 below and D. $Fried^{\rangle}s$ result that the Alexander
polynomial of a knot can be recovered from the torsion parts of the first homology groups
of the $n$-fold cyclic covers of its exterior, provided that no zero is a root of unity, see [12].

Given a knot $K$ let $E_{n}(K)$ denote the $n$-fold cyclic cover of $E(K)$ . By construction
$\pi_{1}(E_{n}(K))=ker(\pi(K)arrow H_{1}(E(K);\mathbb{Z})arrow \mathbb{Z}/n\mathbb{Z})$ .

Lemma 5.2. Let $K_{1}$ and $K_{2}$ be two knots such that $\overline{\pi(K_{1})}\cong\overline{\pi(K_{2})}$ . Then the following
hold:

(1) For each $n\geq 1$ we have $H_{1}(E_{n}(K_{1};\mathbb{Z})\cong H_{1}(E_{n}(K_{2});\mathbb{Z})$ .
(2) The Alexander polynomial $\Delta_{K_{1}}$ has a zero that is an n-th root of unity if and only

if $\Delta_{K_{2}}$ has a zero that is an n-th root of unity.
The proof of this lemma follows from the following facts, see [6] for the details.

The isomorphism $\pi_{1}\overline{(E(K}_{1}$ )) $\cong\pi_{1}\overline{(E\langle K}_{2}$ )) implies that $\pi_{1}(\overline{E_{n}(K}_{1})$ ) $\cong\pi_{1}(\overline{E_{n}(K}_{2})$ ),
since a knot group admits a unique homomorphism onto $\mathbb{Z}/n\mathbb{Z}$ for each $n$ . Therefore we
see that $H_{1}(E_{n}(K_{1})_{1}\mathbb{Z})\cong H_{1}((E_{n}(K_{2});\mathbb{Z})$ .

By the Fox formula $H_{1}(E_{n}(K);\mathbb{Z})\cong \mathbb{Z}\oplus A$ , with $|A|=| \prod_{k=1}^{n}\Delta_{K}(e^{2\pi ik/n})|$ , see [36].
In particular $b_{1}(E_{n}(K))=1$ if and only if no n-th root of unity is a zero of $\Delta_{K}.$

The next corollary follows now easily from statements (1) to (3) of Theorem 5.1, Lemma
5.2 and the fact that the trefoil knot and the figure-eight knot are the only fibered knots
of genus 1.

Corollary 5.3. Let $J$ be the trefoil knot or the figure-eight knot. If $K$ is a knot with
$\pi_{1}\overline{(E(J}))\cong\pi_{1}\overline{(E(K}))$ , then $J$ and $K$ are equivalent.

In fact $\pi_{1}\overline{(E(J}$)) detects the trefoil or the figure-eight complement among all compact
connected 3–manifolds, see [8].

Let $T_{p,q}$ be a torus knot of type $(p, q)$ with $0<p<q$ , statements (1) to (3) of Theorem
5.1 and Lemma 5.2 imply the following claim:

Claim 5.4. $\pi_{1}\overline{(E(T_{p,q}}$ )) $\cong\pi_{1}\overline{(E(T_{r,s}}$ )) $\Leftrightarrow(p, q)=(r, s)$

Hence each torus knot is distinguished, among knots, by the profinite completion of its
group because of the following result:

Proposition 5.5. [6] Let $J$ be a torus knot. If $K$ is a knot with $\pi_{1}\overline{(E(J}$)) $\cong\pi_{1}\overline{(E(K}$),
then $K$ is a torus knot.

The proof of the last statement (6) uses the fact that the logarithmic Mahler measure
of the Alexander polynomial is a profinite invariant by [33] and the study of knots with
cyclically commensurable exteriors developed in [5]

Since prime knots with isomorphic groups have homeomorphic complements by W.
Whitten [37], the following question makes sense:
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Question 5.6. Let $K_{1}$ and $K_{2}$ be two prime knots in $S^{3}$ . If $\pi_{1}\overline{(E(K}_{1}$ )) $\cong\pi_{1}\overline{(E(K}_{2}$ )),
does it follow that $K_{1}=K_{2}$ ?

The group of a prime knot $K$ does not necessarily determine the topological type of
the knot exterior $E(k)$ , if it contains a properly embedded essential annulus. This means
that $K$ is a torus knot or a cable knot and that the essential annulus cobounds with
some annulus in $\partial E(K)$ a solid torus $V$ in $E(K)$ . Then by [22, Chapter X] some Dehn
flip along $V$ may produce a Haken manifold $M$ that is homotopically equivalent but not
homeomorphic to $E(K)$ and thus does not imbed in $S^{3}$ . However one may ask whether
the profinite completion can detect knot groups among 3-manifold groups.

Question 5.7. Let $M$ be a compact orientable aspherical 3-manifold and let $K\subset S^{3}$ be

a knot. Does $7\overline{r_{1}(M)}\cong rr_{1}(E(K))$ imply that $\pi_{1}(M)$ is isomorphic to a knot group2

REFERENCES

[I] I. Agol, Criteria for virtual fibering, J. Topol. 1 (2008), no. 2, 269-284.
[2] I. Agol, The virtual Haken conjecture, with an appendix by I. Agol, D. Groves and J. Manning,

Documenta Math. 1 (2013), 1045-1087.
[3] M. Aschenbrenner, S. Friedl and H. Wilton, 3-manifold groups, to be published by the Lecture Notes

of the European Mathematical Society.
[4] G. Baumslag, Residually finite groups with the same finite images, Compositio Math. 29 (1974),

249–262.
[5] M. Boileau, S. Boyer, R. Cebanu and G. S. Walsh, Knot commensurability and the Berge conjecture,

Goom. &Top. 16 (2012), 625-664.
[6] M. Boileau and S. Friedl, The profinite completion of 3-manifold groups, fiberedness and the Thurston

norm, arXiv: 1505.07799.
[7] M. Boileau snd S. Friedl, The virtual Thurston seminorm of non-graph manifolds, in preparation.
[8] M. R. Bridson and A. W. Reid, Profinite rigidity, fibering, and the figure-eight knot,

arXiv: 1505.07886.
[9] G. Burde and H. Zieschang, Knots, de Gruyter Studies in Mathematics, 5, Walter de Gruyter& Co.,

Berlin, 1985.
[10] W. Cavendish, Finite-sheeted covering spaces and solenoids over 3-manifolds, thesis, Princeton Uni-

versity (2012).
[11] J. Dixon, E. Formanek, J. Poland and L. Ribes, Profinite completions and isomorphic finite quotients,

J. Pure Appl. Algebra 23 (1982), no. 3, 227-231.
[12] D. Fried, Cyclic resultants of reciprocal polynomials, Holomorphic dynamics (Mexico, 1986), 124-128,

Lecture Notes in Math., 1345, Springer, Berlin, 1988.
[13] S. Friedl and S. Vidussi, A Vantshing Theorem for Twisted Alexander Polynomials with Applications

to Symplectic 4-manifolds, J. Eur. Math. Soc. 15 (2013 $\rangle$ , no. 6, 2127–2041.
[14] S. Friedl and S. Vidussi, The Thurston norm and twisted Alexander polynomials, iournal fitr Reine

und Angewandte Mathematik 707 (2015), 87-102.
[15] S. Friedl and M. Nagel, Twisted Reidemeister torsion and the Thurston norm of graph manifolds,

Preprint (2015)
[16] L. Funar, Torus bundles not distinguished by TQFT invariants, Geometry & Topology 17 (2013),

2289-2344.
[17] F. Grunewald and P. Zalesskii, Genus of groups, Journal of Algebra 326 (2011), 130-168.
[18] J. Hempel, 3-Manifolds, Ann. of Math. Studies, vol. 86, Princeton University Press, Princeton, NJ,

1976.

67



[19] J. Hempel, Residual finiteness for 3-manifolds, Combinatorial $g_{1}\cdot oup$ theory and topology (Alta,
Utah, 1984), pp. 379 Ann. of Math. Stud., 111, Princeton Univ. Press, Princeton, NJ, 1987.

[20] J. Hempcl, Some 3-manifold groups with the same finite quotients, preprint, 2014.
[21] R. Hirshon, Some cancellation theorems with applications to nilpotent groups, J. Australian Math.

Soc 23 (1977), 147-165.
[22] K. Johannson, Homotopy Equivalences of 3-Manifolds with Boundaries, Lecture Notes in Mathe-

matics, Vol. 761. Springer, Berlin (1979).
[23] T. Lc, Growth of homology torsion in finite coverings and hyperbolic volume, arXiv:1412.775S.
[24] D. Long and A. Reid, Simple quotients of hyperbolic 3-manifold groups, Proceedings Amer. Math.

Soc. 126 (1998), 877–880
[25] N. Nikolov and D. Segal, On finitely generated profinite groups I.. Strong completeness and uniform

bounds, Ann. of Math. 165 (2007), 171-236.
[26] N. Nikolov and D. Segal, Direct products and profinite completions, J. Group Theory 10 (2007),

789-793.
[27] J. P. Otal, The hyperbolization theorem for fibered 3-manifolds, volume 7 of SMF/AMS Texts and

Monographs, AMS, Providence, RI, 2001. Translated from the 1996 Fbench original by Leslie D. Kay.
[28] P. Przytycki and D. Wise, Mixed 3-manifolds are virtually special Preprint (2012).
[29] A. W. Reid, Profinite properties of discrete groups, Proceedings of Groups St Andrews 2013, L.M.S.

Lecture Note Series 242 (2015), 73-104, Cambridge Univ. Press.
[30] L. Ribes and P. Zalesskii, Profinite groups. Second $editio\gamma\iota$ , Ergebnisse der Mathematik und ihrer

Grenzgebiete. 3, Folge. A Series of Modern Surveys in Mathematics 40. Springer-Verlag, Berlin, 2010.
[31] J.-P. Serre, Galois cohomology, Springer-Verlag, Berlin, 1997.
[32] P. F. Stebe, Conjugacy Separability of groups of integer matrices, Proc. Amer. Math. Soc. 32 (1972)

1-7.
[33] D. Silver and S. Williams, Mahler measure, hnks and homology growth, Topology41 (2002), 979-991.
[34] W. Thurston, A norm for the homology of 3-manifolds, Mem. Amer. Math. Soc. 59 (1986), no. 339,

99-130.
[35] J. Wilson, Profinite Groups, London Mathematical Society Monographs, New Series, vol. 19, The

Clarendon Press, Oxford University Press, New York, 1998.
[36] C. Weber, Sur une formule de R. H. Fox concern,ant l’homologie des rev\^etements cycliques, Enseign.

Math. 25 (1979), 261-272.
[37] W. Whitten, Knot complements and groups, Topology 26 (1987), no. 1, 41-44.
[38] G. Wilkes, Profinite mgidity for Se\’ifert fibre $spaceS_{)}arXiv:1512.05587.$

[39] H. Wilton and P. Zalesskii, Frofinite properties of graph manifolds, Geom. Dedicata 147 (2010),
29-45.

[40] H. Wilton and P. Zalesskii, Distinguishing geometries using finite quotients, arXiv:1411.5212.
[41] D. Wise, The structure of groups with a quasi-convex hierarchy, Electronic Rcs. Ann. Math. Sci 16

(2009), 44-55.

$AIX$-MARSEILLB UNIVERSIT\’E, CNRS, CENTRALE MARSEILLE, I2M, UMR 7373, 13453 MAR-
SEILLE, FRANCE

$E$-mail address: michel. boileauQuniv-amu. fr

FAKULT\"AT F\"UR MATHEMATIK, UNIVERSIT\"AN REGENSBURG, GERMANY
$E$-mail address: sfriedlOgmail. com

68


