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THE STOCHASTIC MODELS FOR THE BEATING PROCESS OF THE
CARDIAC MUSCLE CELL

GUANYU ZHOU AND TETSUJI TOKIHIRO

ABSTRACT. We propose the stochastic model for the beating process of cardiac muscle
cells. The well-posedness and some stochastic calculus of the model problems are derived.
We provide a numerical scheme for simulation and show the convergence order.

1. INTRODUCTION

The mystery of heart beat have attracted the attention of many biological researchers
since lone time ago. Since it can be viewed as a process of synchronous beating of cardiac
muscle cells, the biologists run various experiments to observe the beating of the cell-
network, which are aim to study the role of the community effect of cardiomyocytes in
the entrainment and establishment of stable beating rhythms [3, 4]. The motivation of
this paper is to propose a mathematical model for the beating of cardiac muscle cells,
based on the biological facts and experiment data.

Even for a single cardiac muscle cell, the mechanics of beating has not been fully un-
derstood from the biological point of view. It is known that the change of the distribution
of ions is highly relevant to the beating phenomenon; however, there is no definite answer
to the question of what and how the beating is triggered. By virtue of the experiment
data (the distribution of beating periods), the cardiac cell beating can be considered as a
process Z(t) with the drift 4 > 0 and noise o((t) (o > 0):

(1.1) dZ(t) = pdt + cdW (¢),

where fot ((s) ds = W(t), and W(t) is the standard Brownian motion. Here, Z(t) denotes
the state of cell at time ¢. For simplicity, we set the initial state Z(0) = Z, € [0, 1), and
the beating state Z(t—) := limg Z(s) = 1. Moreover, we assume the cell returns to the
zero state after beating, i.e.

(1.2) Z(t) =0, for Z(t—) = 1.

From the biological point of view, the cell has a short period of refractory time after
beating and cannot be dragged back to the state just before the beating by noise. Hence,
we assume the reflective boundary at state 0. As a result of (1.1) and (1.2), Z(t) is the
(i, o) Brownian motion in torus [0, 1) with reflective boundary at 0.

To describe the mathematical model rigorously, we introduce the filtered probability
space (£, F, P). The sample path of Q is continuous in [0, co) except for countably many
points of discontinuity, where the left limit exists and the sample path is right-continuous.
Z(t) is an adapted stochastic process of (22, F, P). The dynamics of Z(t) is determined
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by the stochastic differential equation (SDE):
(1.3a) dZ(t) = pdt + odW (t) + dL(t) — dS(t),
(1.3b) Z(0) =Zy € [0,1),

where L(t) describes the reflective boundary at Z = 0, and S(t) forces Z(t) to jump back
to 0 when reaching 1. To be specific, L(t) satisfies (cf. [8, 11]):

(i) L(t) is non-decreasing, continuous process, with L(0) = 0,
(1.4) (ii) L(t) increases only when Z(t) = 0 (i.e. / Z(t)dL(t) = 0),
0
such that Z(t) > 0.
For n=1,2,..., and t, = 0, setting the beating time {t,}n>1:

(1.5) to=0, t,:=inf{t>t, 1: Z(t_) =1}, forn € Ny,
we define S(t) by:
(1.6) SH)=n—1 fortys <t<tn

From above definitions, we see that 0 < Z(t) < 1, and Z(t) is a right-continuous stochastic
process with the jumps only at {t,}n>1, where Z(t,_) = 1 and Z(t,) = 0. Also, we have
S(tn,—) =n—1and S(t,) = n.

In this note, we shall discuss the mathematical well-posedness of the one-cell model
(1.3) and show some properties of beating period. Then, introducing some restrictions
to describe the community effect of cardiomyocytes, we propose and study the two-cells
model. We extend the two-cells model to the n-cells (cell-network) model, and consider
the stablization of beating rhythms when increasing the cell number. The proof of several
propositions and theorems are left out in this note because of page limits, for which one
can refer to our forthcoming preprint [12].

2. THE ONE-CELL MODEL
There exists a unique (Z(¢), L(t), S(t)) satisfying (1.3)—(1.6). In fact, setting X (t) =
Zo + pt + oW (t), we have:
(2.1) L(t) = sup (X(s) — S(s))—, where (-)_ = —min(:,0).

0<s<t
X (¢) is called the (p,0)-Brownian motion. We see that L(t) > n for ¢ > t,, and (1.3) is
equivalent to:
(2.2) Z(t) = X(t) + L(t) — S(t).
The following theorem shows the unique existence of (Z(t), L(t), S(t)).

Theorem 2.1. For arbitrary z(t) € C([0,00)), with z(0) € [0,1), we set the function
(¢):
(2.3) I(t) = sup (z(t) —n)_, fort,<t<ty1, n=0,1,...,

tn<s<t
where tg = 0, t,, == inf{t > t,—1 : (x +1)(¢t=) = n} forn > 1. Then, [(t) is the unique
function such that:

(1) 1 is continuous, non-decreasing function with 1(0) = 0,
(2) 2* =z +1 satisfies: 2*(t) >n fort > t,, n=0,1,...;
(3) 1 increase only when z*(t) =n, forn=0,1,....
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Let z(t) be any path of (1, 0) Brownian motion with initial £(0) € [0,1), then Z(t)+S(t) =
z*.

Proof. Apparently, {(t) given by (2.3) satisfies_ (i)-(ili). We only verify the uniqueness.
Let [(t) be any other solution, and set 2 =z +1[, y = Z— 2* = [ —[. y is continuous, with
finite total variance. Hence, we have

y@®* _ 1. w2 (s mgin [ s
(2.4) 0< —(Z@)—2"(@t)) = | (Z—2z)dl+ [ (z*— 2)dl.
2 2 0 0
For s; = min{t;,t,}, where £, := {t > t,_; : 2(t_) = n}, n € N;, we have
s1 5 -
(2.5) / (2= 2*)di = / (0= 2)dl <0,
0 [0,81)N{¢:2(t)=0}
where we use (iii) for [ and (ii) for z*. Similarly, we have
81
(2.6) / (2" — 3)dl = / (0= 2)dl < 0.
0 [0,81)N{t:2*(t)=0}

In view of (2.4)-(2.6), Z = z* for all s € [0,s;), and s; = t; = {;. Hence, we show the
uniqueness for n = 1, and for arbitrary n, we can obtain the conclusion by the induction
method. O

2.1. The expectation and variance of the beating periods. For any f € C?(0,1)
and t € (0,00), we have the Itd’s formula for Z(t) (cf. [2, §7 (4)]):

F(2(t) =(2(0)) + / uf(2(s)) + 5 1(2(s)) ds

(2.7) / o f'(Z( / f(Z(t))dL(t)
- Z(f (Z(tn,-)) — £(Z(tn))),

where J is the times of cell beating, i.e. J =max{n : ¢, <t} (¢, is defined by (1.5)).

We set the beating period At, = t, — t,_1, where t, is the beating time defined by
(1.5). If Zy = 0, then {At,},>1 are independent identically distributed (i.i.d.) random
variables. Using It6’s formula (2.7), it is not difficult to prove the following proposition,
which shows the expectation of beating periods E(¢;).

Proposition 2.2. For any Zy € [0,1), we have

1
2 (1 Zz) fO"" m= 0’
(2.8) Et)={ 1_z 1
R B—N-(e"ez" —e™?), for u >0,

where 8 = 2u/o?.

To calculate the variance of the beating period, we consider the distribution of Z(t)
when ¢ — oo. In fact, for Zy = 0, Z(t) is a regenerative Markov process, and {¢,},>1 are
the regeneration time (i.e. the process Z after t, becomes a probabilistic replica of Z(t)
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after t,_1, n > 1). For any open interval A C [0,1], from the renewal theorem (cf. [I,
(2.25) of Chapter 9]), we have

(2.9) 1{1}6 P{Z(t) € A} = 2/00 P{Z(t) € A, T > t} dt.
We define a probability measure 7 (-):
BT 1a(2(1) at

E(T)

m(A) can be viewed as the expected amount of time (normalized) such that Z € A during
a regenerative cycle, or equivalently, the probability of Z € A when t — oo, i.e. (cf. [2,
84 of Chapter 5))

(2.11) n(4) = lim P{Z(t) € A}.

(2.10) 7(A) =

With the help of It6’s formula (2.7), we obtain the following lemma.

Lemma 2.3. Let p(z) (z € [0,1)) denote the probability density function for the distri-
bution of Z(t) when t — oo, i.e.

(2.12) (A) = / p(2)dz.
A
Then, we have:
2(1 - 2), for u=0,
(2.13) p(z) = { 6 0 o
m(e — € ), fO'f',LL> 0,

where § = 2.
We calculate the variance of beating period Var(¢;).

Proposition 2.4. For Z, = 0, we have

(2.14) Var(t)) = oE(t,) /01 |f'(2)1*p(2)dz,

where f and p(z) are given by Proposition (2.2) and Lemma 2.3. Via calculation, we
have:

2
@, fOT' H = O,
(2.15) Var(t,) = ¢
E(G-i—e_g—l), for u > 0.
Remark 2.1. We have
2
(2.16) Var(ty) | 3 for =0,
. 2 0(_ .0 —0 0
E(t,) e’(—5e” + e + 4 + 46 + 26¢°) for 11> 0,

(1 + 6ef — ¢)z !

Moreover, for > 0, we have limgg %%%2 = %, and %(%t)%) decreases when 6 increasing.
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3. THE TWO-CELLS PROBLEM

For i = 1,2, let Z;(t) € [0,1) denote the state of cell i. To describe the beating process
of two cells with communication, we introduce the potential function V (-, ), and consider
the synchronous beating due to the community effect. Here, V(z,y) is the continuous
function, satisfying

(3.1) V(z,y):[0,1* > R,
and there exists some constant KX > 0 such that, for any z;,v; € [0,1], 7= 1,2,
(3:2) [V (1, 11) = V(z2,92)| < K(lz1 — 22| + |11 — 22])-

For cell i, we set the refractory period [0, B;), B; € [0,1), during which the cell cannot
receive the influence from the outside environment. If one cell reaches the beating state
and the other cell is outside its refractory period, then two cells beat synchronously and
both return to zero state. Hence, for 7,5 € {1,2} and ¢ # j, we have two cases of cell
beating.

(1) When Zt(t—) = 1, Zj(t'—) > Bj, then Zl(t) = Zj(t) = 0.

(2) When Zz(t—-) =1, Z](t—‘) < Bj, then Zz(t) =0 and Z](t) = ZJ(t—)
We call case (1) the synchronous beating, and case (2) the independent beating. Let L,
(n > 1) denote the time of n-th synchronous beating, i.e. to = 0, and for n > 1,

(33) &n = lnf{t > U:'n—l : Zz(t_) = ]., Z](t) € [BJ, 1),2 =1or 2, ] 75 Z}
Moreover, let t , (k > 1, n > 0) denote the time of k-th independent beating of cell ¢
during (t,,tnt1), ie. £, o = by, and for k£ > 1,

(3.4) th,=inf{t >t : Zi(t-) =1, Z;(t~) < Bj, t <turi}.
For any t > 0, we set the number of times of synchronous beating
(3.5) J=max{n : t, <t}
and the number of times of independent beating of cell ¢ during (t,, min{t,;1,t}):
(3.6) Ji = max{k : t}, <min{tys1,t}}.
We define the jump function
J J Jn

(3.7) Sit) =Y (Zita—) — Zu(ba) + D D (Zilthi—) = Zilthn),

n=1 n=0 k=1

where Z;(t,) = Z;(t,,) = 0 and Z(t;,—) = 1 according to the definition of the syn-
chronous and independent beating. Let L;(t) satisfies (1.4) with Z replaced by Z;. We
propose the stochastic model for two cells with community effect: for ¢ = 1, 2,

(3.8a) dZ;(t) = psdt + 0:dW;(t) + dLi(t) — dSi(t) + V(Zi(t), Z;(t))dt,
(3.8b) Z;(0) = Zip € [0,1),

where p; > 0, o; > 0 and W;(t) denotes the independent standard Brownian motion. In
fact, Z(t) := (Z1(t), Z(t)) is a regenerative Markov process, and {t,}.>1 is the set of the
regeneration time. The well-posedness of (3.8) follows from the standard argument (cf.

8, 6]).

Theorem 3.1. For arbitrary V(z,y) satisfying (3.1) and (3.2), there ezists a unique
solution (Z(t), Li(t), Si(t))i=1,2 for (3.8).
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We write the Itd’s formula of Z(t) for t € (0,t), since Z(t) = (Z1(t), Zo(t)) is the
probabilistic replica during every regenerative cycle [t,_1, t,).
For any f € C?((0,1)?) and t € (0,t,), we have

12w =1z0)+ [ ZFﬂZ
n /0 Zoi Fi(Z(s)) dWi(s) + /0 Zf@-(Z(s))dL (s)

(3.9) A
=Y [F(1, Za(th ) — (0, Za(th )]

(230, 1) = f(Zu(8 ), 0)),

where f; := % and T is the elliptic operator:

2 2 o2 . 92 f
(3.10) I'f:= ;Mifi + ; ‘é‘fm with fj; = Er
Remark 3.1. Since L; increases only when Z; = 0, we have
[ wztn anis = | £(2(5)) dLi(5).
0 (0,)N{t:Z, (t)=0}
Applying It6’s formula (3.9), we can calculate the expected value and variance of the

synchronous beating period. Setting At, = t, —t,_1, we see that {At,},>1 are indepen-
dent identically distributed random variables for Z(0) = (0, 0).

Proposition 3.2. For initial value Z(0) = (Z19, Zag) € [0,1)?, we have

(3.11) E(t) = f(2(0)),
where f satisfies:
(Tf=-1 in Dy := (0,1)2,
f=0 on e :={z:2 € (B;,1), z; =1, i #j},
(3.12) J fi=0 on v ={z:2,=0} i=1,2,
f(0,22) = £(1, 2) for z3 € (0, By),
L f(20) = f(z1,1) for z € (0, By).

Let p(x) be the distribution density of Z(t) ast — o, i.e.
(3.13) /p(x) dr = tlim P{Z(t) € A}, for any Borel set A C [0,1)?,
A —+00

then we have

2 2
(3.14) Var(ty) = E(&,) /[0 1)2203 % p(z) dz.
1)* =1 v




Proof. 1t follows from Ito’s formula (3.9) that

t;
(3.15) 0=f(Z([t1—))=f(Z(0))+/0 rf ds+/ Zoz s)+0+0.

Since I'f = —1 and E(f;* 7, ov4LdWi(s)) = 0, we have

(3.16) Et.) = £(2(0)) +0
(3.15) yields:

(3.17) B2 = +2/ Zozafdw (/hza, dW()

which implies

t, 2
(3.18) E(t?) = f(Z(0))> +0+E (/ Z

By (3.13), we have
E (/t1 : ds)
tq 2
_F ( /O /[O 3 ——(Z(s)) 1e(Z (s))ds)

=/[01 i 2 ﬁ(x) 2&:(/0&1 1e(Z(s)) ds)
p(w)

E(t,)

[01)z 1

In view of Var(t;) = E(t2) — E(t;)?, we obtain (3.14).

8:5,

2
o5 |l—
¢ OCL‘{

2
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Remark 3.2. The p(x) of (3.13) is not easy to calculate. Let p(t,z) be the distribution

density of Z(t), i.e.
(3.20) /p(t, ) dz = P{Z(t) € A}, for any Borel set A C [0,1)*.
A

Then p(x) equals to the steady state of p(t, ).

The following lemma on p(t,z) follows from Weyl’s lemma (cf. [7, §4.2, 4]) and the

1t6’s formula (3.9).
Lemma 3.3. p(t,z) of (3.20) satisfies: for allt € (0,00), i =1,2, 1 # j,

(Op _ . ; 2
Fri I'sp + B(p)d(x) in (0,1)%,
p(a:,t) =0 onzx; =1,
(3.21)  Fi(p) =0 onz; =0, x; € (Bj,1),
Fi(p)|z’.:(1) =0 for all z; € (0, B;),
| pl(z,0) = (z — Zo),
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where 8(x) is the Dirac delta function, Fi(p) := (w; + V(zi,z;))p — 122%7:, B(p) =
foz—l z,E(B,,1) Fi(p) dv, and

. a? &%p
Tipi=) o Z 5 (i V (i)

The exact solution f of (3.12) is not easy to obtain; therefore, in application, instead of
solving (3.12), the numerical simulation of (3.8) is performed to obtain the approximation

of E(At,) and Var(At;). The numerical method will be introduced in Section 5.

4. THE N-CELLS PROBLEM AND THE NUMERICAL METHOD

We consider the N-cells problem. Z;(¢) denotes the state of cell 7 at time t for i €
{1,..., N}. For simplicity, we consider the cell-network such that all cells are connected
with each other, and every cell has zero refractory, i.e B; = 0. Hence, there exists
no independent cell beating in cell-network, and we set the (synchronous) beating time

{tn}n21:'

(4.1) to=0, t,=inf{t>¢,_1 : Zi(t—)=1for somei e {1,...,N}}.
For arbitrary ¢t > 0, let J be the number of beating times:
(4.2) J =max{n : t, <t}

We define the jump function

(4.3) Si(t) : Z(Zt— — Zi(tn)),

where Z;(t,) = 0. Let L;(t) satisfies (1 4) with Z replaced by Z;. The stochastic model
for N-cells reads as: for 4,5 € {1,..., N},

(4.4a) dZ(t) = wdt + o:dW;(t) + dLi(t )+ Y V(Z (t))dt,
J#i
(4.4b) Zi(0) = Zip € [0, 1),
where p; > 0, 0; > 0 and W;(¢t) denotes the independent standard Brownian motion.
Theorem 4.1. There exists a unique solution (Z;, L;, S;)i=1,.. n for (4.4). For the simple

case pi; = p > 0, 03 = 0 > 0 and Z;(0) = 0 for alli € {1, .. N} we have E(t1) decreases
when N increasing.

9. THE NUMERICAL APPROXIMATION SCHEME

We apply the Euler scheme to the 2-cells stochastic model (cf. [5, 9, 10]), which is
not difficult to extend to the N-cells problem. Let At < 1 be the time-step increment,
and ¢y = kAt, k = 0,1,.... We set AW (t,) = W(tx) — W(tr_1). Let Z;(t) be the
approximation of Z;(tx), ¢ = 1,2. We give the Euler scheme for problem (3.8): for
4,7 =1,2,1#7,

(51&) Y( ) = Z'(tk_l) + /,LzAt + V(Zi(tk_l), Zj(tkﬁl)) -+ UiAI/Vi(tk),
(5.1b) Zi(ty) = max{0, Yi(tx)},

and for the case of synchronous beating, i.e. Z; (tk) 1 and Z;(te) > B;, we set Zi(ty) =
Zi(tx) = 0; for the case of independent beating, i.e. Z;(¢;) > 1 and Z;(t) < B;, we set

167
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Zi(tk) = (0. We consider the error in the torus domain [0,1). In the following, |a — b]
denotes the distance of a, b in torus [0, 1), i.e. |a—b| := min{abs(a—b), abs(abs(a—b)—1)},
where abs(s) is the absolute value of s € R.

Theorem 5.1. Let K € N be the mazimum time step and Tx = 6tK. Then we have the
convergence order:

(5.2) E <s1;p | Z(t) — z(tm) < O(Tx)(ADYZS,  for any e € (0, 1).
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