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GROUPS WHOSE ALL (MINIMAL) CAYLEY GRAPHS HAVE A
GIVEN FORBIDDEN STRUCTURE '

M. FARROKHI D. G. AND A. MOHAMMADIAN

ABSTRACT. We give the classification of all (minimal) Cayley bipartite or per-
fect finite groups as well as finite graphs I' for which there are ounly finitely
many (minimal) Cayley I'-free groups.

1. INTRODUCTION

Let G be a non-trivial group and S be an inversed-closed subset of G, that is,
SCG\{l}and S7! = {s7':5€ S} C S. The Cayley graph of G corresponding
to S, denoted by Cay(G,S), is a graph with G as the vertex set such that two
vertices z and y are adjacent if yr=! € S. The Cayley graph Cay(G,S) is called
minimal if S = XUX ! for some minimal generating subset X of G. Cayley graphs
was introduced by Arthur Cayley in 1978 as a geometric description of groups and
play a central role in geometric group theory. Being a source and a simple way of
constructing symmetric graphs, Cayley graphs has became the subject of extensive
research in algebraic graph theory as well as computer science from various points
of views.

A group in which all its associated (minimal) Cayley graphs admit a given prop-
erty P is called a (minimal) Cayley P-group. Accordingly, a Cayley integral group
is that whose all Cayley graphs are integral, that is, they all have integral spectrum.
Studying integral graphs was initiated by Harary and Schwenk [8]. As an attempt
to describe integral Cayley graphs, among other works, Abdollahi and Jazaeri [1]
and simultaneously Ahmady, Bell and Mohar [2] in 2014, complete the classification
of all Cayley integral finite groups. Motivated by these works, we are interested
in studying the existence of particular subgraphs (mainly odd cycles) in Cayley
graphs associated with a finite group. More precisely, we shall give a classification
of those finite groups whose all (minimal) Cayley graphs are bipartite or perfect.
Since our main results relies on particular forbidden structures in (minimal) Cayley
graphs, we review the results on the problem that which graphs are isomorphic to
an induced subgraph of a (minimal) Cayley graphs and determine which graphs can
be embedded as induced subgraph into infinitely many (minimal) Cayley graphs.

The paper is organized as follows: In section 2, we show that there are only
finitely many finite Cayley I'-free groups for any finite graph I" while the same
result for minimal Cayley I'-free groups holds if and only if I' is a union of some
paths. We note that a I'-free graph is one having no induced subgraph isomorphic
to I'. Section 3 gives a description of all (minimal) Cayley bipartite groups, that is,
finite groups whose all (minimal) Cayley graphs have no odd cycles as subgraphs.
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Finally, in section 3, we shall restrict our attention to induced odd cycles and
determine all (minimal) Cayley perfect finite groups by using the knowledge of
their forbidden induced odd cycles. Recall that a graph is perfect if the chromatic
and clique number of its induced subgraphs coincides. A celebrated theorem of
Chudnovsky, Robertson, Seymour and Thomas [5], known as the strong perfect
graph theorem, states that a graph I' is perfect if and only if neither T" nor its
complement has induced odd cycles other that triangles.

Throughout this paper, we adopt the following notations: Given a group G,
the minimum size of generating set of G is denoted by d(G). An arbitrary Sylow
p-subgroup of G will be denoted by S,(G). Also, E, stands for the extra-special
p-group of order p® and exponent p. The unexplained notions are standard and can
be found in any standard book. Recall that the Frattini subgroup ®(G) of G is the
intersection of all maximal subgroups of G. It is known that ®(G) is the set of all
non-generators of G, the fact that will be used without further references.

2. (MINIMAL) CAYLEY I'-FREE GROUPS

Every graph can be simply embedded as induced subgraph into some Cayley
graph of sufficiently large order, namely using an elementary abelian 2-group gen-
erated freely by the vertices of the graph. As an attempt to decrease the exponential
order of the corresponding Cayley graphs, Babai and Sés in [4], using the analysis
of Sidon sets, gave a cubic lower bound 9.5|T'|® for the order of a group G, which
assures the existence of a Cayley graph on G having I' as an induced subgraph.
This lower bound is further improved to (2 + v/3)|T'|® by Godsil and Imrich in [7].
Hence, we have the following.

Theorem 2.1. For every finite graph [', the order of a Cayley I'-free group is
bounded above by (2 + /3)|T|>.

While every graph is an induced subgraph of a Cayley graph, it is still unknown
which graphs can be embedded as (induced) subgraph into some minimal Cayley
graphs. The only known results are due to Babai and Spencer. Indeed, Babai [3]
shows that there is no minimal Cayley graphs having Ky \ e or K35 as subgraph,
in which Ky \ e is the diamond graph. Spencer [11], using the ideas of Babai
and utilizing probabilistic arguments, proves the existence of graphs of bounded
degree and arbitrary girth which cannot be embedded into minimal Cayley graphs
as induced subgraphs. In contrast to the above theorem, the situation for minimal
Cayley I'-free groups is completely different as follows.

Theorem 2.2. Let I be a finite graph. Then there are only finitely many minimal
Cayley I'-free groups if and only if T is a union of paths. Moreover, |G| < |T|I'! for
any minimal Cayley I'-free group G when I is a union of paths.

Proof. Suppose I is a graph for which there are just finitely many minimal Cayley

T'-free groups. Since all minimal Cayley graphs of Cy» are isomorphic to the 27-
cyclic graph, it follows that I is an induced subgraph of 2"-cycles for sufficiently

large n. Hence, I is a union of paths. Conversely, suppose I is a union of paths.

Let G be a minimal Cayley I'-free group and I = Cay(G, S) be a minimal Cayley
graph of G in which S = XU X! and X = {=,...,%,} is a minimal generating
set of G. Also, let N; denote the ith neighbor of the identity element in I, that is,
Ni={g€G:dr(l,g) =i} for all i > 0. Clearly, |[No| =1 and |N;| < r(r — 1)*7!
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(MINIMAL) CAYLEY P-GROUPS

for all 4 > 1 in which r = || is the degree of I". If d = diam(I"), then Ny # ( and
Ngi1 = 0, which imply that
|G| = [No| + N1 + - + [ Ng|
(r—194-1
r—2
Since, every path connecting 1 to any element of Ny is an induced path of length d
in I', it follows that d < |T'| — 1. On the other hand,

<l+r+r(r—1) 4 +rr-1)t =147

$1N$2x1N“'an"'ml"’xlxn"'xlN"'an—l"'xll'n"'l'l

is an induced path in IV, which implies that 2n — 1 < d. Since r < 2n, we observe

that |G| is bounded above by |[['[IT] as required. O

3. (MINIMAL) CAYLEY BIPARTITE GROUPS

It is well-known that bipartite graphs are perfect. Hence, in order to classify
(minimal) Cayley perfect groups, we need to know the structure of (minimal) Cayley
bipartite groups. As we shall see in the next section, almost all (minimal) Cayley
perfect groups are (minimal) Cayley bipartite groups.

Since the only bipartite complete graphs are those with at most 2 vertices, the
only Cayley bipartite groups are simply groups with at most 2 elements. Hence,
in what follows, we just consider minimal Cayley bipartite groups. To end this, we
use the following characterization of finite bipartite Cayley graphs.

Lemma 3.1. Let G be a finite group. A Cayley graph Cay(G, S) is bipartite if and
only if [G : (S?)] =2 and S C G\ (S?).

Proof. Suppose Cay(G, S) is bipartite with a bipartition (X,Y). Let H = (S?).
Since, sX C Y and sY C X for all s € S, it follows that |[X| = Y| = |G|/2. In
addition, s1s9X = X and s38Y =Y for all s1,s5 € S, which imply that HX = X
- and HY =Y. Since H contains all products of even number of elements of .S,
we must have s1H = spH for all s1,s2 € S whence [G: H| =2 and S C G\ H.
Moreover, X and Y are right cosets of H. The converse is obvious. ]

Theorem 3.2. A finite group G is a mzmmal Cayley bipartite group if and only if
1t 18 a 2-group.

Proof. First assume that G is a minimal Cayley bipartite group. Let K be the
intersection of all subgroups of G of index 2. If Cay(G,S) is a minimal Cayley
graph of G, then § C G\ H for some subgroup H of G of index 2 by Lemma 3.1.
Since K C H, we have K NS = (), from which it follows that K C ®(G), the
Frattini subgroup of G. Thus, G/®(G) is a 2-group so that G is a 2-group too.
Conversely, assume G is a 2-group. If Cay(G, S) is a minimal Cayley graph of G,
then S=XUX"! where X = {z1,...,7,} is a minimal generating set of G. Let

= (®(G),z122,...,212,). Then H is a maximal subgroup of G and S C G\ H.
Hence by Lemma 3 1, Cay(G, S) is bipartite. Therefore7 G is a minimal Cayley
bipartite group. O

4. (MINIMAL) CAYLEY PERFECT GROUPS

In this section, we shall give a classification of those finite groups all of whose
minimal Cayley graphs are perfect. As a result we show that there are only few
Cayley perfect groups. The following simple lemma will be used frequently.
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Lemma 4.1. Let G = (g) be a cyclic group. Then
(1) Cay(G,{g*?,¢™3}) has an induced 5-cycle 1 ~ g? ~ g* ~ g% ~ g3 ~ 1 for

lg| > 10; and
(2) Cay(G,{g*!,g™}) has an induced 5-cycle 1 ~ g ~ g®> ~ ¢® ~ g* ~ 1 for
lgl > 8.

The proof of our theorems rely also on the following result of the first author.
In what follows,”: G — G/®(G) denotes the natural epimorphism, in which G is
a given fixed group.

Theorem 4.2 ([6]). Let G be a finite solvable group and P be a Sylow p-subgroup
of G. If either P QG or P is cyclic, then d(P) = d(P).

Now, we can state and prove our main results.

Theorem 4.3. A finite group G is a minimal Cayley perfect group if and only if
either G is a 2-group, or it is isomorphic to one of the groups C3, Cg, S3, C3 x C3,
Ay or Es. '

Proof. From Theorem 3.2, we know that every 2-group is a minimal Cayley perfect
group. Also, a simple verification shows that the other six groups are also minimal
Cayley perfect groups.

To prove the converse assume that G is a minimal Cayley perfect group and
that G is not a 2-group. Hence G \ ®(G) contains an element g of odd order.
Let X be a minimal generating set of G containing g and S = X U X~!. Then
the subgraph induced by (g) in Cay(G,S) is an odd cycle, which implies that
lgl = 3. Hence, G is a {2,3}-group. Let @ be a Sylow 3-subgroup of G. If
exp(Q) # 3, then S3(®(G)) = H3(Q) is a maximal subgroup of @ by [12], in
which H3(Q) = (z € Q : 2° # 1). From the solvability of G in conjunction with
Theorem 4.2, we observe that Q is cyclic and hence Q = Cs, a contradiction. Thus
exp(Q) = 3. First assume that G = Q is a 3-group. If d(G) > 3 and a,b,c are
elements of a minimal generating set X of G, then we observe that

1 ~ ¢ ~ be ~ abc ~ cabc ~ becabc ~ abcabc ~ cabcabe ~ beabecabe ~ 1

is an induced 9-cycle in Cay (G, X U X 1) arose from the relation (abc)® = 1, which
is a contradiction. Thus d(G) < 2. By [10, 12.3.5], G is a group of nilpotent class
2 so that |G| < 27. As a group of exponent 3, G = C3, C3 x C3 or Fs.

Finally, assume that G is neither a 2-group nor a 3-group. Let C be the class
of all groups isomorphic to Cg, S3 or A4. A simple computation shows that, in a
group of order 6 or 12, a minimal generating set involving an element of order 3
gives rise to a perfect Cayley graph only if the group belongs to C. We show that
G € C too. Assume G is a minimal counter example. Let I; be the number of
non-Frattini factors in a chief series of G. First assume that [y = 2. One can easily
see that G = Cg, S3 or As. We have three cases:

Case 1. G = Cs. Then G is cyclic. If |G| > 6, then G has a minimal Cayley
graph with an induced 5-cycle as illustrated in Lemma 4.1(1), a contradiction. Thus
G =2 Cg, a contradiction.

Case 2. G = S;. From [6] we know that G = (z,y : 2° = yzk =1,2¥ = z71)
for some k > 1. For k > 2, the relation 42" ~2zyz—lyz = 1 defines an induced odd
cycle of length 2% + 3 in Cay(G, {z*!,y*'}). Hence, we must have k = 1 so that
G = S5, a contradiction.
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(MINIMAL) CAYLEY P-GROUPS

Case 3. G = Ay Then G = (F,7:7° =7 = (TH)® = 1). Let P and Q be
the Sylow 2-subgroup and a Sylow 3-subgroup of G, respectively. By Theorem 4.2,
P = (z,z¥) is a maximal subgroup of G and Q = C5. We may assume Q = (y).
If Q* C ®(P)Q, then z7% = [y,z] € ®(P), which is impossible as 7Yz is a
generator of P. Thus y® = x'y for some z’ € P\ ®(P). Hence, replacing z by ' if
necessary, we may assume that (zy)® = 1, from which it follows that oV aVr = 1.
Clearly, |z] = 2™ > 2 for G 2 A4. Since the group (a,b: a?” = b?" = (ab)?" = 1)
is infinite, there must exists a relation w = 1 in z,z¥ independent of the relations
22" =1, (z¥)*" =1 and (z¥2)?" = 1. Assume w has minimum length among
all such relations. Clearly, |[w| > 7 in which |w| denotes the length of |w| as a
word in z,y. After a suitable cyclic shift and inverse if requu ed, we may assume
that w = Yz ... z9%Yzb in which a;,b; # 0 for i = ,k, ay > 0 and
(a1,b1) ;é (1,1). Let us call a word in z,zY is good if it has even length as a word
in z,zY. Since Cay(P, {z*!,z%¥}) is bipartite by Theorem 3.2 and y ¢ P, one can
easily see that a subword u of a good word u* equals an element g € {1, .Bil y*}
only if either g7 u or ug™! is a good subword of u*. Having this in mind, w = 1
gives rise to an induced odd cycle in Cay(G, {z**, i1}) when |w| is odd, which is
a contradiction. Thus |w| is even. From w = 1 we may construct a new relation

w’ =1, where w' is defined as
w = ‘Eﬁy;lx—l‘v(al—l)y‘zh 2@V b2 L paky b

Suppose w’ has a proper subword w” which is equal to an element g € {1, x%! y*1}
and that neither g7 'w"” nor w”g~! is a subword of w’ otherwise we may Ieplace

" by g~ w” or w’g ! and g by 1. If w” is a subword of z¥ ' w' then, by the
argument above, either g~ w” or w”g™! is a good subword of z¥~ w’ and we may
assume w” = 1. Moreover, w” = z~'z~¥w" should be an initial subword of z¥ "’
in which w” is a good initial subword of w. But then, it follows that w"”’ = 2¥z
contradicting the assumption on a;,b; and the length of w. Hence w” should
contain some letters of the initial term z=¥ " of w’. If w” is not an initial subword
of w’, then since g7'w” = w”g™! = 1 (mod P), we must have a relation of the
form yw’y = 1 in which either yw"y is an initial subword of ¥ w’ or w’ ends
at %Y with |a}| < |a;| as a subword of %V = z%¥z(3=9))¥_ Since the former
case was ruled out by the above discussions, (yw”y) " w’ = 1 is a relation in which
(yw"y)~tw’ is a proper subword of w contradicting the assumption on w. Thus
w” =z=Y z~lw" is an initial subword of w’ possessing the initial term =¥ z~L.
But then x¥%w’ = g where z%w"”’g~! or g~'a¥w" is a proper subword of w after
possibly a cyclic shift contradicting the assumption on w.. Now, the relation w’ =1
determines an induced odd cycle of length |w’| = |w|+1 in Cay(G {x*!, il}) the
final contradiction.

In the sequel, we assume that [y > 3. Let

®G) =Gy LG, 2---2G, 4G =G,

be the inverse image of a chief series of G/®(G) and assume M = G;_;. From
[9, Theorem 2|, we know that G has a minimal generating set X = {z1,...,,}
in which z; € Gy, \ Gp,—1 (i = 1,...,l5) is an element of prime power order,
ny = 1 ng =1 and Gy, /Gp,—1 are the non—Frattml factors of the chief series, for
i = ,Ir. Replacing the elements of X by suitable conjugates, we can also
assume that x;,z; belong to the same Sylow p-subgroup whenever z;,x; are both
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p-elements for some p = 2,3. Let Y; = X \ {z;} for i =1,...,1;. First observe the
every x; belongs to some Y; having elements of odd and even orders. Hence, by
assumption on G and perfectness of Cay((Y}),Y; U YJ-_I), it follows that (¥;) € C
so that x; has prime order. Furthermore, I5 = 3.

We claim that [ = Iy, that is, there are no Frattini factors Clearly, Y; contains
elements of order 2 and 3 for some ¢ € {1,2}. Then G = G,,,(Y;) implies G/Gp, =
(Yi)/(Gn, N (Y;)) 2 Cy or Cs3. Hence, ny = nz — 1 =1 — 1. Therefore, (G/G,1) =
G1_2/G1. On the other hand, we have G/Gy = (G1z2,G13). In case {[acgl |z3|} =
{2,3}, we have (z3,z3) € C showing that | = 3. If |z3] = |z3] = 2, then G/G,
is a dihedral 2-group. Clearly, {z1,z2z3, 23} is a minimal generating set of G
forcing (z9z3)? = 1. Hence, Gi_3 = (G1, (7273)?) = G; and again I = 3. Finally,
assume that |zz| = |z3| = 3. Being a 2-generated 3-group of exponent 3, G/G;
is isomorphic to C3 x Cs or E3. Assume G /G1 is non-abelian. If xo, x5 commute
with z;, then G = (z1) x (%2, x3) so that [z2, 23] € ®(G), a contradiction. Herice,
we may assume that [x;,z3] # 1. If [z1, xox3] # 1, then since {x1,z2z3, 73} is a
minimal generating subset of G, (z1,z2x3) =2 A4 by assumption on G. Accordingly,
(z17273)% = 1 giving rise to an induced 9-cycle in Cay(G, XUX ~'), a contradiction.
Thus, by replacing x5 by z273 if required, we may assume that z; and o commute.
Since [z1, 2225 '] # 1 and {z1,2s, zox5 '} is a minimal generating subset of G, we
observe that
1

mxf“_lx;l = (:zzluvf;l)””’;1 = mfa%_l = mg’”“;l)_l =z zfzwa = :cw:f; 3;1,
which implies that [z9, 23] commutes with z;. Hence, G = (z1,z7®) X (z2,z3)
and one can verify that [zg,z3] € ®(G), which is a contradiction. Thus G/G; is
abelian and consequently | = 3, as required. In addition, we have shown that when
|za| = |z3| = p, either (z2,x3) = Cp x Cp or G = Ej with [zq, 3] € ®(G).

Further we show that every involution x, € X acts by inversion on ®(G) and
that ®(G) is elementary abelian when (z,,, z,) = A4 for some z, € X. To end this,
let g € ®(G). Since z,, can be replaced with gz, in X, we deduce that (gz,)? = 1,

that is, g*» = g~!. Replacing z,, by acuil in X results in a new mm}mal generatmg
subset, from which it follows that gzu =g~ Hence, g~ = g% = g*%u’ =g,
as claimed.

Now, put H = (Y3). Since Cay(H, Y3UY; ') is an induced subgraph of Cay (G, XU
X1, it is perfect. We distinguish three cases:

Case 1'. H is a 2-group. Then [G : M] = 3 and M is the Sylow 2-subgroup
of G by Theorem 4.2 and the fact that the Sylow 3-subgroups of G have exponent
three. Moreover, since ®(G). = ®(M), it follows that M is elementary abelian.
As Cay((V3),Y; U Yi_l) is perfect for ¢ = 1,2, the minimality of G shows that
(Y;) € C and subsequently (Y;) & Cg or A4. Hence, |M| < 16. First suppose that
(x1,23) = (29, 73) 2 Cs. Then M = H, G/®(G) =2 Cg x Cy and G is nilpotent. If
M \ ®(M) contains an element x of order > 4, then Lemma 4.1(1) shows that the
Cayley graph corresponding to every minimal generating subset of G containing z
and z3 contains an induced 5-cycle, a contradiction. Thus M \ ®(M) contains only
involutions, which yields M = Cy x C,. Hence, G = Cg x Cy contradicting the
choice of G. Thus, (z;, z3) = A4 for some i = 1,2. We show that (z;,z3) = Cg for
J € {1,2}\{3}. Indeed, if (x2,z3) = Ay, then {z,, z2, z2z3} is a minimal generating
subset of G and |zex3| = 3, from which it follows that (z1,z2z3) = Cg. Otherwise
(z17273)% = 1 and hence we obtain an induced 9-cycle in Cay(G, X U X ~1). Thus,
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by replacing x3 by xozs if necessary, we may assume that z; and z3 commute, as
required. Hence, ®(G) is elementary abelian as shown before. For g € ®(G), we
observe that (gmi)%_l = (gz:)(9x;)® and (9x;)** = (gz;) for z; can be replaced
by gz; in' X. Thus g’”s_1 = g¢*® = 1, which yields g = 1. Therefore <I>(G) 1.
Now, it is obvious that G = Ay x C;. Putting a := z§* and b := z;x3, we
observe that G = (a,b) and Cay(G, {a*!,b*'}) has an mduced T-cycle determined
by b~ labab?a~! = 1, which is impossible.

Case 2. Hisa 3-group. Then [G : M] =2 and M is the Sylow 3-subgroup of G
by Theorem 4.2. As in case 1/, for ¢ = 1,2, we have (¥;) € C showing that (Y;) = Cg
or S3. Hence, z]° = z;* with ¢, = £1 for 4 = 1,2. Moreover, M = H is a group
of order 9 or 27. Let w = myxy '@, 'w1. Then Cay(G, X U X 1) has an induced
7-cycle or 11-cycle determined by the relation zsz5?z] “'x3xax1wz2 = 1 according
as w = 1 or not, respectively, which is a contradiction.

Case 3'. H is neither a 2-group nor a 3-group. By assumption, H € C so that
H = Ce, S3 or Ay. Assume |z;| = 2 and |z;| = 3 for {¢,5} = {1,2}. Let k € {1,2}
be such that |zx| # |z3|. As (zg,x3) € C, we also have (zy,z3) = C’G, .5’3 or Ay.

First assume that |z3| = |z3| = p. pr = 2 then [z9, 23] = 1 and &7, z7* € (z1),
from which it follows that G = Cg x C3 or S3 x Cy contradicting the assumption
on G. Thus p = 3. As in case 1/, we may assume that z; commutes with z3 and
consequently x; commutes with [z, z3] as shown before. Hence, G = (z1) X (z2, z3)
if [z1,22) = 1 and G = (z1,x7?) x {x2,23) if [x1,25] # 1. In the former case,
wlmzxgmz_lxl:cg_lccngxg = 1 determines an induced 9-cycle in Cay(G, X U X 1), a
contradiction. Also, in the latter case, the relation (z1z273)%wz;x372 = 1 in which
w = 1or z, 1m;1x2x3 according as [ra2,x3] = 1 or not, determines -an induced
9-cycle or 13-cycle in Cay(G, X U X 1), respectively, which is a contradiction.

Thus, we have left with the case |z2| # |z3|. If z2 and z3 commute, then
we can interchanging z; and z3 after which H will be a 2-group or a 3-group.
Hence, without loss of generality, we assume that [za,x3] # 1. In the case z1

and z, commute, (2,5 ,:c23 ) is an elementary abelian normal subgroup of G
otherwise [z, z3] does not commutes with x5 so that (w2, w3) = Ag and (z*)*2 =
(%)~ Then [z1,23]*2 = =i[z3,21], which implies that {[z,z3], mg,xg} is a
minimal generating subset of G. But then, we must have ([z1, z3],2) = Cg or Ss,
which is impossible. It means we can also interchange z; and z, after which we are
in the situation that |z3| = |z3| as discussed above. Thus, we may further assume
that [z1,22] # 1. As a result, (z1,22) and (xg,x3) are isomorphic to S3 and A4 in
some order, which implies that ®(G) is an elementary abelian subgroup of G. Now,
we have only two possibilities. If (|z1],|z2|, |z3]) = (2,3,2), then (z1,z2) = Ay
and (z2,z3) = S3. Clearly, (z1,x3) is a dihedral 2-group. If |z;z3| = 2™, then we
observe that Cay(G X UX- 1) contains an induced (2™*! + 5)-cycle determined
by (z172)> (x3x1)2 m2m33:2 =1, which is a contradiction. Thus, we should have
(|z1l, |z2], |z3]) = (3,2,3). Then (z1,z2) = Ss and (z2,x3) = Ay, hence |z223| = 3.
Let @ be a Sylow 3—subgroup of G containing z,z3. Let y € ®(G)(z2,23°%), a
Sylow 2-subgroup of G, be such that ¥ € Q. Replacing z; by z{ in X, one can
assume that z; € Q. Being elements of @Q, it follows that (z;2223)° = 1 giving rise
to an induced 9-cycle in Cay(G,X U X 1), the final contradiction. The proof is
complete. 0
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Utilizing the above theorem, it is now easy to obtain the classification of all
Cayley perfect finite groups.

Theorem 4.4. Let G be a nontrivial finite group. Tﬂen G is a Cayley perfect group
if and only if G is isomorphic to one of the groups Cy, C3, Cy, Cy x Cy. S3. Cs.
Cz X 02 X Cg, Cz X C4‘. Dg, Q&.'Cg X 03.

Proof. Assume G is a Cayley perfect group. By Theorem 4.3, either G is a 2-group
or (G is isomorphic to one of the groups Cs3, Cg, S3, C3 x C3, A4 or E3. From rows
" (9) and (10) of Table I, it follows that G 2 A, and E3. Furthermore, if G is a
2-group, by Lemma 4.1(2) and rows (1)—(8) of Table I, we observe that |G| < 8.
Hence, G = Cy, C4, Cy x Ca, Cy x C3, Cy x C3 x Cy, Dg or Qg and the result

follows. The converse is straightforward. O
Table T
G « . S 5-cycle

1 (a) x (b), |a] = |b] =4 {aT1,pFT 0207y 1,a= %, (ab)" 1 ab,a,1
2 (a.b:a®* =b% =1,[a,b] = a?) {aF1, pF1 o%p?y 1,071 (ba,) T .ab,a,1
3 (a) X (b) X (c), |a] =4,|b] =]c|] =2 {aF1, b, c,abe} 1,c,c ba. b, 1

4 {a;b,c:a® =b"=c% =1,0°=a 1b) {aF1 b, c} l,c,ca T ba,b, 1

52 = o2 — — —
5 (a,bic:b ~[bc c]_—[‘:;)] =lad=1, {ail.b; ¢, abe} 1,a 1, a e, ab,a,1
PR S R ——
6 {a,b:a® =b I;|1)_a2 =a"") x {e), {ail, b.c, azbc} 1,a Y a e, ab,a,1
DY P Ry R R
7 | (ebiat=1a {:| b_’za =) x (e, {a®1, 6% ¢, (a?b o)1y 1,a a7 e, abya,1
b) x d
8 Iér) ><|b(| ) I l(i Idl(—>2 {a, b, ¢, d, abed} 1,a,ab, abe, abed, 1
— 53 — g
9 (@, b cia¥ Cb_ [a[al;])C] b, ] =1, {aF1, pEL oF1, (a_lbc)il}/ 1,a,ac,bc™ L, b, 1
10 (a,b:a% =13 = (ab)® = 1) {a, b1, al} 1,a%,b%, ab,a,1
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