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Free Burnside groups and their group rings
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Let F,, be a free group of rank m > 1 and F}} the subgroup of F,, generated
by all nth powers. The quotient group F,,/F? is denoted by B(m,n) and called
the free m-generator Burnside group of exponent n. According to Ivanov [4]
and Ol'shanskii [9] ( see also [10] ), for sufficiently large exponent n, B(m,n) is
constructed as the direct limit B(m,n,c0) of certain quotient groups B(m,n, 1)
(2 > 0) of F,. It is known that B(m,n,0) and B(m,n,1) are resudually finite
(that is, each nontrivial element of those groups can be mapped to a non-identity
element in some homomorphism onto a finite group) and also that group rings
K B(m,n,0) and KB(m,n, 1) over afield K are primitive (that is, it has a faithful
irreducible (right) R-module). In this note, we shall show that KB(2,n,1) is
residually finite and also that K B(2,n,1) is primitive for any K.

1 Introduction

Let F,, be a free group of rank m > 1 and F]} the subgroup
of F), generated by all nth powers. The quotient group F,,/F} is
denoted by B(m,n) and called the free m-generator Burnside group
of exponent n. Due to Novikov-Adian [5] in 1968 and Ivanov [4] in
1994, B(m,n) is not finite for sufficiently large exponent n, which
is known as the negative solution for the famous Burnside problem
on periodic groups. Moreover, in 1991, Zelmanov [12] and [13] gave
the complete solution for the restricted Burnside problem; thus the
orders of all finite m-generator groups of exponent n are bounded
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above by a function m and n. These two remarkable results says
that B(m,n) is not residually finite for sufficiently large exponent
n, where a group G is residually finite provided that the intersection
of all normal subgroups having finite index in G is trivial.

On the other hand, the present author has studied primitivity
of group rings of non-noetherian groups ([6], [7],[8]), where a ring
is (right) primitive provided it has a faithful irreducible (right) R-
module. If a group G is non-noetherian with a non-abelian free sub-
group, then the group algebra KG over a field K is often primitive
[8]. B(m,n) is also non-noetherian for sufficiently large exponent n,
but it has no non-abelian free subgroups. We wish to know whether
K B(m,n) is primitive or not if n is sufficiently large.

Now, according to Ivanov [4] and Ol’shanskii [9] (see also [10]), for
sufficiently large exponent n, B(m,n) is constructed as the direct
limit B(m,n,00) of certain quotient groups B(m,n,i) (i > 0) of
F,,.. It can be easily verified that B(m,n) is itself residually finite
if B(m,n,1) is residually finite for each ¢ > 0. Therefore, if n is a
sufficiently large integer, then there exists ¢ > 0 such that B(m,n, )
is not residually finite. On the other hand, if i = 0, B(m,n,0) is a
free group, and if i = 1, B(m,n, 1) is a free product of cyclic groups
of order n. As is well known, these types of groups are residually
finite and their group algebras are primitive. For the time being,
we would like to know whether B(m,n, 2) is residually finite or not,
and also whether K B(m,n,2) is primitive or not.
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In the present note, for the sake of simplicity, we cansider the case

m=2. If m =2 and F» = (z,y), then

B(Qa n, 2) = (xay | z"y", (xy)n> (xy_l)n>°

In connection with the form of B(2,n,2), the residual finiteness has
been established for (z,y | (zy)™) and for (z,y | =", ", (zy)") as
a special case of the results given in [2] (see also [1]) and in [3]
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respectively. We can show the next theorem which follows both
residual finiteness of B(2,n,2) and primitivity of its group algebra:

Theorem 1.1. Let n be a positive integer and G, the group with
two generators x,y and defining relations 2™ =1, y" =1, (zy)* =1
and (zy )" =1,
(1) If n < 3, then Gy, is isomorphic to the 2-generator free Burnside
group B(2,n).
(2) If n > 4, then there exist normal subgroups N, and N} of the
derived subgroup G, of Gy, such that
(i) N, and N, are free groups with N} C N, and in particular,
Ny is finitely generated,
(i) Gl /N, is isomorphic to the cyclic group of infinite order,
(iii) G}, /Ny is isomorphic to the group

{a,b,c | aba™! = c,aca™ = b,[b,c] = 1).
2 Preliminaries

Throughout this note, if X is a set, F(X) denotes the free group
with the basis X. Let H be a subgroup of F(X). If S is a subset of
H, Ny (S) denotes the normal closure of S in H.

Let Y be a non-empty subset of X and U a reduced word in
X. Then we define the Y-image U % of U on X as follws; if U in
FX\Y), Uk =1 and if U = w19susysus - - - YmUm for some y; in
Y+ and u; in F(X\Y), u’X =y, - - - yn. Note that u”* need not be
reduced in F(Y) even if u is reduced in X, and also that u’* = v if
u is a word in F(Y).

€1

Definition 2.1. Let X be a nonempty subset, and let U = x7* - - - 2
is a reduced word in F(X), where x; € X and ¢ = 1. Then (U, z;)
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is a BT-pair on X provided that x; # x; for i # j. Let A be a well
ordered set and = {(Ux,z)) | A € A} a set of BT -pairs on X. We
say that i is a BT-set on X if Uy does not contain xy for A < X.

Obviously, if (U, z) is a BT-pair on X, then {U}U X \ {z} is an
another basis of F(X). More generally, we can easily have

Lemma 2.2. Let F(X) be a free group with the basis X. If 4=
{(Ux,z5) | A € A} is a BT-set on X, then UUY is a basis of
F(X), whereU ={Uy | A€ A} andY = X \ {uy | A € A}.

3 Outline of the proof of Theorem 1.1

In what follows, Z denotes the rational integers. Let F' = F({z,y})
be the free group generated by {z,y}, n a positive integer, and p
the map on Z to {0,1,2,---,n— 1} such that p(i) =i (mod n). We
shall first consider the subgroup L, = Nr(z",y", [z,y]) of F, where
[,y] = zyz~ly~!. Let n > 3 and 4, integers with 0 < i <n—1
and 1 < j <n—1. We set ¢;; as follows;

go = Yz,
(Bl ey = aPay Iz~ for 0<i<n—2
En—1; = T lyizy.

Furthermore, if n = 2m + 1 with m > 0, then we set fj, fi1, /55 as
follows;

Z% = yp(%)(xy_l)ny_»o(zi),

fo = ()", | |

(3.2) f& = 2"l (gy) Loy~ 0Dyl for 1<i<n—1,
foo = =7, '
N = gpmim2yigny—ig=p(n=i=2) for 1<i<n-—1,

and if n = 2m with m > 1, then we set fj, fir._,, fir, as follows;
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f:‘z—lo — xm+1ym 1 ny (m—l)x—(m+1),
;Lw — m+2y Ty My (m+2)
3.3) fi = y'z"y" for i€ 0,1,---,n—1 m—1,m},
0 . ; )
fina = @y Hay )y D
z:r:n — xzym(l.y)n—lxy—(m—l)x-—z_

In addition, we set X, = {&;;,2" | 0 <¢,j < n —1}. Then we can
get the following lemma:

Lemma 3.1. (1) X,, is a basis of L, for each n > 3.
(2) Let n =2m + 1 withm > 0 ( resp. n=2m withm > 1) . If
0<i<n-1andl < j<n-—1, then each of fj, f1, (resp

00 fim—1> fi ) 18 expressed as a reduced word in X, as follows,

e for ¢ =0,

5t(n—t) for t>0,

weaof p(2j —t)=0,j=m

0 = = Ii% _]0’ gnot = p(2_7+1)0 for p(2j —1) =0,5 #m,
. Etp(2j—t) for p(2.7 - t) 7é 07

for Ht =0 01a fai = Ep(t+1)p(t+1)

Ep(n—1+t)p(t+1) (.7 = 1),

—1 et t
S =TT f66={

jnl - ?01 317 J"f =9 Em-1)0Z" G=m+1, t=m+1),
t Ep(n-j—1+4t)p(j—1+¢) for the others,

R 32’ 72 = Ep(n—j—2+t)j»

( resp.

, Ep(m+1+t)(m—1)» (.7 =m— l)a
ﬁ] Ht—o 307 ﬁ) = €p(m~+2-+t)m:s (j =m
€tj, (j#m_17m))
ey (t=m—1li=m,)

Sim-ry =020 flimery Fitnery =9 Eaiomp (E=m—Li#m),
Eni+typim—1-1) (EFm —1),
i ]._.[ n’ = E(n_l)oxn (’l =m—1,t= m))
. ims i B € p(i+t)p(m++) for the others. ).
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(3) Let H, = Np(z"™, 9", (zy)", (zy™)"). If n=2m + 1 withm > 0
( resp. n=2m withm > 1), then

NLn(f’&%’ftl’ zz’gzO | 0<i<n—1) H,
(resp. N1, (i, fitm—1y) fim€i0 | 0<i<n—1) = H, ).

We express X,, as a union of pairwise disjoint subsets:
X, =XWux@yx®
where if n = 2m + 1 with m > 2,

1
X,(L ) = {e01, Em-1)(m+1)) Em—2)(m+2)s Emr1)(m-1) }»
X = {€i 50 Eptnoggpy | LSi<n—2,1<j<n—1},
xP = X\ (xPux?),

if n = 2m with m > 2,

1
Xf; = {e(-9)n-1): Em-1)(n-2)) EM-2)(n-1)1 E(-D)(n-2)» Em-1)(n-1) }
XP = {e(ns)n-2)» €0ir & m-1), Etm | 1 € IT7Y, j € I, 1 €,I7},
X&) = X\ (xPuxP)

where I, = {0,1,2,--- ,n—1}, I™ ' = [, \ {m —1,m,0,n — 2} and
=I,\ {m,m+ 1}.
If we set

o fill1<i<n-2,1<j<n-1,t=12}
for n=2m+1

{ 10y g(m l’fgm Iie]y,’;n_l\{o}a jGIn, telﬁn}
for n =2m,

X'r(z2)*

then X = XM U X2 U XPis a basis of L.

Weset Y, = {¢®) | e € X}, i € Z}\{1}. Since T, = {c, | i € Z} is
a Schreier transversal to M, in L,, Y, is a basis of M,,. We express
Y, as a union of disjoint subsets:

Y, =YOUuy®uy®,
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where ;) = {¢® | e € XV, i e Z}\ {1}, ;¥ = {f°¥ | f €
X, i€ ZyU{el [0<j<n—1i€Z}, and ;¥ =Y, \ (v U
Yn(2)). Then note that Y = § and Y,¥) £ 0 for n > 5.

Outline of the proof of Theorem 1.1 (1): If n =1, then we

have nothing to prove.
Since relations 22 = 1, y* = 1 and (zy)? = 1 implies the relation
[z,y] = zyz~'y~! = 1, it is trivial that G5 is isomorphic to B(2,2).
Now, as is well known, B(2,3) is finite and has order 33. In
addition, B(2,3) is isomorphic to a homomorphic image of Gj.
Hence to get the conclusion, it suffices to show that (3 is finite
and has order 3%. Let F be free group generated by {z,y}, and
= Np(z?,93, [z,9]). By Lemma 3.1 (1), X3 = {g;;,2z3 | 0<i,j <

2} is a basis of Lg, and

3 _ -1 3 _ 3 _
foo = €19 €12621, fo = enexcon, fia = €onenea,
3 _ 3_—1 3 3

f10 = €02€11T7€ f11 = €921€02€10, f22 = €22€02€12,
3 -1 3 _ 3

fzo = €01€9g €22, le = €01€12€20T7,

where 3 is as described in (3.2). We set

(Vi,01) = (finenn), (Va,v2) = (fi,€21), (Va,vs) = (fih €,
(‘/;1,1-)4) = (f2313512)3 (‘/SaUS) = (f2327522)‘

Then it is easily verified that (V;,v;) is a BT-pair on X3 for each
i € {1,2,3,4,5}, and also that the expression of V; on X3 does
not contain v; for each 4,5 € {1,2,3,4,5} with ¢ < j. Hence
{(V;,v) | 1 < i < 5} is a BT-set on X3. By virtue of Lemma
2.2, Xl;: = {ffoafflaf?%fglaf%} U {5023x375i0 | 0<:< 2} is a ba-
sis of L3. Let X*€02 = X3 \ {&‘02} and”: Ly —> L3/NL3(X*6°2)
the natural epimorphism. Clearly, Ls = (602) is cyclic of infinite

—~—=3

order Moreover it is easily verified that f3, = 1, foo = €g2 = and
f20 = &5, and so Ny (X35, { fohs foor f30}) = Nig(X372, {€do}).
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Hence L3 /N1, (X352, {f3, foy, fo,}) is isomorphic to the cyclic group
of order 3. On the other hand, by Lemma 3.1 (3),

NLs(Xgemi {f(?la fg’o’ fgo}) = H3 = NF(xS’ y3’ (.’B’y)?’, (xy_i)3)7

and so L3/ Hjs is cyclic of order 3. Since the derived subgroup Gj
of G3 is isomorphic to L3/Hjz and G3/Gj is abelian of order 32, it
follows that G35 is finite and has order 33.

(2): For n = 2m + 1 (resp. n = 2m) with m > 2, then we set

n = €01, Brl = Em-1)(m+1)s Pn2 = Em-2)(m+2), B3 = E(m+1)(m-1)
( resp. Qn = E(n-3)(n-1), Bnl = En-2)(n-1)» Bn2 = En-2)(n—2); ) _
Bro = Em-1)(n=2)» Bn3 = E(m-1)(n-1)
Let an = X:; \ {an}7 Zn2 = X;: \ {any ﬂnOa :Bnly ﬂn27 ,Bn3} and

M, = Ni(e|e€ Zy) for n=2m+1,
NL (€, an o, an:Bnl aanﬂn2 ) anﬂn | € € Zng) for n=2m

of Ly, where m > 2. and H, = Np(z",y", (zy)*, (zy~')"). We can
see that H, is a normal subgroup of M,.
Let n be a positive integer with n > 4 and M, as above. If we set

@) op® )
y s _ foo 5 for > Fnmyo ]zGZ} for n=2m+1
n @ pn® e @
{fom> Somatym fim—1y0r fmo | 4 € Z} for n =2m,

/3 ,ﬁ( 2 6(2) O<z<m—1 for n=2m+1
{ n2
{)85;%)7)8 6(2) 6(0) )8( 1) 5(0) ﬂ( 2) 6( 1) ,3(0) &(L 2)}

Yn(o)*=4 for n=2m and m > 2
{8 ( 1) p(=2) a(=1) /0) H(= 2) (=1) p(0) 5( 1) 5(0)}
yM41 2 MF42 1 F42 » M43 43 11743 Y4
for n—4

\

and Y* = ;2" UV, " UY, P UY,®), then we can see that Y is a
basis of M,

We set N, = M,/H,. It follows from the above that H, =
N, G U v P). Since v = VO u " uvP uy® is a



60

basis of M, we have that NNV, is isomorphic to the free group gen-
erated by V" UY®. Let G,, be the derived subgroup of G, and
L, = Ng(z",y", [z,y]). It obvious that G, coincides with L, /H,.
Hence, by definition of M,,, N, = M,/H, is a normal subgroup of
G;,, and G/, /N, is isomorphic to L, /M, which is isomorphic to {a,),
the cyclic group of infinite order.

Now, if n = 4 then Y;(‘q') = (), and so N, is isomorphic to the free
group generated by the finite basis

* -2 1 0) 1) (0
Yn(o) { ( )’ 41 ’ 42 ’ 42 ’ :3 123 )7 ,B( 5( 51(1 )}
. We set N; = [Ny, Ny] and
2 -1 -2 -1 0 -1 0
N4 < O )1 il )’ £3 )’ £3 )7/Bz£3)761(1 )76z(1 )>Nzi

We have then that

é12(1‘—1)64 _ i’; l)IB(z)IB(z+1 1)

Since {(f&7", B3H) (£8572 YUY | § >0, j < 0} is a subset of a
BT-set on Y, we have that

64 { (1) _ gl Y (mod N} ) for i>0,

42
izz_l) = ;B(Hl)ﬂ(z 1)6(2) (mod N} ) for i<0.
Similarly if ¢ > 0, under mod Ny, we have

W =8 e e

(3.5) ’B‘E.?l) 6(1‘2) 6(% 1)6(3 1)~ 6($+1)ﬁ(1—2 5(1’—1)5(@'),
5‘(1”-1) 5(2'2 64?1 1)? B(Z)B(z 1)~ 6(l+1 ﬁ4 ﬁ(H'l) 5(1 1)

Then the first equation in (3.5) implies Bﬁ) € Nj. Since 6 ( v™
Nj by (3.4), the second equation in (3.5) implies 643 € Ny, and SO

the last equation in (3.5) implies 6(1) € N;. Thatis {3 g), 2,’), 5‘(11)} C

Nj. By induction on 4, we have that

Bl B 0 i 2 0} € V.
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Similarly, if ¢ < 0, it is verified that all of (5(' b ﬁ_z) nd ,B(i_2)

in N4 We have thus seen that {8, 8%, 6(2) | i € Z} C Nj}. Smce
= (o) Ny and o a7 = B4t+3 for each i, j € Z, it follows that

N4 is a normal subgroup of G, and also that ,B(i) ,B(z+2) Nj for

each i € Z by (3.4). Hence, if we set a = ayNy, b = @12_1)N‘ik and
(0) N4, then G/ Ny is isomorphic to the group (a,b,c | aba™! =

c,aca”t =b,[b,c] =1).

Finally, let n > 5. Recall that ¥,®) = {e® | ¢ € X\¥,i € Z} and
Y, £ 0, where X&' = X\ {ei0 | 0 < i <n—1}. Let g € X\,
and set YO = N\ {eW) |5 € Z}, N¥, = (P8P | i € Z)[N,, N,
and N7, = (¢® | e® € Y,¥*)[N,, N,]. Since G’ = (ay,)N, and
ade®ai = e+ for each e® € ¥,® and each j € Z, it is verified
that both of N;;; and N}, are normal subgroup of G) and so is
N; = N;N;,. Moreover, if we set a = o, N, b = 6(()0)N,,‘; and
c= E(()I)N;: , then G, /N* is isomorphic to the group (a, b,c | aba™?
c,aca”l =b,[b,c] = 1). O

4 Residually finiteness and primitivity

Theorem 1.1 says that the derived subgroup GJ, of G, is a cyclic
extension of a free group. Since we can see A(G) = 1, by [11,
Theorem 1], we have the following result:

Theorem 4.1. For a positive integer n, let G,, be as described in
Theorem 1.1. If n > 3 then the group algebra KG, of G, over a
field K is primitive.

Finally, by making use of Theorem 1.1, we shall prove residual
finiteness of G,,.

Theorem 4.2. If n is a positive integer and G, is as described in
Theorem 1.1, then G, is residually finite.



Proof. If n <3, then G, is finite by Theorem 1.1 (1), and so we
may assume n > 4. Let G, be the derived subgroup of G, and let
v:GY, is the ith term of the lower central series of G/ ;thus v, G}, = G/,
and i1 Gy, = [viG,, G-

First we shall show that G is residually nilpotent, that is
Nizy %G, = 1. By virtue of Theorem 1.1 (2), there exists a normal
subgroup N, of G), such that G, /N; is isomorphic to the group
(a,b,c | aba™ = c,aca™ = b,[b,c] = 1). Since [aba™',b] = [[a, b], b],
G! /N is isomorphic to the group G/, = (a,b | a?ba™2 = b, [[a, b],b] =
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1). Since the relation a?ba2 = b implies a[b,ala™ = [b,a]™* and

this implies [[b,a],a] = [b,a]?, it is inductively verified that that
[b,a]; = [b,a]*" for each i > 0 where [b,a]; = [b,a] and [b,a)i11 =
[[b, a]i, a]. Moreover, since b[b,a]b™* = [b, a], it follows that for each
i > 2, the ith term ~;G/, of the lower central series of G/, coincides
with ([b,a]? "), the cyclic group generated by the element [b,a]2 .
In particular, for each i > 1, v,G’, D v;11G’, a proper subgroup,
and so 7;41G,, is a proper subgroup of ~;G/, for each i > 1. Since
v2G), is a subgroup of the free group N, by Theorem 1.1 (2), 1.G,,
is itself free. As is well known, any proper infinite descending chain
of characteristic subgroups of a free group has trivial intersection,
and so (i2; %G, = 1, as desired.

Now, let g be an arbitrary element in G, with g # 1. To complete
the proof, we require to find a normal subgroup, not containing g,
and of finite index in G,. Since G, /G, is finite abelian, we may
assume g in G,. As we sow in the above, ()2; G}, = 1, and so
there exists a positive integer i, such that g ¢ ;,G;,. Moreover ;, G},
is a normal subgroup of G,, and therefore it suffices to show that
Gn/7i,Gr, is residually finite. However, it is almost clear: In fact,
G./7i,Gy, is finitely generated nilpotent and so polycyclic. Hence
Gn/7i,Gr, is also polycyclic, and the conclusion follows from residual
finiteness of polycyclic groups. O
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