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LARGE DATA INCOMPRESSIBLE NONSTATIONARY FLOWS
IN CYLINDRICAL DOMAINS
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ABSTRACT. We discuss the existence of solutions to the large data incompressible non-
stationary flows in a cylindrical domain. The motion of the fluid is modeled using the
Navier-Stokes system with the slip boundary conditions and prescribed inflow and out-
flow functions.
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1. INTRODUCTION

We present the problem examined in papers [RZ1]-[RZ7], related to the nonstationary,
incompressible motion in cylindrical domain. The results obtained in these papers will
be the start point for further analysis of inflow-outflow problems and next, flows around
some obstacle, with large velocities. The motion is modeled with Navier-Stokes system
of equations, with slip boundary condition. The main goal is to obtain the existence
result for the inflow-outflow problem with arbitrarily large flux, where the initial velocity
does not change to much along the axis of cylinder and the inflow does not change much
along directions perpendicular to this axis either with respect to time. The inflow-outflow
problem is the subject in papers [RZ4], [RZ5], [RZ6] and also [RZ7]- for the reverse Y-
shaped domain. In the paper [RZ1] we consider the problem with no inflow and in [RZ2]
and [RZ3] we examine an auxiliary Poisson equation in order to obtain the weighted
estimates in Ly and L, Sobolev weighted spaces, crucial for other results.

Introducing some large data, like the inflow, is a difficult question to establish global
existence of regular solutions. Regularity of solutions for Navier-Stokes equations, even
with no flux, requires some smallness conditions. We underline, that our restrictions
admit much more general class of solutions than, for example, in [K1, K2, Z1, Z3] because
in these papers the flux must converge to zero sufficiently fast or there is no flux. Many
results of this type were proved assuming smallness of initial velocity, some restrictions
on domain (so called thin domain, Q = Q' x (0,¢),Q € R? with small €) or special
structure of solutions (so that the solution is close to 2-dimensional solution). We mention
here as some examples [M1], where the existence for large data is obtained under some
geometrical constraints for 2d model in steady and evolutionary case; [M2], where steady
Navier-Stokes equations in pipe-like domain are investigated and existence is shown for
a class of cylindrical symmetric solutions arid [Z4], where the problem of nonstationary
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flow in axially symmetric domain is examined and the result concerns the existence for
solutions close to axially symmetric solutions and the inflow and outflow sufficiently close
to homogeneous flux. In our results there is no restrictions on magnitude of flux, moreover,
in the proof of the existence of global regular solutions we admit arbitrarily large Lo norm
of initial velocity. However, our data could not be arbitrary: if we were able to take any
data then the regularity problem for the weak solutions to the Navier-Stokes would be
solved. We assume smallness of derivatives along the axis of cylinder for inflow function
and initial velocity.

Let us formulate the system of Navier-Stokes equations describing the motion in papers
[RZ4]-[RZ6].

v+ v-Vo—divT(v,p) = f in Q7 =Qx(0,T),
dive =0 in QF,
v-A=0 on ST,
(1.1) vit- D) Ta+70-Ta =0, a=1,2, on SY,
v-n=d on S7,
D) T, =0, a=1,2, on ST,
v|,_, = v(0) in Q,

where 2 C R? is a cylindrical domain (Figure 1), S = 0Q, T < oo is the existence
time, v is the velocity of the fluid motion with v(z,t) = (vi(z, ), v2(z,t), v3(z, t)) € R,
p = p(z,t) € R denotes the pressure, f = f(x,t) = (fi(z,t), fo(z,1), f3(z,1)) € R® — the
external force field, z = (1, 29, z3) are the Cartesian coordinates, 7 is the unit outward
vector normal to the boundary S and 7,, a = 1,2, are tangent vectors to S and the dot -
denotes the scalar product in R3. T(v,p) is the stress tensor of the form

T(’U,p) = ’/D(U) -l

where v is the constant viscosity coefficient and I is the unit matrix. Next, v > 0 is the
slip coefficient and D(v) denotes the dilatation tensor of the form

D(v) = {vigz; + Viz; tij=123

In paper [RZ1] we consider the problem (1.1) with no inflow and no friction on the
boundary, so boundary conditions on S are zero:

v-a=0 on ST,
fi-T(v,p) - Ta=0, a=1,2, onS%.

S» -7 Sy

FIGURE 1. Domain Q.
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Domain © C R? as presented on the picture is a straight cylinder parallel to the z;
axis with arbitrary cross section. We denote the boundary of Q by S and set S = 51U S,
where S is parallel to the axis z3 and S, is perpendicular to z3. Consequently,

S = {z€R®:py(w1,29) = cop, —a < z3 <a},
Sy(—a) = {z €R®:po(z1,22) <o, w3=—a},
Sy(a) = {z € R®: po(z1,m2) < o, T3 =a}

where a, ¢ are positive given numbers and ¢o(z1, 22) = ¢o describes a sufficiently smooth
closed curve in the plane z3 = const.
To define inflow and outflow we specify boundary condition (1.1)4 introducing d =

(dy, ds) where

di =-v- ﬁISz(—a)

do =v- ﬁl S2(a)
with d; > 0,7 = 1,2. Using (1.1)23 and (1.2) we conclude the following compatibility
condition

(1.2) o= / dydSy = / dydSs,
Sa(—a) Sa(a)

where @ is the flux.
Plan of analysis that leads to our global existence result:
e Existence of weak solutions with estimate A on interval (0, T), paper [RZ4], based
on weighted estimates from papers [RZ2] and [RZ3].
e A priori estimates on regular solutions on interval (0, T') with constant A for large
times T, paper [RZ5] and paper [RZ1] for the problem with no inflow.
o Existence of regular solutions on interval (0,7) for large data, paper [RZ5] and
paper [RZ1].
® Regular solutions on intervals (kT (k + 1)T'), k € N, with estimate A for large
times T, paper [RZ6].
e Controling initial data on intervals (kT (k+1)T) and prolongation of solutions to
global ones, paper [RZ6].

In Sections 2-5, we focus on these issues.

2. WEAK SOLUTIONS AND WEIGHTED ESTIMATES

In order to formulate the weak solutions existence theorem we define a space natural
for the study of weak solutions to the Navier-Stokes equations:

T
vz"mT):{u:uunvzw)zessts;;g)uuumm( [ il et) < o)
€ 0

We use as well Lebesque and Sobolev spaces:
e isotropic and anisotropic Lebesgue spaces:
Ly(Q), Q e {Q",5",9,5}, pell,ol,
L0, T5 Ly(Q)), @ €{Q2, S}, pgell,o0;
e Sobolev spaces

W (Q), Qe{Q,8}, sqell 00),
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e anisotropic Sobolev spaces:
W (@QT), Qe{N, 8}, s=2m, meN, ge[l,o00),

with the norm
1

lullyserngry = | 32 / Dol drdt | |
lof+2a<s ” 9"
where
Dy = 07102202, |a| = oy + g + a3, @, € Zy U{0}.
In the special case ¢ = 2, -
Q) =W;(Q), Qe{Q S}, sezu{o},
with the norm
2
ey = | 3 [ 1Duds
laj<s V@

Obviously, we need as well the definition of weak solution to the system (1.1), however,
since for this we have to introduce some auxiliary functions in order to homogenize the
inflow boundary condition, we are going to present the corresponding construction in the
next section.

Theorem 1. Assume the compatibility condition (1.2). Assume that v(0) € Ly(Q2); f €
Ly(0,T; Loys()); di € Loo(0,T5 Wy~ 7(82)) N Lo(0, T3 W, 2(82)); 2+ 4 < s,p > 3 or
p=3,8> %; and d;; € Ly(0,T; Wﬁl//g(Sz)),i = 1,2. Then there exists a weak solution v
to problem (1.1) such that v is weakly continuous with respect to t in L*(Q) norm and

v converges to vy as t — 0 strongly in L*(Q) norm. Moreover, v € VX(QT), v -7y €
Ly(0,T; Ly(Sh)),a = 1,2, and v satisfies, for allt < T

2 t
gy + 73 [ o sy < 21 Wesoncgion
(2.1) o=t

to (sup|ld] s dJ|? + || |2 T [0 (0)|12, ) = A2
o (sl .y ) (n AT L B LCL

where @ is a nonlinear positive increasing function.

To show the existence theorem, we need to obtain an energy type estimate, and for this
purpose, we have to make the Dirichlet boundary condition (1.1)s homogeneous.
To this end, we extend the functions corresponding to the inflow and outflow so that

JilSz(az) = dia 1= 1727 a;y = —a, a2 =a

We use the Hopf construction (see papers of Hopf [H1] and Ladyshenskaya [L]) and in-
troduce the function 7 :

1, 0<o<pete=r,

o
n(g;g,p) = —eln;, r<o<p,
0, p <o <oo.
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We define (locally) functions 7; on the neighborhood of Sy (inside ) by setting:
ni =nloi;€,p), i=1,2,
where o; denote local coordinates defined on a small neighborhood of Sa(a;) :

Oy =a+ T3, Og=0a— T3

and we set
2
a = Zdﬂh,
b = (Zy_élg, es = (0,0,1).
We set
u=1v—b
Therefore,
dive = —divb= —a,, in ,
u-n = 0 on S

Now we notice that the boundary condition for u is homogeneous, but the function u is
not ideal as the new variable: it is not divergence free. Let us rewrite the compatibility

condition
/ Qg dr = —/ O zg=—adS2 +/ | gy=adS2 = 0.
Q S2(—a) Sa(a)

We need to correct the function u, so we define ¢ as a solution to the Neumann problem
Ap = —divh in Q,
(2.2) f-Vo = 0 on S,

/(pdx = 0.
Q

w=u—Vo=v—(b+Vp)=v-24

Next, we set

Consequently, (w,p) is a solution to the following problem:

wy+w-Vw+w-Vi+6§- Vw — divT(w,p)
=f—6-0-Vi+uvdivD(6) = F(5,¢t) in QF,
divw=0 in QF,
w-Aa=0  on ST,

(2.3) vii - D(w) - To + YW - Ta
=i -D(6) Tu — V5 - To = B1o(9), a=1,2, on SF,
A -D(w) - To = —n-D(0) - 7o = Baa(8), a=1,2, on ST,
w,_y = v(0) — 6(0) = w(0) in Q,

where divd = 0. Since Dirichlet boundary conditions for w are homogeneous and w is
divergence free, we can define weak solutions to the problem (2.3)
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Definition 1. We call w a weak solution to problem (2.3) if for any sufficiently smooth
Sfunction 1 such that
divpla =0, ¢ -7lg=0

the integral identity

/ wy - Ydxdt + H(w) - ydzdt + V/ D(v) - D(yp)dzdt
T

or fors
2 2
+7Z/STw-fa1/)-fadSldt— > /ST Boaw-fadsadtz/ﬂTF-wdxdt
a=1 1 a,0=1""c

holds, where
Hw)=w-Vw+w-Vi+d-Vuw.

In order to obtain the energy estimate we use ¥ = w as a test function: thus, we
multiply the first equation in (2.3) by %, integrate by parts on 2 and apply the definition
of F, therefore

) ,
55{”“’”%2(9) +/(w -Vé-w+6-Vw-w)dr — / divT(w +6,p) - wdz
o Q

:/(f—ét—é-V6)-wax.
Q
We use the boundary conditions on 57 and S; in (1.1) and apply the Korn inequality to
reformulate this equality and obtain:
1d :
e ol + By +v 3 e Fallgsn

a=1
. 2
< —/(w-V6-w+6~Vw~w)dx+cZ||5.;a”%2(Sl)
@ a=1
+elIDO) o+ [ (f =6 =5+ Vo)uda.
Q

The most difficult terms are those caused by nonlinearity w - Vw. Let us look closer at
some example and focus on the integral

/5-Vwowdx = /(b+V<p)-Vw'wdx
Q Q

= /b-Vw'wdx+/Vgo-Vw-wd:n=Il+12.
Q Q
We can estimate I; using the Holder inequality and, moreover, the local support of b

yields some smallness:

|1 < IVwlla@lwllze@bllzaw) < cllwllfn bl )

< o ¥l bl gy < 9000 16 2

< ep"wlip oyl a1 e

where

Solp) ={z € Q: 25 € (—a,—a+p)U(a—p,a)} = Sa(p,a1) U Sy(p, az).



We estimate I, as follows:

|| = /Vgp-Vw-wd:v
Q

< IVells@llwll el Vel Ly

To extract some small parameter we use the result of [RZ3] on the Poisson problem (2.2)
in weighted Sobolev spaces

Vel < ellVel, @ < ellVaVeln,, @ < dlellz, o

C”le b”L3,1—;4’(9)

IN

where we denote
1/p
llos o= | 3 / (DUl [(dist(z, Sy(a)Phdz | pe Rpe (1,00).
lal=Fk

Let us emphasize, that in Ly approach we use the explicit form of solutions, and for
the existence result we apply the regularizer technique. In L,,p > 2 weighted spaces
(since we need the result for p = 3), we introduce some auxiliary problem and more
subtle techniques to compare norms of solutions even for different weights. Note as well,
that weight of the form zf§,p € (1,00) is not the Muckenhaupt weight so the results of
Coifmann-Feffermann [CF] can not be applied.

To estimate the last norm, we choose 3 <1—y <1. With g =1 ~— ¢ we have

2 3u 1/3 2 1/3
. ~ UZ ~
cldivblm < (Y [ 1aF%da)  + (3 [ Jdalo@)ds
i=1 v Sa( & i—1 v S2(a.)

a,)

2 . p 0'»3H 1/3 2 B o 1/3
< cZe (sup/ |di|3d:c’/ L dcn) + Z (sup/ |di,z3|3dx’/ af“daz)
i1 23 J Sa(a,) r O o1 \ @3 JSa(a) 0

+1/3

< Cng_Qw sup I|&||L3(52) +cp sup “daxz ”L3(5'2)
x3 x3

where 0; = dist{S2(a;),z}, 2 € Sa(a;, p). We note that the last bound holds for p > 2
since for p = % the r.h.s. takes the form

csup “d~”L3(Sz) + cpsup ||J7x3 ”L3(Sz)’
z3 3
which cannot be made small for large d. Then,
|| < c [8/3’“2/3 sup [|dl|Lagsz) + £ 5P oz na(say | 10l -
r3 x3

Let us notice, that in order to estimate sup,, l|d]|5(s,) and sup,, l|dzs || 25(55) by some Wy
norm we apply the Sobolev anisotropic imbedding (see [BIN], Ch.3, Section 10) which

reads
1 1)1 1
212 —-21)=2 Lz
(p 3)s+ s
1

1 1
- —+4+-<1 for p>3,
P ]
1 1\1 1
2<___>_+_'
p 3/s p s

1
+;<1 for p=3.



72

Thus, we find that p, s satisfy
3 1 4

-4+-<s5 p>3 or p=3,5> .
p 3 3

We deal with other terms in the integral inequality and apply Korn inequality, Schwartz

inequality, Sobolev imbedding to obtain

1d
2t

2
[wll?, ) + V”“’”%ﬂ(n) + ’YZ flw - fa”%z(sl)

a=1

< ¢r(p. & gt 1wl ey + 17 ey + 22(wzen) (10g 0y + 1l o)

where ;,7 = 1,2 is a nonlinear positive increasing function and ¢; is small for small
values of €, p, u. Thus, we can choose parameters p > %,p,s in dependence on v and

I’dllW;(Q) so that
~ v
901(0, £, ”d”W;(Q)) S 5
Therefore, we can ’consume’ the term 1 ||wl|%,; @ by vijw|/4 () on the left hand side and
in consequence, we have only data terms on the right hand side. Next, integrating with
respect to time, we obtain the estimate of the form

2 t
”w“%/ZO(Qt) +'YZ/O llw - TallZ, s,y dt < QHfH%z(O,t;LG/s(Q))
a=1 '

+o(sup [ dlwser) (1910 vz + 190 ) + IO 0

With Galerkin method we prove the existence of weak solutions and so the Theorem 1.
With the a priori estimate, we show also existence of global weak solutions.

Theorem 2. Assume the compatibility condition (1.2). Let f € Lo(kT, (k + 1)T; Le5(12)),
di € Loo(RY;WyTP(Sy)) NLy(kT, (k + 1)T;W,y/*(Sy)), where 2 +1 < s,p > 3 or
p=3,5> % and diy € Ly(kT, (k + 1)T; W61//56<52)),i = 1,2. Then there exists a global
weak solution v to (1.1) such that

v € V(Q x (KT, (k+1)T)) Vk e Ny =NuU {0}
Moreover, the following global estimate hold:

1
”U(kT)“%z(ﬂ) = ng + ||U(0)||%2(9) =a’,

[olbs@xersy < 86+ I0ED L, < §+a®=A(kT), te[kT;(k+1)T],

where

A

2 1
2 _ 2 2 2
ly= ;”fIILg(kT,(k+1)T;L6/5(Q)) + ;SD(S‘;P “d”W;—I/r(SZ)) S‘ip (”d”vv:}/'-’(sz) + ”dt“vvg//g(sz)) )
and @ is an increasing function.

The next step is to work with weak solutions in order to increase the regularity.

We mention here as well the paper [RZ7], where we consider the inflow-outflow problem
in the reverse Y-shaped domain (Figure 2), with one inflow and two outflows. The motion
of the fluid is described by the Navier-Stokes equations with boundary slip conditions.
First, we prove some a priori energy type estimates, next part is devoted to the proof of



existence of weak solutions to the problem by the Galerkin method. We examine also the
properties of solutions near the neighborhood of artiﬁcial boundaries Dy and Ds, where
D; =y N Qi = 2,3, dilatation tensor D(v) = {vl, + 2%, }ij=123 and

(%1 "Fll =; "ﬁ,l
’FLI‘D(Ul)'T'jZ’f_Ll‘D(Ui)'fj, onDi,i=2,3,j=1,2.

The problem can be treated as a simple model of the blood flow in veins or arteries.

~ep)

Sl

FIGURE 2. Y-shaped domain

3. A PRIORI ESTIMATES ON REGULAR SOLUTIONS

In [RZ5] and [RZ1] we have been proved the existence of possibly large solutions (with
respectively large data). In our case there is no restrictions on the magnitudes of the
initial velocity v(0), the external force either, in paper [RZ5], on the flux d. Therefore
we prove the existence of large regular solutions to (1.1). However, our data could not
be arbitrary: if we were able to take any data then the regularity problem for the weak
solutions to the Navier-Stokes would be solved. We assume smallness of the following
quantities

(3.1) 1025 (OMlza)s  1fzsllLacomiLe s(02)
and, in paper [RZ5]

(3.2) ldell Loorsmi(sa)ys 1ot | 1ao. 7301 (82)) A oo (0,751 (52)) -

73
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It points that the initial velocity and the external force does not change much along the
cylinder. This could mean that we are looking for solutions close to 2-dimensional solu-
tions which are located in the cross-section of the cylinder on the plane perpendicular to
its axis. However, this possibility does not occur: we prove the existence of solutions with
not small v,,,, either p,, (Theorem 2). This property indicates that we consider indeed
3-dimensional problem where all auxiliary problems, applied theorems of imbeddings and
interpolations are 3-dimensional. The smallness restrictions for quantities (3.1) and (3.2)
are necessary to obtain the a priori estimate and help us to overcome the difficulties that
appear in regularity problem to the Navier-Stokes equations. Finally, let us note that
smallness of norm (3.2) implies that the flux does not change much with respect to time
and in S,.
To formulate results of [RZ5] we introduce some quantities

Definition 2. Let A be the estimate for weak solutions to (1.1) established in Theorem 1.
We set

Dy = |ldillf orizacsaay + A+ 1,
A = A oz (s + 1o s + a1 0.5 (s
+”f3||iQ(o,T;1j4/3(sz)) + ”f,m”%g(o,T;Le,s(n)) + ||U;1:3(0)||%2(Q)?

I' = |[fllc.omza@) + [[0(0) @)

In the case with no inflow, such parameters could be written in shorter form, which
suggests that paper [RZ1] is just a particular case of more general problem. However, the
techniques that lead to a priori estimates have the source in the paper [RZ1]. Therefore,
paper [RZ1] should be considered, also from the chronological point of view, as the pioneer

paper: the results proved there made possible to apply and generalize methods for more
complex inflow problem.

Condition 1. Let quantities A, I, Dy be finite. Assume that A is so small that there exists
a constant A satisfying
DA*(A+ A% + 1) exp[T'Dg + Do(A +T) + A% + T

+”ﬁw3”%2(O,T;L2(Q)) + ||U,w3(0)||%11(a) < A%

Let us notice, that from the Condition 1 it follows that the time existence T is inversely
proportional to A. Thus, the quantity A is going to be an important smallness parameter.
Further, we should point out that it depends on derivatives of inflow but not on the
function d, which agrees with our assumptions on flow structure.

(3.3)

Theorem 3. (a priori estimates) Assume that Condition 1 holds. Then a solution to
problem (1.1) satisfies the following estimate

”'U,zs“W;vl(QT) <A,
lollwz1@ry + IVPlza@r) < 0(A AT,
VD3 ll1a07) < @(A,AT),
where @ is an increasing positive function.

To omit restrictions on magnitudes of v(0), f and d, we carry out the proof of Theorem 3
in 'such a way that some smallness of v,,(0) and f,, in Ly norms and on derivatives
dy, dy are instead imposed. The crucial idea is hypothesis, justified by physics, that
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derivative of velocity along the axis of the cylinder, assuming sufficiently small initial
values, should remain stable and then large initial velocity v(0) either large flux do not
change that phenomena. Motivated by this splitting, we need to analyze problems for
h =v4,, ¢=pa,. We differentiate equations (1.1) with respect to z3 to verify that h,q
satisfy the following system of equations:

hy—divT(h,q) = —v-Vh—h-Vo+g in QF,

divh =0 in QF,

(3.4) i-h=0, a-Dh) -Fu+yh-Tu=0 a=1,2 on ST,
hi = —dy, i=1,2, haz =Ad on ST,

h|t:0 = h(0) in

where g = fo,, A =02 + 02,

Let us observe here, that the A— system, written in fact as the Stokes system, depends,
obviously, on velocity v through nenlinear terms, but as a data on the right hand side
we have only derivatives: derivatives of external force and initial velocity- with respect to
axis of cylinder and derivatives of inflow with respect to directions perpendicular to the
axis. Thus, if we assumed the smallness of such data and if we were able to deal with
nonlinearities, then the flow with possibly large data (like velocity, force, inflow) and with
small variations of discussed derivatives, would be stable with respect to h. Consequently,
we could deduce some smallness of A in corresponding norms.

The relation, that let us estimate h in terms of v has the form:

[llwz1@ry < eolllvllwz @) Ikllzy@r) + ¢(data).

where g, ¢ are positive, increasing functions and data denotes the appropriate norms of
data functions. Since we are able to estimate Ly norm of h with the small parameter A
(see Definition 2, Condition 1):

12l oy < p(data, ”U”W,}I(QT))A’
and the norm W2 (Q7) of velocity v through the same norm of & and data:
[vllwzr@ry < cllhllyzrgry + ¢(data),
then, we combine the three inequalities to obtain
(1) Ihllyase < ea(data, [1ally 20 gr))A + o(data),

where @y is positive, increasing function. Then, for constant .4 respectively greater than
data and sufficiently small parameter A, we infer Theorem 3. Let us point out, that
relation (*) yields Condition 1, which defines the smallness of A with respect to A, time
T and other data.

We now more precisely discuss the three inequalities above.

The energy inequality for h, deduced through the system (3.4), has the following form:

(3.5) 1Pllve@ry < cllbllra@ry + 1Pl owomizsn) + @(data)

Therefore, we observe that it does not involve any small parameter that we could use
in the existence proof. Thus, we will need some more refined relation and this can be
achieved by improving the regularity through the system for vorticity component x. For
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this reason, let us introduce rotation and x = (rotv)s = (rotv)s = vg,, — V14, and note
that v' = (vy,vy) and h are related as follows by the rot-div problem

. 7

Vg, — V2,07 = X in &,

. ’

Vig, + Vog, = —h3 in &,
vea'=0 on S,

where S = 51 N {plane z3 = const € (—a,a)}, and x3, ¢ are treated as parameters.
The function x satisfies

X+ v Vx—hgx + hovsyy — hvs 4, — VAX = F3 in QF,

X = Ui(ni,z,-ﬁj + Tli,a:,nj) +uv- 7_'1(7'12@1 - Tll,xz)

(3.6) + gvalj = X on ST,
Xz =0 on Sj,
X’t:o = x(0) in Q,

where I3 = foz — fi,-

We have to find the energy type estimates for quantities h = v,, -see (3.4) and the
third component of vorticity x = (rotv)s, see (3.6). To derive the boundary condition for
X we need the slip boundary condition in (1.1). In this case there are also appropriate
the Navier conditions

v-filg =0, @ xrotvlg=0

We have to underline that for the Dirichlet boundary condition we are not able to find
boundary conditions for x so Theorems 3 and 4 could not be proved.

To get the energy type estimates for solutions to problems (3.4) and (3.6) we need to
make the nonhomogeneous Dirichlet boundary conditions homogeneous by an appropriate
extensions. Otherwise we would not be able to integrate by parts. For this purpose we
introduce corresponding functions h and X and derive appropriate estimates for these
functions. Applying such auxiliary bounds we are able to find energy type estimates for
h (see (3.5)) and for x:

Ixllve@ry < ellbllzaomsza@) + eVl wosn @) + 1Vl Lo sa2))
+ellt' I Laimrzom) + 1X(0) L@ + ©(1/¢, data)

where ¢ € (0,1), ¢ is an increasing positive function and data denotes the appropriate
norms of data functions.

With estimates (3.5) and (3.7) with small &, we obtain for the rot-div problem the
inequality
(3.8) ||v’”V21(QT) < (Al Loy + 1Al Lo 0,752 (2) + ”vI”Lz(Q;Hl/Z(O,t))) + ¢(data).

We apply the result of paper [A], related to Stokes-type system, to problem (1.1), which
means that the first equation reads

vy —divT(v,p) = —v' - Vo —vsh+ f, in QF

(3.7)

to get

(3.9) [vllwzzary < clPlla@r) + IRllLooz;L00) + @(data).
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To show this, we estimate the r.h.s. terms as follows:
||U,VUHL5/3(QT) < ”U,”Lw(QT)||vv”L2(QT) < A”U’”Lw(QT) < CA”’U,”VQI(QT)a
”v3h’”L5/3(97j) < ”v?’”Llo/s(QT)”h”Lw/a(QT) < CA”h”Lw/s(QT)’

where A is the bound for the weak solution to (1.1) from Theorem 1 and we used the
imbedding (see [Z2])

[V | Lo0ry < cllv'llvz o).
Next, we apply (3.8) and in view of the interpolation
||U/||L2(Q;H1/2(0,T)) < €”UIHW52/’;(QT) +c(1/e)A,
with small €, we conclude (3.9). We can improve this to get
(3.10) [ollwz1qry < cH + p(data) < cf|h||y21 qr) + (data)
where H = ||h| 1) + |l Lo 0,7505(9)) + |12l £y 5(07) and by the imbedding
H < cf|hllyz1qr)-
Next we apply [A] to the system for h, i.e. (3.4) and using some interpolation inequalities
we get
(3.11) [Pllwz1@ry < @olllvlly2r@r) Il ar) + ¢(data).

Finally, the crucial step is to find the bound for A in terms of v with a small parameter
A. Therefore, we show

(3.12) [Allve@ry < ¢(data, ||U”W§’1(QT)>A
We work with the relation (3.11): we combine (3.10) with estimate for [|v||W22,1(QT) and

(3.12) to estimate ||h||L,qr), to obtain for sufficiently small A and A > ¢(data) the
estimate

”h“WZZ’l(QT) <A

In this way Theorem 3 is proved.

4. EXISTENCE OF REGULAR SOLUTIONS

On the base of a priori estimates, we prove in papers [RZ5] and in [RZ1] the existence
result.

Theorem 4. (existence of regular solutions) Assume that Conditions 1 holds. Then there
exists a solution to problem (1.1) such that

v, € W3 (2F), Vp, VP, € Lo(027).
Moreover, if v € Ly(0,T; W1 (2)) then the solution of problem (1.1) is unique.

We establish the result on existence by the Leray-Schauder fixed point theorem, [LS]. We
sketch the idea of the proof from paper [RZ1]. Let

M(QT) = {h: |2l Loy < 00}

We construct the mapping ®(h) = h,
@ M(QT) —» W2HOQT) — m(QT),



78

considering the following Stokes-type problem

hy — divT(h,q) = —A[v(h,?) - VA +h-Vo(h,9)]+g in QT

divh =0 in QF,

h-i=0, Aa-Dh) -Tp=0, a=1,2, on ST,
hi=0, i=1,2, hzz, =0 on ST,
hl,_, = R(0) in Q,

where A € [0,1] and h, ¥ are treated as given functions.

In order to fulfill the assumptions of Leray-Schauder theorem, we show that ® is uni-
formly continuous and compact in the product M (QT) x [0, 1] for some parameters o, 7.
Therefore, we apply [BIN], Chap. 2, and [S]. To have compact ® we need compactness
of imbedding

WEHQT) = Loo(0, T3 Wy ()
which is true for o, n satisfying

5 3 2
—————<1, o<
o n o

For the uniform continuity, we need more imbeddings. We need to find energy inequalities
for problems, that we derive for differences h; — hg,v; — v9. To estimate nonlinear terms,
we assume, with 7 = 1,2,

1 1 1
v; € Wf‘l(QT) s La,\l(QT)’ where 0—)\1 +5 ==,

and v; € Wy'(Q7) = L, (0, T, W(Q))

and we derive the inequalities that parameters should fulfill. We combine all the relations

20 1
to conclude - <o < ?0, n > 4.

5. GLOBAL SOLUTIONS

Next, in the paper [RZ6] we show the existence of global regular solutions to problem
(1.1) for arbitrary flux. To this end, we extend the local existence result proved in [RZ5]
for time intervals (T, (k+1)T), k € Ny = NU {0}, step by step in time. For this purpose
we need sufficiently large time of local existence to show that data at the beginning of
each step do not increase in time in appropriate norms.

We consider solutions to problem (1.1) in time intervals (KT, (k + 1)T),k € Ny and

define QDT — Q x (KT, (k + 1)T), ST = 5 x (kT, (k + 1)T),s = 1, 2. Namely, we
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examine the system of problems

v +v-Vo—divT(v,p) = f in QU+DT
dive =0 in QBT
v-n=0 on S£k+1)T’
(5.1) vit D) - T + 70 To =0, a=1,2, on S{k+1)T’
v-n=d on S§k+1)T’
n-D) -7a=0, a=1,2, on Sék“)T,
vlimkr = v(kT) in Q.

We apply results proved for (0,7") on corresponding sets and work with the estimate
for regular solutions. Thus, we need to reformulate quantities, assumptions and results
crucial for existence of regular solutions on time interval (0,T) to sets (kT (k + 1)T).

Definition 3.

AkT) = Nl gnmm s + 1da oo @nymm s + 1de 17 or, gy sa))
+”f3“%Q(kT,(k+1)T;L4/3;(Sz)) + ”gl|%2(kT,(k+1)T;L6/5(Q)) + Hh(kT)H%z(n)a
Ik, T) = |fllzstermenmza@) + [0ED) | @),
Do(k,T) = Ndull§ . aresryrsra(sac—ayy A2k T) + 1,

where A%(k,T) = 13 + =8or + e M |[0(0)|2, ), k= 0,1,2,....
The smallness parameter A(k,T) should fullfill analogous assumptions:

Condition 2. Let quantities A = A(k,T),T' = T'(k,T), Do = Do(k,T) be finite. Assume
that A is so small that there exists a constant Ay satisfying

DEIN*(Ay, + A2 +T) exp[T Do + Do( Ay +T) + A2 +T7
9T, e 1y7s22 00y + IRED) 30y < AR

Observe, that with given parameters A, T', Dy, constant A can be found as the implicit
function. Therefore, we prove the existence of regular solutions on time interval (KT, (k+
1)T) with estimate Ay.

Lemma 5.1. Assume that g, f € Lo(kT, (k + 1)T; Lo(2)), v(kT), h(kT) € HY(S), and
quantities A = Ak, T),T = U'(k,T),Do = Do(k,T) are finite. Assume that A is so
small that satisfies Condition 2. Then there exists a solution to problem (5.1) such that
v,h € WP (Q x (KT, (k+ 1)T)), Vp, Vi, € Lao(Q x (KT, (k + 1)T)), and
“h“w}I(nkT) < A,
||U||w22v1(nkT) + VDl pygery < Q(AR),
VD25 [l Laerr) < Q(AR),

where Q is an increasing positive function, quadratic in Ay, of the form

Q(A) = A7 + Ay + Ak, T)? + T2(k, T).

(5.2)
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We note, that Lemma 5.1 implies existence of solutions to problem (5.1) in the time
interval [T, (k + 1)T)] if we know that v(kT'), h(kT) € H'(Q),k € No. Consequently, we
will show that the constant Ay in the above lemma does not depend on k, thus Condition 2
will be satisfied for any k if it holds for ¥ = 0 and consequently, Ay = A in theorem on
global solutions (Theorem 5 below). To this end, we have to control the initial condition
at each time step in the set of problems (5.1)

The proof of global existence result is divided into the following steps. Assume that

lo(ET) |10y < alk)

(KT o) + 1R ET) |2y < B(E)
where k& € Ny. Then there exists quantities Q; = Q(Ax) (see Lemma 5.1 and (5.3)) and
B, = B(Ax) (where B is also polynomial, like Q) that for sufficiently small A (see (5.2))
there exists a local solution to problem (5.1) in the time interval [T, (k + 1)T] such that

(5.3) 10]] Lok, 1y T522002)) < L
. llvell Lok k(r);m (0) < B

Moreover, for A(k,T) sufficiently small we can choose T' as large as we want. Then the
main result of this paper is to show that

lv((k +D)T) | ) < a(k)
and
1he((k + D)) Loy + [h((k + DT |71 < B(k).

Starting from ¢ = (k + 1)T we can repeat the above considerations to prove existence in
the interval [(k + 1)T, (k 4+ 2)T]. In fact, there exists a constant ¢y = co(k) such that

lo((k + 1)T) a1y < collv(ET) || (0
(e ((k + DT) | o) + 12K + D)D) 10y < co(llhe(kT) || o) + 1R(ET)| 11(2)

The constant co(k) could grow as we repeat such local existence proof ng times for some
finite ng € N. Then, we have local existence result in the interval [0,n9T] and we can
define new local existence time T as equal to ngT. Thus the constant cq after sufficiently
many steps can be less or equal to one.

Moreover, in [RZ6] we show that for some quantities D; and D, dependent on Qj and
B, the following inequalities hold

(5.4) lo((k + D)l < €2 o(RT) 1m0y + Da(k),
and

7k + 1)T)| o) + [1R((E + 1)T) |20
< 72T (| hy(KT) | ooy + 1Tl ar1(y) + Da(k).

The constant ¢, comes from the imbedding and the rot-div problem

(5.5)

vl < [Idiv T(v, p)llzae)-
Here, a is global estimate for L, norm of weak solutions (Theorem 2) whereas I, I3 are
time integrals on (kT (k + 1)T') of data in corresponding norms and ¢, is the function of
the form ‘

1 1
P2 = sup ||U“fz(n) (sup ”dIlH%u;(Sz) + sup “dt“%{l(Sz)) < aZy(data).
te(kT,(k+1)T) t t
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Therefore, with some assumptions on D;(k), Dy(k) it follows that there exists ap and
B such that

llv(0) || 1) < o,
1h:(0) [l 2o + 1(0) [ 2 () < Bo

and, as well

(KT mr1(0) < v,
e (KT) o) + IRET) |1 () < Bo-

We can assume that Dy = sup, D;(k) to deduce from (5.4)

Dl(l _ e—%c*kT)

—LeukT
1 _ o beT +ez lv(0) || 2oy

[o(KT) |10y <

Then, for [[v(0)||g1(q) respectively greater than D, the above inequality yields
lo(KT) 1@ < [0(0) |19

In similar way we argue with h to show that if ||2.(0)]|1,() + ||2(0)|| a1 () is greater than
Dy = supy, Do(k) then

[Be(ET) | Loty + IMET) 1) < e (O)[ 220 + 12 (O) ][ 2 (00-

Observe, that additional restrictions on D; i Dy are stronger than more general conditions
with constants oy, So-

One could think that L, norm of h; appears accidentally, since it does not appear
in definitions of parameters A,T’, Dy either in Condition 2, like H* norms of v and h.
However, the presence of this term is the consequence of energy estimate for i, where the
norm ||hs¢|| 1,2y appears and so, to complete the considerations, we need to analyze the
problem for h; as well.

We obtain the result, under some assumptions on derivative of external force and re-
strictions for derivatives of inflow.

Assumption A.1 Assume that T is sufficiently large so that

1
—§c*T + ll[T1/4QZ/2 +TY2Q <0
Assumptions A.2 Assume that T is sufficiently large so that
1
—5eT + TG 4 Bt il s, <0

Let us specify quantities used above. Since a is the global bound for Ly norm of velocity
v (Theorem 2), we set

9 1 9 1
v = sup [v]|2 oy +  sup vl|2 o < az 4 az,
ek, (k+1)T) | lLZ(m te(kT,(k+1)T) | ||L2(Q)
1 5
ll = C(]' +Sl:p”d,33a”iz(52))az(]‘ +a2)
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Then, we consider the system (1.1) for ¢ € R, which reads as follows

vn+v-Vo—divT(v,p) = f in Of =Q xRy,
diveo =0 in QF+
v-in=0 on S{,
(5.6) vi D) - Tu 40T =0, a=1,2, on S;¥,
v-ii=d on Sy,
a-D) T=0, a=1,2, on Sgh,
v|t=0=v(0) in Q,

Next, we define I and smallness parameter A.

Definition 4.
r

I

sup I F ok, (e 0yT52200)) + [[0(0) |11

A

Slip (“dt”iz(kT,(k+l)T;H1(Sz)) + ”d,w’”%2(kT,(k+1)T;H1(Sg)) +”d,x’”%oo(kT,(k—l-l)T;Hl(Sz))

+”f3”%Z(kT,(k+1)T;L§(Sz)) + ”g”%q(kT,(k+l)T;Lg(Q))) + ”h(o)”%z(n)

Remark 5.2. We assume that A is the small parameter and this in particular implies
that [|h(0)|| 1,y ts small. However, we do not require that on velocity and so v(0) and the
inflow d can be arbitrarily large.

Then, we formulate the global result:

Theorem 5. Suppose Assumptions A.1 - A.2 hold and (rot v)3(0) € Ly(Q),

(vot f)z € Lo(kT, (k+ 1)T; L2(R2)), dy € Loo(kT, (k + 1)T; L3(Sa(—a))). Assume that the
quantity A is sufficiently small. Then for the solution of (5.6) and sufficiently large time
T there exists constant A such that

“U”W22’1(Q><(kT,(k+1)T)) + IVPllza@xr erym) < Q(A),
[[0,5 ”W;‘l(ﬂx(kT,(kJrl)T)) + (VD5 | Latax ey < A
Jor any k € No where Q(A) = A+ A+ A?+T.
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