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1. INTRODUCTION

Al 2 D DI REBRIZDOWT, HBERE RN DELIFH: & % Banach ZETER
5. FERIETIREOF T, 2 00 EHOLERHEOMER, RIZEELRLOD
1DRELEBEREZXATVWS. IEUFHREOELMEEZRT I LI, BEOEE 2 DIZK-T
%, —f® Banach ZRIIZB W TIXEMTIIRW. £/, 3O LOEHKOILERE SH %
ERLT B FRE L, RN RFRE LW E0RMELEHH 5. TESOMER, ELF
& DEZMEZEFNIZ L TH, —M#D Banach 22 & strictly convex 72 Banach 22 Tld kX
k@D DBHB. —fD Banach ZE Tk, EEABEBORBHESHEHBTLHME
BIRSRVWZ EAREZELLTS. ZhitlL T, ASORERE X 5 Z L 23R
129 1L, uniformly convex 7 Banach ZBf T, AEISREEDNTH S Z LITMA T/
VLD E LW R RS, FENRERIZE L 5. AR TI: Banach ZROEAE
EE B L2\ DT, BEN BN, Bl % 12 Takahashi [21] 2B = W\,

Ishikawa [6] 1%, 1979 F1Z, IROEHETIEH 2 HEES U\WEEZFEHL /2.

Theorem 1. Let a be a real number belonging to (0,1). Let D be a compact convex
subset of a Banach space E. Let {T1,Ty,--- ,Tx} be a finite sequence of commuting
nonexpansive self-mappings on D. Let 1 € D and {z,} be a sequence in D defined by

S TSy [ - [samzia oty 1] Hﬂ N

for n € N, where S; = aT; 4+ (1 — a)I fori € N(1,k). Then, {z,} converges strongly
to some common fized point of {Ty,Ta,- -+ , Tx}.

BEOL, TOELFHREORKETINALHEMT LI LI, X 6] 25 RiTh
WL WEES, T/, ZORXZERTIILEIBERTIERW. 2Dk, Kubota—
Takeuchi IZfBFFML [10) ZF\ 7. Ishikawa OEHEIL, 2EOHFHLANPSERINBE
B 2 =5 {L(i,n)} 2EHTS L, MOFRIZEEZEES.

Theorem 2. Let a € (0,1). Let D be a compact and convex subset of a Banach space
E. Let {11, Ty,--- ,T;} be a finite sequence of commuting nonerpansive self-mappings
on D. For each i € N(1,k), let S; be a nonexpansive self-mapping on D defined by
Si =aTl;+ (1 —a)l. Let Lyn = ST forn € N and {L;.)} be a double sequence of
nonexpansive self-mappings on D defined by

L(i+1,n) = 71'(Si+1L(,,;ﬂ)) for i€ N(]., k— 1), ne N,

where W(Si+1L(1:,g)) = (Si+1L(i,n))(S'L'+1L(i,n-—l)) te (SH-IL(i,l))-
Then, there exists a nonexpansive self-mapping P on D such that

n Nk—1
an_1=1 Sk H 1

Tn = Ng~—2=

(a) {Lkm)} converges uniformly to P,
(b) P(D)=F(P)=F(Txy)N---NF(T3) N F(Ty).
That is, for any 1 € D, {Lgnz1} converges strongly to some u € NE_ F(T;).
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Z DR TG X 1L, BE D iteration DFEZ L TWRWHARDIFIZEZER 5:

@ z, € D, Tnt1 = SkL(k-1,0)Zn for n€N.
ERFHRZIIR> TV OLEETTLROKIZLS:

Ly = ST for n €N,

L1y = 7(S2L(1,1)) = SaLa,1y = 5251,

Lizzy = m(S2L1g) = (SaLag)(S:Lay) = (5251)(S251),

Ly =m(SsLey) = SsLey = S3(5251),

Lz = m(S3Lag)) = (SsLi2,2))(SsL2) = (S3(S257)(5251))(S3(S251)),

Ly = 7(SsLy) = Sl = Sa(S3(5251)),

Lia2) = m(SaL3,2) = (S1L(3,2)(SaL(31))

= (S4(S3(8257)(5251))(S3(5251))) (54(S3(S251)))-

FEBEEIZBLONS P LAV, LAL, BHROFE 2D (kK =2) KRET S L,
iteration (I) IXIX®D (a) & 725 (Z DFED T THD simple 7 iteration & Bbn3).

Theorem 3. Let a € (0,1). Let D be a compact and convex subset of a Banach space
E. Let Ty, Ty be nonexpansive self-mappings on D with TY'Ty, = ToTy. Fori = 1,2, let
S; be a nonexpansive self-mapping on D defined by S; = aT;+ (1 —a)l. Let x1 € D and
define a sequence {z,} in D by

(a) Tnt1 = 82572, for n e N.
Then {z,} converges strongly to a common fized point z of Ty and Ts.

—75, Shimizu and Takahashi [17] 1% 1997 422 %2 4 %, Atsushiba and Takahashi [1]
13 1998 4FIZEH 5 ZFEHAL 7=

Theorem 4. Let {a,} be a sequence in [0,1] satisfying lima, =0 and Y o, a, = 0.
Let C be a closed convex subset of a Hilbert space H and let S and T' be nonexpansive
self-mappings on C such that ST =TS and F(T) N F(S) # ¢. Let z; € C and define
a sequence {z,} in C by

2(1-an i
Tn41 = anT1 + (W'('T(:H?_m > koo 2iyje STz, for nmeN.

Then {z,} converges strongly to the common fized point z = Ppsynr)z1 of S and T,
where Pr(synr() 15 the metric projection of H onto F(S) N F(T).

Theorem 5. Let {a,} be a sequence in [0,a] C [0,1). Let E be a uniformly convex
Banach space which has the Opial property or whose norm is Fréchet differentiable. Let
C be a closed convex subset of E and let S and T be nonexpansive self-mappings on C
such that ST =TS and F(T)NF(S) # ¢. Let z; € C and define a sequence {z,} in
C by

Tot1 = Qny + Eognd 301 Sy S Tiz,  for neN.

Then {z,} converges weakly to some common fized point z of S and T.

Ishikawa [6] & Atushiba-Takahashi [1] D&% %1} T, Suzuki [19] i&, Atushiba-
Takahashi type iteration % f#fH L, 2002 fEIZIRDEHE 6 % 3B L 7. Z @ iteration I,
iteration (a) I & simple TId72\ 2%, HERHANZFRFENLDTHS. ZOHAETHED
simple 73 iteration IZfAl%> & W S BRIV BRIZEL U ED S, 72, ZOREICBEEL T,
Suzuki X BBEZEV B [20] % 2005 IR LT3,
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Theorem 6. Let {a,} be a sequence in [0,1] such that

0 < liminf, a, < limsup, a, < 1.

Let C be a compact and convex subset of a Banach space E. Let S and T be nonexpansive
self-mappings on C with ST =TS. Let 1 € C and define a sequence {z,} in C by

Tny1 =230, Z?=1 STiz, + (1 — an)xp for n e N.
Then {z,} converges strongly to a common fized point z of S and T.
Ishikawa & Suzuki DFXD WL DL, —REMIZR I 2D, EXHLBRVERT
HY, Ve UEBETNTHRIZEC 50D, FH 6 DIHIZD1DTHS.
2. B ERLHER

EHE 4,56 2 fHHEIZERUREF/-EREZERTS. £7, EH 4,5,6 O iteration I2{F
X3 20BEKORIZEET 5:

(n_+1')27z+—2) > k=0 Zi+j=k ST, —nl?_ z;:ol ;':c} ST, _nlﬁ‘ i ?=1 STY.
3DDEMKIL, i, j 0[] H5n—1[n] £TOMEL Y, ST HETHNE ST I
WD EWIEKRT, i, IZOVWTHHAEZ LTV, 320X EHRGE, ZOZ L
MBARPSTIHIIZRWT WS Z 2 Bbh b, RO2EEZFELTHL. S TOH
MIZECTHEAINDPHETIIRY. FFEEICBERTAHOBIEI N DA —X—TH 5.

B 6 BBET LIROKER 2B 7. Iteration I/ 5 BEHROEBII n DA - X —ThH 5.
Theorem 7. Let {a,} be a sequence in [0,1] such that
0 < liminf, a, < limsup, a, < 1.

Let C be a compact and convez subset of a Banach space E. Let S and T be nonezpansive
self-mappings on C with ST =TS. Let z, € C and define a sequence {z,} in C by

Tnpr = 230 ST+ 30 STz, + (1 —az)z,  forn e N.
Then {z,} converges strongly to some common fized point z of S and T
EH 6T, {z,} DIREHF] {z,,} 2L VIRER 2 € C LT 5. BRIMOEIL
N? ={(i,j) € N*:4,5 > n}
EUT, ROBRERT Z L THS:
d = lim, sup{||S*T7z — z|| : (3,7) € N2} =0.
FRRIC, BE 7 DBMOENR, {z,} DIREBHH {z,, } PDRFKE% 2/ € C,
K2={(i,j)eN*:i>n, j€{ii+1}}
LT, ROBBRERTZLTH S:
d' = lim, sup{||S*T?2' — 2|| : (i,7) € K2} = 0.
ZHPSNT, FERICARBE R ZRIZ v, BEMICERSDIX, i >4, j> 5o T5HL
|S*T7 2 — SiroTiroz|| < ||S* im0 T =Im0 — |
ETRBI =g =0 —ing ET2NE = fng =1 — ing + 1 LRBREV RN L THS.
EH 7 OFEMHIE, Suzuki DERFRH S, TORELED XS ITHEITZ L WS Z LA fEL

2%, BMOARBEIREDLSRWY, FRMAFSNTU £ X, iteration scheme H3EFIZ
RT3, SEHOLBNEMIZR Y AP T kR3.

EHE 5 R LIROFMER %2187, Tteration 12 5 BEHROEHRIIn DA —X—TH 5.
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Theorem 8. Let a,b € (0,1) with a < b and {a,} be a sequence in [a,b]. Let E be a
uniformly convex Banach space whose dual E* has the Kadec—Klee property. Let C be a
closed and convex subset of E. Let S and T be nonexpansive self-mappings on C with
ST =TS and F(T)NF(S) # ¢. Let 1 € C and define a sequence {z,} in C by

Tppy = —gﬁ—(z:‘;}l ST 4 21—0 STz, + (1 — a,)z, for n € N.

Then {z,} converges weakly to some common fized point z of S and T.

RIZERT 5720, ROEBE2HFEHL X 5:

K(n) = = Tig Ti0 S'T9,  M(n) = 5-(Xi5 ST + i, S'THY).

EH 5 DREDT T, {||zn — ul|} UKL, lim, || K(n)z, — z,|| =0 £ 725 Z LA
Bitgohd. L, ue FT)NF(S) &7 3.

{z,} DPREDF {z,, } Z L DINEEZE 2 € C LT 5. BROEIX

limy | TK (ng)Zn, — K(n)Zn, || =0,
limg ||SK () zn, — K(nk)Zn, || = 0.

ZRT T L TH5. Atsushiba—Takahashi DFAIL, FHIZRFERVOPLRVWHEDTH
D, K(n) OXFEDRERIZARBERIZFNT WS L SIZE XS, LHLERS, i, ORFR
ERUIZ, ZOMAFE»SEE 82/ I LIBELWEE XL,

D1, RINTRERAFEEZAAD I LIZU. BH8TH, uc F(T)NF(S) ¥
g, {|lz, — ul|} PR, lim, |M ()2, — 2, =0 L7222 Z EHBRFILB/BOLNS.

{2} DURESH I {2, ) DINERIEE 2 € C L5 5. BROEIXIEITARTH 5,
(1) limy, || STM (ng)Zp, — M(ng)Zn, || = 0.
B, BLHIONAZRD 2 ODFEN S, FLALBRZLIIBONS.
Lemma 9. Let C be a bounded closed and convex subset of a uniformly conver Banach
space E. Let T be a nonexpansive self-mapping on C. Then, for any € > 0, there exists
d > 0 such that, for any c € [0,1],

[T(cx+ (1 —c)y) = (cz+ (1 —-chy)l <e

ifx,y € C satisfy | Tz — z|| < é and ||Ty — y|| < 4.

Lemma 10. Let C be a bounded closed and convex subset of a uniformly convex Banach
space E. Let N(C) be the set of all nonexpansive self—mappings on C. Then,

limy, ;00 SUP,ec, TeN(C) { || T( Z?_ol T'z ) P ) sz " } 0.

78 101X Bruck 3] I X 2 EALFHETH 5. {ko)ﬁﬁli Zalinescu [24] IZHIR L, Z
NeECRISNTVS (Xu 23] bBH). BRI, g 2 BRI ENEZ L ERT S
25, SRR % 1 RIFTT 5 BT S A\, MBI EERE X Prus [15] % 7 14 [8] % 5 &.

Lemma 11. Let E be a uniformly convex Banach space. Then, for r > 0, there exists a
strictly increasing function g of [0, 2r] into [0, 00) with g(0) = 0 satisfying the following:
For allz,y € rB, t € [0,2r] witht < ||z —y|| and a € [0,1],

laz + (1 = a)y|? < allz|? + (1 — a)||yl|* — a(1 — a)g(?).
Since ||z — y|| < ||z — yl|| for z,y € rB, we can replace g(t) by g(||lz — yl|)-
ZDFETRFEVEEVLECDOT, BRICEINIROFBEEHEHT 3.
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Lemma 12. Let C be a subset of a uniformly convex Banach space E. Assume that
C C rB. Then, there exists a strictly increasing function f of [0,2r] into [0,00) with
£(0) = 0 satisfying the following: For any quasi-nonezpansive mapping T of C into B,
a,be0,1], zeC, w=aTz+ (1 —a)z andv € F(T),

lw =]l < [l —vll — a(1 - a) f(2)

holds if t < || Tz — z|| for some t € [0,2r]. We note that, in this inequality, we can
replace f(t) by f(|| Tz — z||) since | Tz —z|| < ||Tz —z| forz €C.

SADTRIIBETH B H, 2 OMHELEE 8 O iteration IHEHT 3 &,
(ii) lim, | ST, — z,| = 0, lim, |T(S"Tiz,) — STirg,| = 0.

7SI (i) C N OBFERIHETE 5.

(@) ZRUTULERE, EHEE2BAZILIIAGTHS. 2L, HENHRAX
N3, ROEER2OOFENBETH 5. i 13 I the Browder demiclosed principle
EIEEND. #HRE 14 13 Reich OFERE [16] DHIRTH 5.

Lemma 13. Let C be a bounded, closed and convex subset of a uniformly convex Banach
space E. Let T be a nonexpansive self-mapping on C. Suppose {u,} is a sequence in
C which converges weakly to u and lim,, | Tu, — u,|| = 0. Then, u € F(T).

Lemma 14. Let E be a uniformly convex Banach space such that E* has the Kadec—
Klee property. Let C be a conver subset of E. Let {T,} be a sequence of nonexpansive
self-mappings on C with N, F(T,) # ¢. Let u; € C and {u,} be a sequence defined by

Upyr = Dptp = TpTh1 - - - Thuy for ne€ N.

Let {un,} and {un,} be subsequences of {u} which converge weakly to v,w € N, F(T,),
respectively. Then v = w.

IR U2V D OEDIEHIZOWTI, BIZXIE 8] 22X iz,
3. APPENDIX

FE 123 ME 1L SHBRICEIMMER L BbNE D, EHZINZRZZ ARV,
EHKRBEHENRE LT, ZORARZ 1257 TBZS.

For reference. Let E be a uniformly convexr Banach space whose dual E* has the
Kadec—Klee property. Let C be a bounded closed and conver subset of E. Let {T;}r ,
be a finite family of nonexpansive self-mappings on C with a common fixed point. Let
u € C and define a sequence {u,} in C by

Unil = o Ele Titn + 3Un for neN.
Then, {u,} converges weakly to a common fized point of {T;}5 ;.
neNIZXiZ, SERDRIZEHT 5.
Sz=43F Tz+iz for z€C.

ZDLE N F(T) = F(S) & tnyr = S"™uy REBTHS. vent F(T,) £ UFE 12
D f &> TROBEBRDPEZ OIS,

[tnr = vl < 2305 113 (Titn — ) + 3 (un — )|
< ”Un_””_iZfﬂf(”T;un_un”) for neN.
R T, {lun — v]|} BIR L, IROBURLKRILT 5 Z & D3 5.
Iyt I Tun = all) < llun — o] = fltngs —v]|  for neN.



ZORY fOMEMRS, i 212, lim, [T — un]] = 0 2185,

{un} ZERTH LR OT[PORT 2HATNERD. {u,,} 255 2 € CIZHIURT 5845
Fleds. ZoeE lim,||Tiu, —un| =0 & Browder D& 1312 & > T, z € Nk F(T;)
B3 rs. HEo T, AROFIRT 23 7EFBRE NE_ F(T;) = F(S) OHIZRED.
PR U7z Reich DREE 1412 &> T, ZTNSOHBRIZ 1 HE 2 5.

ZZETORBMIZLST, {u,} BED 2z € N F(T) ICBPRT 22 LMW 0h 5. &K
EOBMEEET 27017, FETRH DY, CICHEFRMEEKEL .
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