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On the zeros of the derivatives of the Riemann zeta function
under the Riemann hypothesis
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Abstract

The number of zeros and the distribution of the real part of non-real zeros of the
derivatives of the Riemann zeta function have been investigated by Berndt, Levin-
son, Montgomery, and Akatsuka. Berndt, Levinson, and Montgomery investigated
the general case, meanwhile Akatsuka gave sharper estimates for the first derivative
of the Riemann zeta function under the truth of the Riemann hypothesis. In this re-
port, we introduce a generalization of the results of Akatsuka to the k-th derivative
(for positive integer k) of the Riemann zeta function.

1 Introduction

Zeros of the derivatives of the Riemann zeta function {(s) have been studied for
about 80 years. In 1935, Speiser [Spe| showed that the Riemann hypothesis is equivalent
to the first derivative of the Riemann zeta function ¢’(s) having no non-real zeros in
Re(s) < 1/2. This result is a breakthrough in the study of zeros of the Riemann zeta
function. Following the work of Speiser, Spira [Spi65, Spi70] studied the zero-free regions
of higher order derivatives of the Riemann zeta function, we write (*)(s) to denote the k-
th derivative of the Riemann zeta function for positive integers k. These results encourage
further study in the zeros of ((*)(s). For example, in 1970, Berndt [Ber] investigated the
number of zeros of (*)(s). He [Ber, Theorem] proved that for any positive integer k,

N, (T) = % logZT; - —27—; +O(logT) (1.1)
holds, where N, (T) denotes the number of zeros of (*)(s) with 0 < Im(s) < 7', counted
with multiplicity. Furthermore, in 1973, Spira [Spi73] also studied the relation between
the zeros of (’(s) and the Riemann hypothesis. In 1974, Levinson and Montgomery
[LM] studied many properties related to the distribution of zeros of (¥ (s), including the
location of zeros. They [LM, Theorem 10] also showed that for any positive integer &,

1 kT T 1 /1
Z (ﬂ(k)—ﬁ) :2—loglog2—+2— <§log2—kloglog2)T
o) = BR) iy () T T T

(® (p)=0,0<yM<T
— kLi el + O(logT)
27 8
(1.2)
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holds, where the sum is counted with multiplicity and
Todt

Li = —
i(z) 5 logt

The above estimate shows how the real parts of non-real zeros of (*)(s) are distributed
around the critical line Re(s) = 1/2. The zeros of (*)(s) near the critical line were then
studied further by Conrey and Ghosh [CG] in 1989.

In 1996, Yildirim [Yil96, Yil00] investigated non-real zeros of ("(s) and ¢(s) in the
region to the left of the critical line, that is in the region Re(s) < 1/2. He succeeded in
showing that the Riemann hypothesis implies that (”(s) and ¢"’(s) each has only one pair
of non-real zeros in Re(s) < 1/2. Unfortunately, results analogous to Speiser’s [Spe] were
not obtained. Currently, no results similar to Speiser’s [Spe] are known for higher order
derivatives.

In 2012, Akatsuka [Aka, Theorems 1 and 3] improved each of the error term of the
results obtained by Berndt and by Levinson and Montgomery mentioned above (eq. (1.1)
and (1.2)) for the case k = 1 under the assumption of the truth of the Riemann hypothesis.
He showed that

1\ T T 1 /1
'_2) = Zloglog — + — [ =log2 —loglog?2 | T
Z (ﬂ 2) o 0g0g27r+27r(2 08 Ogog)
p'=p+iy,
{'(p')=0,0<v'<T

~Li (%) + O((loglog T)?)

and T T T logT
og
N(T)=—log— - —+ 0| ———5
(7 o C4r  on ((loglogT)l/Q)
hold if the Riemann hypothesis is true. In this report, we are interested in investigating
Akatsuka’s method in the case when k£ > 2.

2 Some notation and main results

Before we introduce our results, we define some notation.

In this report we denote by R and C the set of all real numbers and the set of all
complex numbers, respectively. Throughout this report, the letter & is used as a fixed
positive integer, unless otherwise specified. For convenience, we let p®) = B 4y k)
represent non-real zeros of (*)(s).

Each of the following results introduced in this report is a generalization of Theorem 1,
Corollary 2, and Theorem 3 of [Aka], respectively. Note that each sum counts the non-real
zeros of () (s) with multiplicity and that Oy denotes the error terms which depend only
on k.

Theorem 1. Assume that the Riemann hypothesis is true. Then for any T > 4w, we
have

1\ kT T 1 /1
®_2) =5 joglog — + — [ =log2 — kloglog2 | T
S (89-3) = o twton 5+ 5 (51082 - hlostos

p(R)=B(k) 1 iy(k)
0<y®<T
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— kLi (—2—2) + Ox((loglog T)?).

Corollary 2. (Cf. [LM, Theorem 8].) Assume that the Riemann hypothesis is true. Then
Jor 0 < U < T (where T is restricted to satisfy T > 4w ), we have

1\ kU T 11
® 2} = % joglog = + — [ = log2 — kloglog2 | U
> (ﬁ 2) o %5 T on (2 oBe T osTos

) =B iy ()
T<y®<T+U

U? 9
0 (TlogT) + Ok ((loglog T)%).

Here the error term O (Tg ZT) holds uniformly, in other words, it does not depend on

any parameters.
Theorem 3. Assume that the Riemann hypothesis is true. Then for T > 2, we have
T T T logT
Ne(T) = —log— — — + Op | ————75
K1) or B4 o Tk ((loglogT)1/2) ’
where Ni(T') is as defined in equation (1.1).
We write Re(s) and Im(s) (for any s € C) as o and ¢ respectively. We abbreviate

the Riemann hypothesis as RH, and finally, we define two functions F(s) and Gi(s), as
follows:

F(s) == 2°7* ' sin (%)F(l —5), Gi(s) = (=1)F

By the above definition of F'(s), we can check easily that the functional equation for {(s)
states

((s) = F(s)C(1 = s).

3 Sketch of proofs

In this report, we mainly give only sketch of the proofs. Refer to the original paper
[Sur] for the details.

3.1 Key lemmas

We first introduce a few lemmas and propositions which are analogues of those in

[Aka).

Lemma 3.1. There exists an a, > 10 such that

G -11< 5 (5) ”

N =

holds for any o > ay.
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Proof. See [LM, inequality (3.2) (p. 54)]. O

Lemma 3.2. There exists a o, < —1 such that

k ‘ )
> ()t m=Fa-a <z

= M ka—:) (s) €

holds in the region o < g, t > 2.

Proof. (Sketch)
We begin by estimating
Fk)
T8 =12 k)
in the region o < 1,¢ > 2. Using methods similar to [LM, pp. 54-55], we can show that
for any positive integer k, we can take oy, < —1 sufficiently small (i.e. sufficiently large
in the negative direction) so that for any s with ¢ < oy, and ¢t > 2, we have

F) 1
‘W(S) splog(1—0a)). (3.1)
Next we estimate
C(]) _
R 2—(1-s) (j=1,2,---,k).
In the region o < —1,¢ > 2, we can make use of the Dirichlet series of ¢(s) and ¢V)(s) to

obtain

(%)
%(H)‘

J logZJl—J_l—,
( log2J+z _UH(;) . (3.2)

I=

Now combining inequalities (3.1) and (3.2), for o < oy, and ¢ > 2, and noting that for
any positive integer k,

k 7 j—t_gt
2% k 1 (log 2) ( l).
lim —— e log 2) J I =0
Jm 5223 () o ( (og2)+ 0~y ) =

= 1=0
we can find g}, < g3, (< —1) such that

k

2% k 10g2 (log 25t
—_— <
2 Z ( ) (log(l — o)) ( (log 2)’ +Z (—o)tt <1

6 j=1
holds for any ¢ < oy. This implies our lemma. O
Now we fix the above a; and o}, to show the following lemma.

Lemma 3.3. Assume RH. Then there ezists a ty > max{a}, —op} such that the following
conditions are satisfied:
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1. For any s satisfying o, <o <1/2 andt >t — 1,

F(k)
— S

>
7|21

holds. Furthermore, we can take a branch of log (F®) /F)(s) in that region such that
it is holomorphic there and

QT F® o/%s
6 <M ()<
holds, where
(on ) = (5,7) if k is odd,
T W (=1,1) if k is even.
2. For any s satisfying o), < o0 <1/2 andt > t, —1,
¢
_C—(S) #0

holds. Furthermore, we can take a branch of log (C*) /¢)(s) in that region such that
it is holomorphic there and

k ) 3k

LIS arg C——(s) < Tﬂ

2 ¢
holds.

3. For all 0 € R, we have

Clo+ity) £ 0, (W (o +ity) # 0.

Proof. (Sketch)

To prove condition 1, we apply Stirling’s formula and methods similar to the proof of
inequality (3.1). We can show that

F®(s) = F(s)(—log (1 — s) + O(1))* (1 +0 ( ! )) (3.3)

|log s|?
holds in the region o, < o < 1/2,¢t > 99. Thus for any integer k > 1, we can take some
ti, > 100 such that

F(k)

—— ()] =1 (3.4)

holds for o, <o <1/2 and ¢t > t;, — 1.

We note from equation (3.3) that (F®/F)(s) = (=1)*(logt)* + O((logt)*~') when
o <o <1/2and t > 99. Consequently, for odd integer k > 1, we can find t, > 100
sufficiently large such that
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holds for o, < 0 < 1/2 and ¢t > t;, — 1. Similarly, when k is even, we can also find
t’,;2 > 100 large enough such that

holds for o, < 0 < 1/2 and t > #] — 1. Since all zeros and poles of F(s) lie on

R, (F®/F)(s) has no poles in ¢ > 0. This along with inequality (3.4) implies that
log (F® /F)(s) is holomorphic in the region with this branch. We set
(5,7), if k is odd,
g, Br) =
(o, Be) {(—1, 1),  if kis even;
and

P 79 if k is odd,
ke ty,  if kis even.

From the above calculations, we find that max {ty,,,,as, —0x} is a candidate for t;.
Thus we have proven that t; > max {a?, —o}} for which condition 1 holds exists. Since
we want t; to also satisfy conditions 2 and 3, we need to examine those conditions to
completely prove the existence of .

To prove condition 2, we first make use of the finiteness of the number of non-real zeros
of ¢U)(s) in the region o < 1/2 under RH for any positive integer j (cf. [LM, Corollary
of Theorem 7 (p. 51)]) to find some tx, such that for all j =1,2,--- , k, we have

(D(s) #£0 (3.5)

in the region 0 < 1/2,¢ > tg, — 1.
Next we show that we can take a branch of log (¢*)/¢)(s) in the region o < 0 <
1/2,t > tg, — 1 for some t;, > 100, so that it is holomorphic there and

km ¢ 3km

holds there by making use of the following inequality

¢ 2
Re (5(9)) < —2loglsl + 0. (1)

which holds for any j = 1,2,--+ ,k when o, < 0 < 1/2 and ¢ > ¢, — 1 (see [LM, pp.
64-65]). We omit details of the proof here.
We then have max {t,, tk,, trs, tks, @3, —0x } as a candidate for t.

Now we set tks = max {tkl, tkz, tkg) tk4, a%, —O’k}.
e Since we are assuming RH, ((o +4t) # 0 for any ¢ > 0 if 0 # 1/2.

e According to [Spi65, Table 1 (p. 678) and Theorem 1], for any positive integer k,

we have
(W +it)£0 (0 >Tk/4+2,t €R).
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e Since ty, > ty,, from (3.5), we have (®) (o + it) # 0 for 0 < 1/2 and t > ty,.
Hence, for any positive integer k, we only need to find ¢y € [ty + 1, + 2] for which

C(1/2+it) #0  and  (W(o+ity) #0 for 1/2 <o < Tk/4+2

hold.
Thus, we have shown that ¢, defined above satisfies ¢ > max {a3, —0y} and also
conditions 1 to 3. (|

We now fix ag, oy, and t; which satisfy Lemmas 3.1, 3.2, and 3.3.

Now we give two bounds for — arg {(o + ¢T") +arg Gi(o + iT"). We use methods similar
to [Aka, Lemmas 2.3, 2.4, 2.6]. We take the logarithmic branches of log {(s) and log Gx(s)
such that they tend to 0 as ¢ — oo and are holomorphic in C\{p+A | {(p) = 0 or 00, A <
0} and C\{p® + X | ¢®(p*)) = 0 or 0o, A < 0}, respectively. We write

—arg((o +iT) + arg Gy (o +iT) = arg %(a +4T),

where the argument on the right hand side is determined so that log (Gy/¢)(s) tends to
0 as o — oo and is holomorphic in C\{z + X | ((®/¢)(2) = 0 or oo, A < 0}.

Lemma 3.4. Assume RH and let T > ti. Then for any ey > 0 satisfying ey < (2logT) ™!
(since T >t > 100, ¢g < 1/8), we have for 1/2+ ¢y < 0 < ay,

G, . log %%
arg Tk(a +4T) = Og, 1, (-a——li_eo
2

We omit the proof of the above lemma (refer to [Sur, Lemma 2.3]).

Lemma 3.5. Assume RH and let A > 2 be fized. Then there exists a constant Cy > 0
such that ( )2(1 )
. log T)*\'—7
k 1/10
|C( )(O"f—lt)} < exp (CO (W + (IOgT) / ))
holds for T > t, T/2 <t < 2T, 1/2 — (loglogT)™! <o < A.
Proof. Referring to [Tit, (14.14.2), (14.14.5) and the first equation on p. 384], we can

show that 21e)
) logT)** 7
I¢(o +it)] < exp (Cl (%) + (IOgT)l/w> (3.6)

holds for 1/2 — 2(loglogT)™' <o < A+ 1, T/3 <t < 3T for some constant C; > 0 (cf.
[Aka, pp. 2251-2252]).
Applying Cauchy’s integral formula, we see that

C(k)(s)——%/l_l_ (Z—E(z))THdz for 0<e<1/2

holds in the region defined by 1/2 — (loglogT)™! < ¢ < A and T/2 < t < 2T. Applying
inequality (3.6) and by taking e = (2(loglog T)*/*)~! (< 1/2), we obtain Lemma 3.5. O
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Lemma 3.6. Assume RH and let T > t,. Then for any 1/2 < o < 3/4, we have

(log T)*1=2) )

arg Gi(o +4T) = Ou, <(log log T)1/?

Proof. The proof proceeds in the same way as the proof of Lemma 2.4 of [Aka]. Refer to
[Aka, pp. 2252-2253] for the detailed proof and use Lemma 3.5 above in place of Lemma
2.6 of [Akal. O

Remark 1. The restrictions of the lower bound of T we gave in Lemmas 3.4, 3.5, and
3.6 are not essential, but they are sufficient for our needs.

3.2 Proof of Theorem 1
The following proposition gives the main term of Theorem 1.

Proposition 3.7. Assume RH. Take ay, and ty which satisfy Lemmas 3.1 and 3.3 respec-
tively. Then for T > t), which satisfies (¥ (o +iT) # 0 and ((o +4T) # 0 for any o € R,
we have

1 kT T 1 /(1 T
®) _ — ) = 2 loglog— + — ( =log2 — kloglog?2 | T — kLi | —
2 (ﬂ 2) o 808 o T on (2 °8 8108 "\or

pB) =g (k) iy (F)
o<y <T

1 [

— (—arg((o +1T) + arg Gi(0 + iT)) do + O(1),
2 1/2

where the logarithmic branches are taken as in Section 3.1 (see the paragraph preceding
Lemma 3.4).

We omit the proof (refer to [Sur, Proposition 2.2]). The proof of Theorem 1 is done

as follows.
First of all, we consider for T' > t;, which satisfies () (o + iT) # 0 and (o +iT) # 0
for any o € R. From Lemma 3.4, we have

logT

ag G Ak ].O ] T 1
/ arg —= (o + iT)do Lot / —gle—oda <, log B log =
1/2+2¢0 ¢ 1/242¢0 0 — 5 — €0 €o €0
Next, from Lemma 3.6,
(log T)2(1—cr)

arg Gi(o +14T) = O,, ( ) for 1/2<0<3/4

(loglog T')'/?
and from equation (2.23) of [Aka, p. 2251] (cf. [Tit, equations (14.14.3) and (14.14.5)]),
RH implies that
) (log T)2(1—~a)
Ty =0 (Y% __
arg((o +iT) =0 < loglog T
holds uniformly for 1/2 < ¢ < 3/4. Thus,

Ve Gy log T
ZE (g 4+ iT)do <y ——8 ¢,
/1/2 arg (0 +iD)0 o, o tog T
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Now we take €9 = (41ogT)™! (< (2logT)™'), then we have
aj Gk ) 9
arg — (0 +iT)do <, 1, (loglogT)*.
1/2 ¢
Applying this to Proposition 3.7 and noting that a; and ¢;, are fixed constants that depend
only on k, we have

1 kT T 1 /1 T
E( B _Z) =22 —r— = — k1 2T — kLi [ —
(’B 2) 27 0 log 27 + 27 (210g2 kloglog ) ! 27

PR =g ) iy ()
o<y <T

+ Ox((loglog T)?).
(3.7)
For 4 < T < t;, we are adding some finite number of terms which depend on %, and

thus depend only on k so this can be included in the error term.
For T > t;, such that (®¥)(¢ +iT) = 0 or {(o + ¢T) = 0 for some o € R, there is some

increment in the value of .
(k) _ =
> (-3)

o) =) 4 i (8),
o<y <T

= ()

pF) =g k) iy(k) |
~)=T

We estimate this and show that this can be included in the error term of equation (3.7).
We start by taking a small 0 < € < 1 such that () (g +i(T=+¢)) # 0 and (o +i(T+e)) # 0
for any o € R. According to equation (3.7),

1 k(T £ T+ 1 /1
Z (B(k)—5> :(2—6)loglog2—€+2—(ilogQ—kloglogQ) (T +¢)
P =) iy () 4 4 T

0<y ) <T+e

as much as

T+
— kLi (—E> + Ox((loglog T)?).
2m
Thus,

1 k T 1
Z g — 5) = ;6 log log 5 —I—% (5 log 2 — kloglog 2) + Ox((loglog T)?)

pR) =g k) i (k)|
T—e<y®) <Tte

= O((loglog T)?).
This implies
> gH — %) = Ok((loglog T)?).

pF)=pk) iy (k)|
y® =T

Therefore, this increment can also be included in the error term and the proof is complete.
O
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3.3 Proof of Corollary 2

This is an immediate consequence of Theorem 1. See [LM, p. 58 (the ending part of
Section 3)]. O

3.4 Proof of Theorem 3

Finally, we give the proof of Theorem 3. We first introduce the following proposition
which give the main term of our estimate.

Proposition 3.8. Assume RH. Take ty, which satisfies all conditions of Lemma 3.5. Then
for T > 2 which satisfies ((o +iT) # 0 and (¥ (o +iT) # 0 for all 0 € R, we have

T T T 1

1 1 1
N(T) o log yrw + - arg Gy, (2 —HT) + 27 arg ¢ (2 -HT) + Ox(1),

where the arguments are determined as in Proposition 8.7.

We omit the proof (refer to [Sur, Proposition 3.1]). The proof of Theorem 3 is as

follows.
Firstly we consider for 7' > 2 which satisfies (*)(o +4T) # 0 and (o + iT) # 0 for
any 0 € R. By Lemma 3.6,

1 logT
s (5:+17) =0n (i)

and again from equation (2.23) of [Aka, p. 2251], we have

Lo\ logT
arg( <5 —HT) =0 <1oglogT> .

Substituting these into Proposition 3.8, we obtain

T T T logT
No(T) = —log— — — 4+ 0 [ —2~___) .
H(T) on B T 2m k((loglogT)‘”)

Next, if ((0+4T) = 0 or (¥ (0 +4T) = 0 for some 0 € R (T > 2), then again we take
asmall 0 < e < 1 such that () (o +i(T'+¢€)) # 0 and ((6 +i(T+¢€)) # 0 for any o € R as
in the proof of Theorem 1. Then similarly, we can show that the increment of the value
of Ni(T) can be included in the error term of the above equation which completes the
proof. O
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