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Apparent parameter technique
and vanishing of cohomology groups with Whitney
holomorphic functions

By

Naofumi HONDA *

Abstract

We extend apparent parameter technique introduced in [2] to the case of Whitney holo-
morphic functions and give its application.

§1. Introduction

In the paper T. Aoki, N. Honda and S. Yamazaki [2], we have established compat-
ibility of composition of analytic pseudodifferential operators &%, which is defined in
two ways; one comes from Leibniz’s rule in the symbol theory of £}§ as in [1] and the
other is given by the cohomological residue map, for example, as in [7]. It was a long-
standing issue to show the compatibility of both the definitions and it has been done in
[2] by employing, so called, an apparent parameter technique. This technique is based
on Theorem 2.3 in Section 2 (see also Proposition 1.3 in [7]) which establishes, roughly
speaking, a certain isomorphism between a local cohomology groups with coeflicients
in holomorphic functions and the corresponding ones on the space equipped with an
apparent parameter.

The theorem is not only a crucial key in showing the compatibility but also a useful
tool for several applications. In this paper, as another application of the theorem, we
extend it to the case of Whitney holomorphic functions, and then, show that some
difficulty observed in a Cech representation of holomorphic microfunctions of Whitney
class is overcome by introducing an apparent parameter thanks to the theorem. The
details and proofs of this note are given in our forthcoming paper.
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§2. Local cohomology groups on a vector space

Let X = R™ and let Z be a closed subset in X. Let us consider a continuous
deformation mapping ¢(z,s): X x [0,1] — X which satisfies the following conditions
Al., A2. and A3.:

Al. ¢(z,1) =z for any z € X and ¢(z,s) = z for any z € Z.
A2. o(p(z,s),0) =¢(z,0) for any s € [0,1] and z € X.
A3. Set

(2.1) pe(,8) = lo(z,s) — ¢(x,0)].

Then p,(z,s) is a strictly increasing function of s outside Z, i.e., if 5; < sy, we
have p,,(z, 1) < p,(z,8;) for any z € X \ Z.

Define, for short,
(22) po(®) = p, (1) = |z - o(a,0),
and call it the level function of .
Example 2.1. Let X = C? with (21, 22) and Z = {2; = 0}. Define
(2.3) o(z;8) = (821, 22).
Then clearly (2, s) satisfies the above conditions.
Set, for some 0 < a < 7 and r > 0,
(2.4)  1" :={n€eC;largn|<a,0< |n| <1}

and X := X x C, with coordinates (z,77). We denote by m, the canonical projection
X — X defined by (z,m) — z. Let G C X be a closed subset and U C X an open
subset. For g > 0, we define the subsets G and U in X as follows:

G = {(p(z,5),m) € X xT; p,(z) < oln], 0< s < 1, z € G}
(2.5) = U {(e(e,s),n) € X xT; p,(2) < oln|, = € G},

0<s<1

U:={(z,n) € X xT;z €U, p,(x) < elnl}.

Note that G N T is a closed subset in /.



12

APPARENT PARAMETER TECHNIQUE IN WHITNEY CASE

Example 2.2. Let X = C? with (21, 22) and let us consider thie mapping ¢(z, s) :=
(s21,22) where Z = {21 = 0}. Let G = {(21, 22); 0%|22| < |21]} for ¢ > 0. By noticing

po(2) = lp(2,1) — ¢(2,0)| = |2,
we have
G:= |J {(o(z9),m) € X; p,(2) < elnl, z € G}

0<s<1

= U {(s21,22,m) € C* x T |z1] < olnl, 0%|22] < |21}
0<s<1

= {(21,22,m) € C* x T; | 21| < 2lnl, o|22| < nl}
={(z1,m) € CxT5 |an| < olnl} x {(22,m) € CXT; |z2| < 07|}
n

Since 7, }(G) N U is a closed subset in G N U and U is an open subset in 7N (U),

the canonical morphism F — R, 7, F induces
(26)  RIgny(U; F) — BE, 10 (m, ' (U); ' F) — RIg5U;m,'F).
We are now ready to state the theorem:

Theorem 2.3 (Propostion 1.3 [7]). Let F be a complex of Abelian sheaves on X.
Assume that U satisfies sup p‘p(a:) < gr. Then the above canonical morphism

zeU

2.7) RIGny(U; F) — Tgop(Usny 'F)
is isomorphic.

Now we extend the above theorem to the case of Whitney holomorphic functions.
We consider the following situation: Let X = C® = R?" with the complex coordinates
(z) = (z1,...,2Zn), and let Z be a closed subanalytic subset in X. Set

(2.8) F:={neC;largn| <a,|n<r}cC

for some 0 < a < 7 and r > 0. Define X := X x C, with complex coordinates (z,7)
and the canonical projection 7y, : X — X in the same way as those at the beginning of
this section. Let ¢(z,s): X x [0,1] — X be a continuous deformation mapping which
satisfies the conditions Al., A2. and A3. introduced already and the following additional
one:

A4. The ¢ is a C* subanalytic map and it satisfies

(2.9) rankg (dgenx(0,1) @) =21 on (X \ Z) x (0,1)
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and

(2.10) dgan p¢|AdRM=0 #0 on(X\Z)x(0,1).

Here dgany(o,1) and dgz» denote the differentials with respect to the real coordi-
nate variables (Rez, Imz, s) and (Rez, Imx) respectively, and p,, is regarded as a
function on X x (0,1), i.e., p,, is independent of the variable s.

‘Let V be an open subanalytic subset and K a compact subanalytic subset. Set, for
o> 0,

V= {(p(x,5),n) € X; |pp(a)| < olnl, 0< s <1,z €V},
(2.11)
K = {(z,n) € K xT; |p,(z)| < olnl}.

Note that ¥ and K are subanalytic subsets and VNKisan open subset in K. Set
(2.12) D :=0(X,Dg) and M:=Dy/Ded,,

where D denotes the sheaf of linear analytic differential operators on X. In what

follows, we extensively use the theory of Whitney tensor product e % Ox and that of
sheaves on subanalytic sites, in particular, the sheaf OE{M of temperate holomorphic
functions and OY_ of Whitney holomorphic functions on the subanalytic site Xs,. For
these notions, refer the readers to [3], [4] and [5]. Now we can state the counterpart of
the previous theorem:

Theorem 2.4. Assume the condition sup p,(z) < or. Then we have the canonical
z€EK

isomorphism in D*(C)

RT (X, Cvrx & Ox) = RHomo (9, RT (X, Cprz & 05)) .

§3. Application to holomorphic microfunction of Whitney class

In this section, we give an application of Theorem 2.4 to a Cech representation of
holomorphic microfunctions of Whitney class. .

A holomorphic microfunction in the complex domain is a counterpart of a well-
known Sato’s microfunction in the real domain. Let X = C™ with complex coordinates
(2) = (#/,2") and Y a closed complex submanifold with its complex codimension d > 0.
We assume Y to be defined by {2’ = 0}. We denote by T3 X the conormal bundle of
Y. Then the sheaf %”}}I x of holomorphic microfunctions on 7y X is defined by

(3.1) Gy x =y (Ox)[d),
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where py () is the microlocalization functor along Y (see [7]). We can also obtain the
sheaf %;l’tl,;f of temperate holomorphic microfunctions and the sheaf %”'}n}& of holomorphic
microfunctions of Whitney class by replacing the sheaf Ox with O%_ and O%,_in (3.1)
respectively, see [6] for details.

Let p := (0; dz1) € Ty X. Then it follows from a fiber formula of microlocalization
that a stalk of 5@‘] x at p is defined by

(32) (531){,,, = lim HE (U; Ox),
UG
where U is an open neighborhood of the origin in X and G has a form G’ x C*~¢ C
C? x C"~¢ = C" with G’ being a closed conic cone in C? containing the vector dz; =
(1,0,...,0). That is, G is a closed wedge whose edge is Y.
Similarly, a stalk of %3'; is

(3.3) GHx , = lim H' (X; Cyy iy ® Ox)),
U,w

where U is a subanalytic open neighborhood of the origin in X and W has a form
W' x C*=?¢ c C% x C"~?¢ = C" with W’ being a subanalytic open conic cone in C¢
containing the vector dz;. That is, ) is an open wedge whose edge is Y.

One of reasons why these objects seem interesting and important in analysis is that
a section of, for example, %”}DEI x is given by a boundary value of a holomorphic function
locally defined on a cone along Y, which can be seen through Cech representation of
local cohomology groups. As a matter of fact, let us consider the following simple case:
Let X = C? with coordinates (z;,22) and Y = {0}. Define open subsets, for ¢ > 0,

U={lzl <e},

(3.4) S ={z€eU;|largz; — | <7/2 + ¢},
V={z€U;|xn|<E¢€l|}

where |z| = max{|z1], |22|}. Then a pair {{U, S, V}, {S,V}} becomes a covering of the

pair {U, U/G} in (3.2). Clearly U, S and V are Stein open subsets, and hence, the
higher cohomology groups of Ox on these open subsets vanish, i.e.,

(3.5) HF (U; Ox) = H* (V; Ox) =HF (5; Ox) =0 (k#0).
Therefore, by the theory of Cech cohomology groups, we have obtained

(36) Tx , = lim Ox(SNV)/(0x(S) + Ox(V)).

>0

As a conclusion, a holomorphic microfunction at p is represented by a boundary value
of a holomorphic function defined on a cone SN V.
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Now let us define, for a subanalytic open subset 2 in X,
(3.7) OT(Q) := HY (O 0%..) ={f € Ox(9); f has a temperate growth along 9Q}.
Since the higher cohomology groups of O%  on U, S and V still vanish, i.e.,
(3.8) H* (U; 0%,.) =HF (V; 0% ) =HF (S; 0%_) =0 (k#0),
by the same argument as that for %’,"}l x> We also have

(3.9) Cyix , = lim OT(SNV)/(OT(8) + OT(V)).

>0

Hence we can see that a temperate holomorphic microfunction at p is a holomorphic
microfunction whose representative has a temperate growth along boundary of SNV.

We now expect a similar fact that %gi; has the same kind of representation as that

for ‘f}}l x Of ‘fgl’fx Let us define, for a subanalytic open subset Q,
(3.10)
ow(Q) := H(X; Cﬁé Ox) = {f € Ox(Q); f extends to X as a C* function}.

Contrary to the case for either Ox or (’)E(M, we cannot show vanishing of higher coho-
mology groups for Whitney holomorphic functions on the Stein open subset V. In fact,
we have the following lemma.

Lemma 3.1. We have
Hl(X; Cy® Ox) #0.
Furthermore, we also have
HY(V; 0%..) #0.

Hence we can no longer expect a formula like

‘5:]51‘;,,, = h_r% OW(SNV)/(OW(S) + OW(V))
€>
because {{U,5,V}, {S,V}} is not a relative Leray covering of the pair {U, U/W} in
(3.3) with respect to the functor RI'(X; C(s) ®0 x) as the above lemma shows.

To overcome difficulty mentioned above, by the aide of Theorem 2.4, we consider the
representation of ‘55,’; with an apparent parameter in the following way: We consider
the problem in the original geometrical situation, that is, X = C*, Y = C*» ¢ =
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{(#',2"); ' = 0} and p = (0; dz1). It follows from (3.3) and Theorem 2.4 (V and K in
the theorem correspond to WE and ﬁe in the equation below, respectively) that we have

(3.11) Gix 1_n§ {u € H(X; Cy, |5 ® Og); Oyu =»o},
>
where
(312) Ue = {(2,n) € X xT; || < ell, |2] <¢, Inl < ¢}
and
(3.13) W, .= {(z,m) € X; |argz| < 7/2 — €, elzk] < In| (k = 2,...,d)}.

Set U := U, for simplicity and
v .= {z € U; |argz — 7| < /2 + €},
(3.14)
VW =z eU; In| <elml} (2<k<a)
We also set, for a non-empty subset « in {1,2,...,d},
Ve = (VK.
kea

Then, since we have

W.nTe=(T\VO)n---n (T\ V@)

and since Cﬁ\v(k> is isomorphic to the complex
% 0— C— — (C‘A/(k) 0,
we have isomorphisms
(3.15)
~0— CE — #g}_l(cv(a) #39:2((:—‘7(0‘) — e #SB dCV(a) — 0.

The subset V(@ appearing in the above sequence is Stein, which also enjoys the following
good property for O;"?:
Lemma 3.2. We have
HE(X; C5® Og) = H’“(X Coe

o ®0g)=0  (k#0)

for any non-empty subset o in {1,...,d}.
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We put (3.15) into (3.11), and then, take its d-th cohomology group, by noticing the
above lemma, we finally obtain the following representation:

Proposition 3.3. We have

. OW (V™)
3.16 R —lim {ue ~——; Ou=20
( ) le,p ;6 @ OW(V(Q)) n
j #a=d—1

Here the set OW(Q) of Whitney holomorphic functions is defined in the same way as
that in (3.10), that is, for a subanalytic open subset 2 C X,
(3.17) :

oW (Q) := H(X; Cq %Oi) = {f € 0%(Q); f extends to X as a C* function},

and VO =V n...AV@D je.,

|argzy — 7| < 7w/2+¢, |21| < elnl}

3.18 ‘7(*)= zZ,M GXXF;
19 {( : nl < elzx| <€ (k=2,...,d)

As a consequence, we see that a holomorphic microfunction of Whitney class at p
is represented by a holomorphic function with an apparent parameter on the cone v
which extends to X as a C* function and which is cohomologically independent of the
variable 7, that is, its 7 derivative becomes zero as a cohomology class.
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