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Abstract. The k-product range of a complex matrix A is defined as the set of
the products of any & diagonal entry of A under unitary similarities. For k = 2,
the k-product range of a normal matrix A is convex if the eigenvalues of A form
an acute-angled or right-angled triangle.

1. Introduction

Let A be an n x n complex matrix. For any integer k with 1 < k < n, the k-product
range of A is defined as

k
W(A) = {H(UAU*)u : U is a unitary matrix } . (1.1)

=1
When k equals 1, the product range is the classical numerical range of A
W(A)={2"Az:2 € C", z*z = 1}.

Hence WX(A) is one of a generalized numerical range. We refer the reader to [3] for
fundamental properties of the numerical ranges.

Especially, when A is a normal matriz which means A commutes with its conjugate
transpose, we have W(A) = Conv(c(A)) where Conv and ¢(A) are the convex hull and
the spectrum of A, respectively. In this article, we will concern the convexity of the
k-product range of any 3 x 3 normal matrix. The details of our results, see [5].

The concept of product ranges was introduced firstly by Marvin Marcus [6] in
1973. Bebiano, Li and Providéncia [1] investigated some geometrical properties, such as

83



convexity, star-shapedness and simply connectedness of W{I(A) in 1993. In particular,
they have shown that W (A) is not generally simply connected when A is an n x n
normal matrix with n > 4. In addition, they also gave an example which shows that
W1 A) is not convex when A4 is a 3 x 3 normal matrix. Hence W{(A) is not necessary
convex in general even when A is normal. However, for the 2-by-2 case, Hu and Tam
[4] have shown that W}I(A) is a line segment if and only if A is normal. In the case
n = 2, every doubly stochastic matrix is unistochastic. For N = diag(A;, A2), we get
the line segment

AL+ )’
WEN) = [Alxz,( 1)

In addition, the convexity of the range W(N) is characterized in [2] in the case the
eigenvalues of N are on a straight line.

2. Preliminaries
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By the definition of W'(N), when N is normal we may assume N = diag(A1, Az, - - ., An)

in (1.1) where Ay, g, ..., A, are the eigenvalues of N. Moreover, having in mind that
k
[[onv), H2|u,,| Aj,
=1 =1 j=1
we can define WI(IV) equivalently by
k n
WH(N) = {HZaﬁ)\j : (ai;j) is a unitary matrix } . (2.1)
i=1 j=1

In the case N is a 3 x 3 normal matrix and k& = 2, the 3 eigenvalues A\, A9, A3 are
on a straight line ¢, we can characterize the range W3'(N) according to the different
two situation: (i) 0 € ¢, (ii) 0 ¢ £.

In the case (i), we may assume that A;, A2, A3 are real numbers and (i-1) 0 < A3 <
A2 < A or (i-2) A3 < 0 < A3 < A;. The equations

W3 (N) = Dads, (A1 + A2)?/4], (2.2)
and
WRI(N) = Dads, (M + X0)?/4], (2.3)

hold respectively in the case (i-1) and (i-2).
In the case (ii), the range W(N) is not convex [2, Theorem 3.1]. The exact figure
of W3I(N) in this situation is given in [7] under the assumption

Im()q) = Im()\z) = Im()\g) =1.



The range WI(N) is characterized as the image of D(3) under a quadratic map. So we
may assume that (Ay — A3)/(A1 — A3) is a well defined imaginary number. We assume
that A1, A2, A3 lie on a circle counterclockwisely. The relations (2.2), (2.3) and some
numerical experiments suggest the equation

Wi (diag(A1, A2, As)) = Conv(A; Az, A2As, AtAs), (2.4)
holds only when the the interior I" of the circumscribed circle of A3 satisfies
0el (2.5)
and
0 <arg((As — A1)/ (A2 — A1), arg((Ar — A2)/(As = A2)), arg((A2 — As)/ (M — Xs)) < (7;/2)

However, so far we are not sure if these two conditions are necessary for the equation
(2.4) to hold, we show its necessity of the condition (2.6) under some special two
situations (Corollary 3.2 and Corollary 3.3). We assume these conditions to consider
the subject.

The next lemma provides the main motivation to assume the conditions (2.5). For
a moment, we assume that the three points A\jAa, A;A3, A2A3 are not colinear. For
any 1 <i<j<3,letk=1{1,2,3}\{7,7}. Denote by H,j, the closed half-plane with
the boundary passing through A\;Ax, A\;Ax satisfying A\;A; € H;;. We have the following
lemma.

Lemma 2.1. Let Aj, A2, A3 be mutually distinct non-zero complex numbers satisfying
the condition (2.5). Then the three points Az, A1)3, A2As are not colinear. Moreover
the interior of the respective three half-planes Hyo, Hy3, Has contains the respective
points A2, A2, 2.

3. Main theorems

The following theorem is our main result.

Theorem 3.1. Suppose that pi, po and uz are three complex numbers with modulus
one given by

pe=1= e2i(711+712+"la), ps = e2m py = e2ilm-+nz)
with0 <m <na <13 Sﬂ‘/2, h+n2+ns=m. Let
T, ={z€C:|z| < cosn;}
and T = Conv(L'}, ;) for j = 1,2,3. Then the triple

(A1, A2, A3) = (1 — po, iz — po, i3 — fho)
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Figure 1. Cp is the circumcenter of Apuspaps.

for a point pg € Conv(uy, g, us) satisfies
W3 (diag(A1, A2, A3)) = Conv(A Az, Aedg, AiA3)
if and only if po € I'1NTe N5, The region Ty NIy N T3 is shown in Figure 1.
As simple consequences of Theorem 3.1 we provide the following two corollaries.

Corollary 3.2. Suppose that A1, Aa, A3 are complex numbers with modulus 1 and satis-
fies the condition (2.6). Then an acute-angled or right-angled triangle A1, A2, A3 satisfies

Wzn(dlag()\l, Az, )\3)) = COIIV(/\l)\Q, )\2)\3, Al)‘S)-

Corollary 3.3. Suppose that A1, Aa, As are vertices of a acute-angled or a right-angled
triangle in the Gaussian plane and satisfy the condition A\; + Ay + A3 = 0. Then the
relation

W;I(dlag()\l, Az, )\3)) = COIIV(/\l)\Q, )\2)\3, /\1)\3)
holds.

Remark 3.4. One would suppose that the assertion of Corollary 3.2 remains valid if
we replace the circumcenter by the incenter of a triangle. However such an assertion
is false, see Example 4.2.

Next we will consider some generalizations of Corollary 3.2 and Corollary 3.3.



Proposition 3.5. Let A;, A, and A3 be three distinct points on the unit circle 2| = 1.
Then the equation

Wzn(diag()\l, )\2, /\3)) = COHV(/\])Q, )\2/\3, )\1)\3), (31)
holds only when AX;A)3 is an acute-angled or right-angled triangle.

Proposition 3.6. Let A;, A2 and A3 be three distinct complex numbers satisfying
AL+ A2+ )\3 = 0.

Then the equation (3.1) holds only when AMX; gz is an acute-angled or right-angled
triangle.

For the proof of Theorem 3.1, we firstly prove the following inclusion
WI{(N) C Conv(A;Ag, Aads, A As), (3.2)

where N = diag(A1, Az, As).
By using the half-planes H;; introduced in Lemma 2.1, the inclusion (3.2) is rewrit-

ten as
WI(N) C Hyy N Hys N Hys.

We shall prove the inclusion
W;'(N) C His, (3.3)

under the assumption yo € I';. Similar inclusions for H,3 and His can be proved in
the same manner. To prove the inclusion (3.3), we use a functional on the set Uni(3).
Let € = arg(A; A3 — A2A3) — m/2. Then this angle satisfies

Re(e ) \3) = Re(e™®)3)3) < Re(e ™\ ),).
For any (a;;) € Uni(3), the element z of WI(N) can be expressed as

2 = MAg(a1a2 + a12021) + A Az(a11023 + 13091) + AeA3(@12a23 + a13a92)
+Mfan1a91 + Maipage + Majzass.
The inclusion (3.3) is equivalent to the inequality
Re(e™%z) > Re(e %\ \3)

for any (a;;) € Uni(3). So we shall prove the positivity of Re(e™*(z — A\ \3)) for any
(a;;) € Uni(3). This functional depends on the relative positions of \; = p; — pg for
i=1,2,3.
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We shall consider the following normalized functional on Uni(3)
_ Re(e™®(z — \1A3))
L((au)) = Re(e‘if(/\v\z _ /\1)‘3))'

It is rewritten as
L((as;)) = a11022 + 12021 + passags + ga11a1 + rasags, (3.4)

where ,
_ _Re(e™(A3 — \iXg))

- Re(e"'f()\y\g - /\1A3)),
. Re(e"f()\% — )\1)\3))
- RE(C_iﬁ(Alx\z - )\1)\3))’
. Re(e #(22 — A\ )3))
h Re(e“iﬁ()q)\z - A1/\3))’
and we may assume p > 0 by Lemma 2.1 provided that the point py belongs to the

open disc bounded by the circle circumscribed to A paps.
The positive semi-definiteness of L((a;;)) is characterized by the following.

Theorem 3.7. Let L((aj;)) be a functional on Uni(3) defined by (3.4). Then L((a;;)) >
0 for all (a;;) € Uni(3) if and only if one of the following conditions holds:

i) 0<p<l,p+qg>0andp+r>0.

(i) p>1,p+¢=>0,p+7>0and —1+2p+pqg+pr+qr >0.

The corresponding regions of (i) and (ii) in the (g,r)-plane are shown in Figure 2 and
Figure 3, respectively.

4. Examples

In this section, we provide some examples of product ranges.

Example 4.1. Let N = diag(1,w,w?) where w?® = 1. Figure 4 and Figure 5 are the
graphs of WIY(N) and W}'(N), respectively. Note that the diagonal entries of N satisfy
Theorem 2.1 and Theorem 2.2, so W3'(N) is a triangle Conv(1,w, w?).

Example 4.2. Let N = diag(%, -7 — 24,7 — Z4). Note that the origin is the inner
center of the triangle consisting of the diagonal entries of N. But Wi(N) is not convex.
See Figure 6.

Example 4.3. So far we have considered the eigenvalues form an acute-angled triangle.
However, when the eigenvalues of N form an obtuse-angled triangle, the 2-product
range of N is not necessary convex, even the origin is the circumcenter (Figure 7),
centroid (Figure 8) or incenter (Figure 9).
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Figure 4: WI(N) Figure 5: WI{(N)

5. Plotting the product range

In this section, we provide two MATLAB programs for plotting the 2-product range
and 3-product range of any 3 x 3 normal matrix. For convenience, they are written as
an m-file for MATLAB. The range W(N) is a compact subset of the Guassian plane
C. We approximate it by its finite many representative points. We adopt 200° as the
number of representative points in the examples in Section 4. The following program
is in order to plot the 2-product range.

function y = p(p,q,r,m)
a = ones(1,m+1);

t = 0:pi/m:pi;
s = 0:pi/m:pi;
u = 0:pi/m:pi;

bl = kron(a,a);
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Figure 7: N = diag(15 + 8i,8 + 15i,—15 + 8i)  Figure 8: N = diag(3i,—1 — 11,1 — i)

bll = kron(cos(t),bl);
b12 = kron(cos(s),a);
b12 = kron(sin(t),b12);
b21 = kron(a,sin(u));
b21 = kron(sin(t),b21);

b2 = kron(cos(s),sin(u));
bb2 = kron(cos(t),b2);

b3 = kron(sin(s),cos(u));
bb3 = kron(a,b3);

b22 = -bb2 - bb3;

all = b11.72;

al2 b12.72;

a21 b21.72;
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Figure 9: N = diag(3i, —4 — 31,4 — 31)

a22 = b22.72;

al3 = 1 - all - al2;
a23 = 1 - a21 - a22;
a3l = 1 - all - a2i;
a32 = 1 - al2 - a22;
a33 = 1 - a31 - a32;

X =all .xp+ al2 .x q + al3 .* r;
Y =a2l .x p +a22 .x q + a23 .* r;

Z=X .xY;
XX = real(Z);
YY = imag(Z);
grid;

plot (XX,YY)

For plotting the 3-product range of a 3 x 3 normal matrix, we only need to replace
5 codes from the bottom to the above by following :

Z=2a3l .xp+ a32 .x q + a33 .* r;
22 =X .x Y .x Z;

XX = real(ZZ);

YY = imag(ZZ);

grid;

plot (XX, YY)

In the above two programs, p, ¢ and r are the diagonal entries of the given normal
matrix N. For finer approximation, we can replace m by another large number. Of
course, it needs more computational times for larger number m.



Although the numerical experiments indicate that the product range of a 3 x 3 nor-
mal matrix is not necessary convex, they seem like star-shaped and simply connected.
Hence, we end this note by providing the following problem for further researching
investigation.

Question 5.1. Are the product ranges WJ'(N) and WI(N) for any 3 x 3 normal
matrix always star-shaped or simply connected ?
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