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INF N, BIBURNTE DRk 2 3 BT BRIl S L EELRER AR L TE
T BT, NF N OBATER S E 2 BAROIREEZEL THERT 2/3F v nE
M DBMZEIX, FEAERYREERMAEOMRE A IGHINT WS, Ny nZEf
DBATFE DRI, /N v NEHE OB 2R 2 E &L L 2 RAENERIPEHTH
LEANE L HD. WX T, N FyNEHORMAFENERDOH TEHRE LMo
LEODOVEDTHD James EREWMV KD .

X BNFONEREE LI E Sy 3 X OBMREZRTEDLTS. $4bb, Sy =
{z € X : ||z|| = 1}. James EH I, Gao-Lau [6] iZ &> T, /N F v NEROBEABRDOIUHA X
FERTHEEY LTHAINE. ANF v A %H X O James 25 J(X) %,

J(X) = sup{min{llz + y||, |z — yll} : 7,y € Sx}
KXo TEDS. J(X) OFEARNZHEL UTIIRBEF SN 5.
(1) v2<J(X) <2 ([6]).
(i) H 2 ey hEMZR S, J(H) = V2.

(iii) J(X) <20 & &, FED L ZIZE > T, X X uniformly non-square TH 5. ZZ T
X 7% uniformly non-square TH5 &1, 56 > 0BPFEL T, TRTD 2,y € Sx
IZRLT

min{[|z +y||, |z — y[|} < 2(1 - 9)

PEALT DI L2V,
T 2T, (i) OFHBRBITIEBL LW L ICERT 5. FEE, ROBRERD.

Proposition 1.1 (Gao and Lau [6]). Let X = (R?,| - ||) be a two-dimensional normed
space whose unit ball is invariant under T /4-rotation. Then J(X) = /2.
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iz &y, Bz, R EDQ VL%
1(a, )| = max{|al, 8], (|al + [b])/v2}

Lo TEDBIET, 2D/ IVAIET 2 EMIRIZENAAF LY, James EHAZ V2 T
HBZrEEBL. LELEDES BFiILbhd X517, ZOZEMIZe L0 AL IR
57\,

ZDZes, ROMEIPBRIZREINS.

Problem 1.2. What conditions on Banach spaces X are necessary and sufficient for

J(X) =27

AT, TOMEIZODWTEZS. ik dim X > 30HEL dimX =2 D5HAET
KRESERY, HBEHIZOVT ORI Lassak [13] 12 & » TIRE I WA FMBEIZISHEZRD.

FROMEEEZEZBITHD, James EWEJOHBRTRLTE ZL3EHTHS. /
WAZERBID =D D% 2, y IR LT, TN 5 E W isosceles ER T 5 &1, ||z+y|| = [|z—v]|
THBZeE2VWD, 2 Ly TREINE. ZOMREAVWSE I L TRERS.

Proposition 1.3 (Gao and Lau [6]). Let X be a Banach space. Then

2 dimX >30DBA

9, dmX > 3DHEEHEZ L. ZDHEL, Nordlander’s conjecture [14] & DEI#E A
. NFw NZER X IZH LT, % @ modulus of convexity dx : [0,2] — [0,1] &

) 1
0x(e) =1nf{1 - Hi(x—!-y)l 1x,y € Sx, |lz—yll = 5}

ZEoTEDSB. ZDOEENIL, uniform convexity & Of uniform smoothness FDHFZLIZH W
TEETHLD, TOEMRMEEZRDEZ L IZ—RIZIIRETHS. LirL, L b
ZEfz U Tk, HiREE 2 WS Z 8T, Ke e [0,2 ITRLT

du(e)=1- E

2585, ZOMHEIX, /STy NERFD modulus of convexity iZBWT, IRDEKRTHRRETH 5.

Theorem 2.1 (Nordlander [14]). Let X be a Banach space. Then 6x(e) <1—+/1—¢%/4
for each €.

—%H, TOBRBRBEEE, NFyNEROF TR NERRREMNITE Z BRSO N
TW53.

Theorem 2.2 (Day [5]). Let X be a Banach space. If 6x(¢) =1 — /1 —¢2/4 for ALL
£ € (0,2), then X is a Hilbert space.
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ZDFERDHR & U T, Nordlander [14] IZIRDZ & &2 FH ULz X BB D e € (0,2) IZ
HUTox(e) =1—/1—e2/4 &R d2oiE, X RV hEFTHS. Z OREIR,
dim X = 2 DA IZ 2T Alonso-Benitez [2] 1T & D 1988 2 B EMIZAAE I TV
A%, dim X > 3 DA IE 2009 L0 Chelidze [4] % 7= R1E7% 520

Theorem 2.3 (Chelidze [4]). Let X be a Banach space with dim X > 3. If éx(g) =
1—+/1—¢2/4 for SOME € € (0,2), then X is a Hilbert space.

—73, Alonso-Benitez [2] 285 W T,
ox(V2)=1-1/v2

THBIel, 2 Ly ThHBEdRa,ye Sx it/ UT||z+y|=V2HRITBIL L
HEMETH S Z L BRENSE. LizhioT, IRaB5.

Lemma 2.4. Let X be a Banach space with dim X > 3. Then X is a Hilbert space if and
only if |z + y|| = V2 whenever z,y € Sx and Ly y.

ZOFEERHAVWSEZ T, AHOEEHEFS.

Theorem 2.5 (Komuro, Saito and Tanaka [10]). Let X be a Banach space with dim X >
3. If J(X) = V2, then X is a Hilbert space.

L7 5T, dimX > 3DHEE, J(X)=vV2THEI Ll X B hNEMTH S
ZrLRRAMETH B,

3 dimX =2D%&
RECH, IS BVEED, X = (R2 || |) £ T5. B RITHLT,

_ (cosf,sinb)
() = T(cos b, smd)]
30 .
r(0) = |lz(0)2 = M
eBX.
RITHEFMEZVNEETHS.

Lemma 3.1 (Gao and Lau [6]; Alonso [1]). Let X = (R2,|| - ||). Then, for each 6 € R,
there exists a unique w(f) € (0,0 + m) such that z(#) L1 z(w(6)).

R EDHCRIHEES o Arotation TH 2 LiF, £ 0 € RIZH LT |a(f+27) —a(f)| = 27

PWILTDILENS.
RISAHD EFRERE RS L CHEERRE 2 R/T.
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Proposition 3.2. Let X = (R?,|| - ||). Then, there ezist a pair of increasing rotations w
and n on R satisfying the following properties:

(i) 6 <n(0) < w(f) <O+ for each 0§ € R;
(ii) 2(6) Ly 2(w(0)) for each 6 € R;
(iii) w?(8) = 6 + 7 for each 6 € R;
(iv) the equation
S10) = e
holds for each 9 € R; and

(v) 772 =w. In particular, won=mnow.
Moreover, w and 1 are uniquely determined by (i), (ii) and (iv).

ZORBEEHAVDZET, dimX =2DHAITOVT, J(X) =v2 27525 7-DDOERN
BRIBBETDEMERD.

Theorem 3.3 (Komuro, Saito and Tanaka [12]). J(X) = /2 if and only if
r(0)* +1(w(8))* = r(n(9))* + r((won)(6))*
for each 0 € [0, 2x].

ZOEHD—DDHA L LT, Proposition 1.3 DE M %2B5. R2Z ED VA || -|| A
f-rotation invariant TH 5 & X, 0 [FEE/EFAHE

R(9) = ( cosf —sinf )

sinf  cosf

AR |- ) ECEEME 2B LR NS, TR, & o LT r(p+0) = r(p) BRI
THILLRAMETHS.
X1 7 /2-rotation invariant norm OEE LR E R T,

Lemma 3.4. Let X = (R%| - ||) be m/2-rotation invariant. Then w(f) = 6 + n/2 and
n(0) = 0 + /4 for each 6.

Theorem 3.3 2 A5 Z & T, R%&E5.

Corollary 3.5 (Komuro, Saito and Tanaka [11]). Let X = (R2,|| - ||) be m/2-rotation
invariant. Then J(X) = /2 if and only if X is 7 /4-rotation invariant.
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AEI TR, AIEIOFER D Lassak FIEANDISH 2% X 5. Lassak F&EI% Hadwiger [7] D
AR BT S RMBAREREICBEIE L TRES k.
K %2R Ok, $42bb, NEZEDIV AT MEEL TS 2e R RN €(0,1)
IZH LT,
z+AK ={z+Xy:y€ K}
& K @ smaller homothetic copy & EH 5.

o(K) % K 28T 572012 6E % K @ smaller homothetic copy DE/NIE T 5. £
D & ¥, Hadwiger IZIRD Z & & FHREL 7=

Conjecture 4.1 (Hadwiger’s conjecture). Let K be a convex body of R™. Then ¢(K) <
2", and the equality holds if and only if K is a parallelotope.

ZOFROEMHIEn=20H/RERVTFHTH 5.

Hadwiger O 482 B8 L T, Lassak [13] & ™M{& D m-covering number D&% A L
2. R* DMK K B m(> o(K)) 12X UT, hyp(K) % m D K O smaller homothetic
copy T K % #7 L1E 2% B/ positive ratio £ 5. ZD & &, Lassak IJIRD Z & % FH
L.

Conjecture 4.2 (Lassak’s conjecture). Let K be a convex body in R? with hy(K) =
1/v/2. Then K is an affine image of a convex body whose boundary r(6) satisfies r(6 +

7/4) =r(0).

— R James EER & IZIBEBOHET > REETH L H, K BERNEK, bbb, DR L
DI NVLDHEAERE LTERES L& ROEHIZ & ) EERL OBZELBEGPED 5.

Theorem 4.3 (He, Martini and Wu [8]). Let X = (R2,|| - ||) be a normed space. Then

SOEMIZEY, BB X = (R2,|| - [) KALT K = By &% 3820 Lassak FIE I
WD & 51725, J(X) =2 7% 51 X Ik 7/4rotation invariant. Z #11%, Proposition 1.3
DFDPMEMTRILT D Z &Il 57200,

AEDOFERY T, Fifio EEROISHIZ L VB SN ROME%R AT, Lassak %
BEMIZIRIRT 5.

Proposition 4.4. Let X = (R?,|| - ||) be a normed space. Then J(X) = /2 if 0 — 7(0)
satisfies the following conditions:

(i) r(0)2 +7(0+7/2)* =2 for each 0 € [0,7/4]; and
(i) 7(8) =1 for each 8 € [n/4,7/2] U [37/4,7].

ZDED TR ) VAT OWTIE, IRDIEZ B.
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Proposition 4.5. Let X = (R%,|| - ||) be a normed space. Suppose that 6 — r(6) satisfies
the conditions (i) and (i) set out in Proposition 4.4.

Then X is isometrically isomorphic to some 7 /2-rotation invariant normed space if and
only if r(0) =1 for ALL 6 € [0, 27].

£,0<b<1/2ITHLT,

V/1+0b(1 —cos166) (6 € [0,7/8])
s5(0) =< /1 —b(1 —cos166) (0 € [r/8,7/4])
1 (6 € [r/4,7/2])

Y3, ZOMigE 0 € [r/2,7] IKHLT

5p(0) = /2 — 5(0 — 71/2)?
EBELZET0,a] ITHERL, 51260 € [m,2n] 12 LT 5p(0) i=5,(0 — 1) LEDHBZ &
THMMRZERT 5. £ ONIBEE
Cy = {s(cosb,sinf) : 0 < s < s4(0),6 € [0,27]}

13 absorbing, balanced and closed TH 2% 5, |- ||® % C, ® Minkowski FLEIH & T3 &,
[ |®C,AHNTHEEER? LD/ NVLEEDD. ZDRDDEMEL LTRADYS.

Proposition 4.6. Let 0 < b < 1/130. Then Cy is convez. Consequently, ||-||®) is a norm
on R%,

HIARDREEIED S, r(0)(= sp(0) # 1 2222 O BEFEET DI IXHSLTH Y, £/
Proposition 4.4 D& (i), (i) #7723 I &b nd. Lizh-T, ReF5.

Theorem 4.7 (Komuro, Saito and Tanaka [12]). Let 0 < b < 1/130. Then J((R?,]| -
) = V2, and (R?,|| - |®) is NOT isometric to any /2-rotation invariant normed
space.

Z3id Lassak D FPRITT 2 KHl%2 5 % 5. #Ei e U T, Lassak D PAIE, Z D& %
AR RZMAR K IZHIB L2 LTHIELL RAWZ 2 hBbh 3.
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