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LIOUVILLE-TYPE THEOREMS FOR THE STATIONARY AND
NONSTATIONARY NAVIER-STOKES EQUATIONS

HIDEO KOZONO, YUTAKA TERASAWA AND YUTA WAKASUGI

1. INTRODUCTION

In this survey article, we review the recent results [6], [7] by the authors on
Liouville-type theorems for both the stationary and nonstationary Navier-Stokes
equations. Let us first state what Liouville-type theorems for the stationary Navier-
Stokes equations are. Let us consider the 3D homogeneous Navier-Stokes equations
in the whole space R3;

(1.1) { ~Av+(v-V)v+Vp=0 inR3

divv =0 in R3,

where v = v(z) = (vi(z), v2(z), v3(z)) and p = p(x) denote the velocity vector and
the scalar pressure at the point = = (z1, 22, 23) € R3, respectively. We deal with
solutions v of (1.1) in the class of the finite Dirichlet integral

(1.2) D) = /R V() Pz < oo

with the homogeneous condition at infinity

(1.3) lim |v(z)] =0 uniformly in z.
|z|—o00

Since the pioneer work of Leray [9], it has been an open problem whether v = 0 is
the only solution of (1.1) under conditions (1.2) and (1.3). This is a Liouville-type
statement on the 3D stationary Navier-Stokes equations. A partial answer under
some further restrictions is called a Liouville-type theorem for the stationary 3D
Navier-Stokes equations. Liouville-type theorems were obtained by several authors
up to now. Galdi [4, Theorem X.9.5] showed that if v € L%2(R3), then it holds that
v = 0. Chae [2, Theorem 1.2] proved that the condition Av € L8/5(R3) implies that
(1.1) has the only trivial solution. He emphasizes that the norm D?v in L8/5(R3)
corresponds to that of Vv in L?(R3) at the level of scaling and that there is no
mutual implication relation between their results [4] and [2]. So, it seems to be
an interesting question to investigate why the space L9/ 2(R3) necessarily appears
from the viewpoint of scaling. On the other hand, recently, Seregin [13] showed
that v € LS(R3) N BMO™! leads to the Liouville-type theorem.

It is well-known that if {v, p} solves (1.1), so does {vx,p»} for all A > 0, where
va(z) = Mv(Az) and px(z) = A%p(Az). A standard method to prove that (1.1)
possesses the only trivial solution v = 0 is to bound D(v) by means of the quantity
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of v or Vv at infinity. For that purpose, Galdi [4] derived such an estimate as

(1.4) / [Vo(z)|?dz < Cljv||
lz|<R

-1 2
13 (repoi<ory T OF PV

L% (R<|2|<2R)

+ Ol 3 (pciai<am PN L8 (R ioi<2m)

for all R > 0 with a constant C independent of R > 0, which yields that v = 0
is the only solution of (1.1) with (1.2) and (1.3) provided v € L%2(R3). It is easy
to see that both D(v) and each term in the right-hand side have the same scaling
with respect to the transformation vy for all A > 0. On the other hand, Chae [2]
established an estimate of p + |v|?/2 by a skillful technique which does not need
any other bound except for |Avl| L8 ®o) having the same scaling as D(v)'/2.

We shall first establish an a priori estimate of D(v) in terms of the asymptotic
behavior of the vortex w = rotv as |z| — oo. Our estimate is invariant under
the change of scaling. As an application, it turns out that if w(z) = o(|z|~%/%) as
|z| — oo, then v = 0 is the only solution of (1.1) with (1.2) and (1.3). In view of
the decay rate at the infinity, our result extends Galdi’s one and is not included
by the previous results such as [2], [3] or [13]. Concerning v itself, introducing the
Lorentz space L"(R3), we extend the result of Galdi [4] to that in the weak-L%2
space, which is based on an a priori estimate of D(v) by means of ||v||i $.o0 (g0’
Our first result on an a priori estimate of D(v) by means of vorticity now reads:

Theorem 1.1. Let v be a smooth solution of (1.1) with (1.3). Suppose that w =
rot v satisfies

(1.5) lim sup |z|%/3|w(z)| < +o0.

T|—roo

Then we have that D(v) < co as in (1.2) with the estimate

3
(1.6) D(v) £ Gy (limsup |a:|5/3|w(m)|) ,

|z]—o00
where Cy > 0 is an absolute constant independent of v.

Another a priori estimate of D(v) in terms of v itself reads as follows:
Theorem 1.2. Let v be a smooth solution of (1.1). Assume that p is bounded in
R3. Suppose that v € L¥/%°(R3), i.e.,

2
(1.7) vl 3,00 =suptp ({z € R3; u(z)| > t})® < oo,
L >0
where p is the Lebesque measure on R®. Then we have that D(v) < oo as in (1.2)
with the estimate
(L8) D(v) < Chllols....
where C§ > 0 is an absolute constant independent of v.

As an application of the above theorems, we have the following uniqueness result
on (1.1).

Corollary 1.3 (Liouville-type theorem). Let v be a smooth solution of (1.1) in the
class (1.2) with (1.3). Assume that v satisfies either following condition (i) or (ii).
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(1)

(1.9) limsup |]*/3|w(z)| < (6D(v))"/°
|z|—o00
with some constant § < 1/Cy;
(i)
(1.10) o], 3, < (@ DN

with some constant 6’ < 1/Cj.
Then it holds that v =0 in R3.

The article is organized as follows. In Section 2, a proof of Theorem 1.1 is
given. In Section 3, Liouvill-type theorems for the nonstationary case are treated.
A sketch of their proof is also given.

2. BOUND BY VORTICITY; PROOF OF THEOREM 1.1

Based on the Biot-Savart law, we first derive the general estimate of velocity v
from that of vorticity w = rot v.

Lemma 2.1. Let v be a smooth solenoidal vector field in R® with (1.8). Suppose
that w = rot v satisfies
(2.1) e(a) = limsup |z|*|w(z)| < 00 for some 1 < a < 3.

|z]| =00

Then there is L > 0 such that the estimate
_ L3 _
(2.2) lu(z)| < Cae(a)|z|'~* + "6—”“-’”L°°(BL/2)'-'E| 2

holds for all |z| > L with a constant C, depending only on a, but not on v and L,
where By, = {z € R?%;|z| < L}. Moreover, it holds that Vv € L1(R®) for all ¢ with
3/a < q < co. When e(a) = 0, we interpret the constants () and L in (2.2) as
an arbitrary small positive number and o constant depending on £(ca), respectively.

We next investigate behavior at infinity of the pressure p. For that purpose, we
need (1.2).

Lemma 2.2, Let v be a smooth solution to (1.1) with (1.3) and let p be the pressure

associated with v in (1.1). Assume that w = rotv satisfies (2.1) for some a with

3/2 < a < 2 and that L is the same as in (2.2). Then there exists p € R such that

p'(z) = p(x) — P satisfies the estimate

(23) @) < Coe(@)’la Y + Ca,re(@) (1 + ||wll zoo(8y,) el ™

(2L)®
3

for all |x| > 2L, where C., and Cq 1 are constants depending only on a and on
a, L, respectively.

+ lw x v||poo (B lz) 2

For the proof of these lemmas, we refer to [6].

Using these lemmas, we are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. In what follows, we shall denote by C various constants
which may change from line to line. In particular, we denote by C = C(x,- - ,*)
constants depending only on the quantities appearing in parentheses.
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By (1.5) we see that (2.1) holds with a = 5/3, and hence it follows from Lemma
2.1 that D(v) < oo as in (1.2). Let ¢ = 9(z) € C5°(R?) be a test function satisfying

(1, el <1,

and 0 < 1) < 1. We define a family {1gr} of cut-off functions with large parameter
R > 0 by ¥r(z) = ¥(x/R). Multiplying the equation (1.1) by ¥r(z)v(z) and then
integrating over R3, we have by integration by parts that

(2.4) / |Vo|?pdr = / |v[2A¢Rdx+l / [v|v - Voprdz
R3 R3 2 R3

+/ p'v- Virdz
R3
= 1P +19 + 19,

where p'(z) = p(z) — P is as in Lemma 2.2. Let us take R sufficiently large so that
R > 4L, where L is the same constant as in (2.2). Then, taking e, = £(5/3) in
(2.1), we obtain from Lemmata 2.1 and 2.2 that

2
19 < 2 (C’s*R‘§ +C(L, nwan(BL))R-?) | A|| oo dz
R<|z|<2R

< Ce2R7V3 4+ C(L, |w|p(By)) R4,

3
P <R (Ceuk™d + C(L, [wllz () R72) [V lda
R<|z|<2R
< OEE + C(L> ||w||L°°(BL))R—47
and

b

< R (Ce2R% + C(L, Wl (myy)en B8 + C(L, o X vllzo (5,)) R )
R<z|<2R
x (CeuR™3 + C(L, |l o5,y B2) |Vl o da

<+ O(L |wllw By, lollm(my) (RS + B8 + R7?)

for all R > 4L. Hence, it follows from (2.4) that
/ Volyrde < Ce + Clew, Ly [wllz= 8y ), [0l o(oyy) R F  for all R > 4L.
R3

Letting R — oo, we obtain

D(v) < Cel,
which implies the desired estimate (1.6). In the case when e, = 0, similarly to the
above one can obtain

D(v) < Ce
for an arbitrarily small ¢ > 0. Hence, in this case we obtain D(v) = 0. This
completes the proof of Theorem 1.1. We omit the proof of Theorem 1.2 since it is
similar to that of Theorem 1.1. We also omit the proof of Corollary 1.3 since it is
easy.
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3. LIOUVILLE-TYPE THEOREMS FOR THE NONSTATIONARY CASE

Next we consider Liouville-type theorems for the Cauchy problem for the Navier-
Stokes equations

vu—Av+ (v-V)v+Vp=0, (z,t) eR”x(0,7),
(3.1) dive =0, (z,t) e R* x (0,T),
v(z,0) = vo(x), z € R™.

Here v = v(z,t) = (vi(z,t),...,v"(z,t)) and p = p(x, t) denote the velocity and the
pressure, respectively, while vo(z) = (v§(z),...,v8(x)) stands for the given initial
velocity. Let the initial data vo belong to L2 (R™), which is the closure of C§%, (R™),
compactly supported C*°-solenoidal vector functions, with respect to the L?-norm.
We recall that a measurable function v on R™ x (0,7T) is a weak solution of the
Leray-Hopf class to (3.1) if v € L*(0,T; L2(R™)) N L2 ([0, T); H(R™)) and if v
satisfies (1.1) in the sense that '

T
/0 {-(v,0:®) + (Vv,V®) + (v - Vv, ®)} dT = (v, $(0))

holds for all ® € H3([0,T); H:(R") N L"(R")). For every weak solution v(t) of the
Leray-Hopf class to (3.1) , it is shown by Prodi [12] and Serrin [14] that, after a
redefinition of its value of v(t) on a set of measure zero in the time interval [0, 77,
v(,t) is eontinuous for ¢ in the weak topology of L2(R™). See also Masuda [11,
Proposition 2].

Serrin [14] proved that if v is a weak solution of the Leray-Hopf class to (3.1)
and if v € L*(0, T; LY(R™)) for 2 + 2 < 1 with some g > 3,5 > 2, then the energy
identity

¢
(32 [0l +2 [ 19 dr = Junlls @<t <T)
is valid. Shinbrot [15] also proved that the same conclusion holds under another

assumption for some s > 1, > 4 such that -g--i- % < 1. Taniuchi [16] further
extended these results to

2

2,224 3010y oy,
q s q s

2

2
qg s

We give a new condition which ensures the energy inequality, and as its appli-
cation, several Liouville-type theorems are established. Let us first introduce our
definition of a generalized suitable weak solution.

Definition 3.1 (Generalized suitable weak solution). Let vy € L2(R"™). We say
that the pair (v,p) of measurable functions on R™ x (0,T) is a generalized suitable

weak solution of the Navier-Stokes equations (3.1) if
(i) ve L3 (R™ x [0,T)), Vo € L2, (R" x [0,T)) and p € L/>(R™ x [0, T));
(ii) For every compact subset K C R", v(-,t) is continuous for t € [0,T") in the
weak topology of L?(K) and is strongly continuous in L?(K) att = 0, that
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18,

/Kv(m, Y- p(x)dz € C([0,T)) for all p € L*(K),

. _ 2 —0-
Jlim /K (@, ) — vo(z)[2dz = 0;

(iii) The pair (v,p) satisfies the Navier-Stokes equations (3.1) in the sense of
distributions in R™ x (0, T);
(iv) The pair (v,p) fulfills the generalized energy inequality

T T
(3.3) 2 / / |Vo2@dzdt < / / [[v?(®: + A®) + (Jv]* + 2p)v - V] dxdt
0o Jr» 0o Jr»
for any nonnegative test function ® € C°(R™ x (0,T7)).

Remark 3.1. (i) Caffarelli-Kohn-Nirenberg [1] first introduced the notion of a suit-
able weak solution and proved the partial regularity and the the Hausdorff dimension
of singularities for such weak solutions. In comparison with the suitable weak so-
lution given by [1], we assume neither finite energy supgosor ||v(t)]2: < oo nor
finite dissipation fOT [Vo(7)||2.dr < oo. Furthermore, we impose on the pressure
p only local L3 -bound in R™ x (0,T), while they [1] assume such a global bound as
pe€ Li(R3 x (0,T)) forn=3.

(ii) A similar notion to our generalized suitable weak solution was considered by
Lemarié-Rieusset [8, Chapter 32] who constructed the local Leray solution based on
the uniformly local L?-space.

Our main result for (3.1) is the following. Here L%" denotes the Lorenz space
with a standard notation.

Theorem 3.2. Let n > 2, vg € L2(R™) and let the pair (v,p) be a generalized
suitable weak solution of (3.1). Suppose that there exist qi,g2,71,72 satisfying

3n 3n
(3.4) 3§Q1§n___1; 3<r;1<oo and (Q1;T1)¢<m700>;

(a272) # (5,00) (n29),
g2 # 0 (n=2)

such that v € L3(0,T; L™ (R™)) N L2(0,T; L2 (R")). We also assume that the
pressure p satisfies

1
1Blz1/2(2)] J By a(2)

(3.5) 23‘123;%11—2—,2Sr2$oo and {

(3.6) p(y,t)dy = o(|z]) as |z| — o0

for almost every t € (0,T). (Br(z) denotes the ball centered at x € R™ with radius
R > 0. ) Then, we have that
v € L®(0,T; LZ(R™)) N L*(0, T; HL(R™))
and that ,
[ +2 [ IV0(r)adr < ool

for all t € (0,T).
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Remark 3.2. (i) Our proof of Theorem 3.2 enables us to show that if the pair
(v,p) is a smooth solution with such bounds as (3.4) and (8.5) in Theorem 3.2 and
if p behaves at infinity like (3.6), then we have the energy identity (3.2).

(ii) Besides the energy identity (8.2), there is another notion of the strong energy
inequality which means that

(3.7) ()72 + 2/ [Vo(r)[[Z2dr < flu(s)lZ2

for almost all 0 < s < T, including s = 0 and all t > 0 such that s <t <T. The
importance of the strong energy inequality was pointed out by Masuda [11]. For
every vg € L2(R™), the existence of the weak solution v in the Leray-Hopf class
satisfying (8.7) was proved by Leray [10] for n = 3 and by Kato [5] for n = 4,
respectively. However, it seems difficult to obtain the corresponding result to the
higher dimensional case for n > 5. In addition to the condition (i) of Definition
8.1, if we assume that

. 2 _
t—kﬂo/K |v(z,t) — v(z, s)|*dx =0
for almost all 0 < s < T, including s = 0, then our proof of Theorem 3.2 enables
us to see that v satisfies the strong energy inequality (3.7).

(i) The condition (3.6) is not restrictive. Indeed, if p satisfies p(z,t) = o(|z|)
as |z| = oo for almost every t € (0,T), then we have (3.6). Also, if p satisfies
p € L*(0,T; LY (R™)) with some s,q,7 € [1,00], then (3.6) holds.

An immediate consequence of this theorem is the following Liouville-type theo-
rem.

Corollary 3.3. Let n > 2, and let vg = 0 in R™. Suppose that the pair (v,p)
is a generalized suitable weak solution of (3.1). If p satisfies (3.6) and if v €
L3(0,T; L3 (R™)) N L2(0, T; L9272 (R™)) for such (g1,71) and (g2,72) as in (8.4)
and (8.5), respectively, then it holds that v(z,t) =0 on R™ x (0,T).

We next deal with the exponents (g, ) and (g2,72) in the marginal case of (3.4)
and (3.5).

Theorem 3.4. Let n > 2, vy € L2(R") and let the pair (v,p) be a generalized
sustable weak solution of (3.1). Suppose that there exist q1,q2,71,T2 satisfying
3n 2n
<
n—1 T T n-2

3<q1 < , 3<r1 <00, 2<r2 <00

and

(g2,72) 76 oo) (n>3),
g2 # 00 (n=2),

(Case?2) (q1,7m1) # ( -, 00 {(42,7"2) 2,OO) (n>3),

et (= (-2

q2 (n = 2):

(42,7"2)— . 2,oo) (n>3),

(Case3)  (q1,m) = ( q -
y = n=
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such that v € L3(0,T; L7 (R™)) N L2(0,T; L%"2(R™)). We also assume that the
pressure p satisfies (3.6). Then, we have that

v € L0, T; LZ(R™)) N L2(0, T; HL(R™))

and that

¢
(3.8) vz + 2/(; [Vo(r)|Z2dr < llvollZ2 + CoVa(t)
holds for all t € (0,T) with some absolute constant Cy, where

||U”%3(o,t;ml,r1) (Case 1),
Vo(t) = HUII%Z(O,t;qu,Tz) (Case?2),
”v”%3(0,t;qu,T1) + ”U”%2(07t;Lq2,r2) (Case3).

Similarly to Corollary 3.3, we have also the following Liouville-type theorem:

Corollary 3.5. Let n > 2, and let vg = 0 in R™. Suppose that the pair (v,p) is
a generalized suitable weak solution of (1.1). We assume that p satisfies (3.6) and
that v € L3(0,T; L9v"1(R™)) N L2(0, T; L92"2(R™)) for such (q1,71) and (g2, 72) as
in the Cases 1, 2 and 8 in Theorem 8.4. If there exists § € (0,1/Cy) such that

Vi(to) < 6 (Ilv(to)lliz +2 /0 ’ ||vU<r)||isz)

for some ty € (0,T), then it holds that v(z,t) =0 on R™ x [0, ¢o].

Remark 3.3. (i) The estimate (3.8) is invariant under the scaling transformation
va(z,t) = w(Az, A2t) with X > 0. Indeed, if v satisfies the estimate (3.8) for some
€ (0,T), then it holds that

) t/A2
[oa(/A*)][Z2 +2 /0 [Vor(r)[[Z2dr < [lvoalZ2 + CoVay (/X)

forall X > 0.

(ii) In comparison with the result of Taniuchi [16], even for the energy inequality,
Theorem 3.2 requires stronger integrability of v at the spatial infinity. On the other
hand, we do not need to impose on v the finite energy and dissipation like

(3.9) v € L&(0,T; L3 (R™)) N L7, ([0, T); Ho(R™)),

while [16] requires such a property as (3.9).

Let us mention a little bit about the proof of Thorem 3.2 and Theorem 3.4.
First we sketch the proof of Theorem 3.2. Let ¢ = v(z) € C§*(R™) be a test

function satisfying
L Jo <1,
)= 0<y<1.
vie) {o, o>z, 0=V
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We define a family {¢)g} of cut-off functions with large parameter R > 0 by Yr(z) =
¥ (z/R). Using the generalized energy inquality (3.3), we have

t
/lv(t)‘szdx-!-Q// |VU|2'L[)Rd:ch
R™ 0 R”
t
5/ |U0|2¢Rdw+// [v|2 Ay pdzdT
Rn 0 Rn

¢ t
+/ / [v|?v - Vyprdzdr + 2/ / p'v - Viprdzdr
0o Jrn 0o Jrn

=: / lvol*Yrdz + 1) + 1P + 1.
R”

Then we show I}, I%, I3 tends to zero as R tends to infinity under the conditions
in Theorem 3.2. This ends a sketch of the proof of Theorem 3.2.

Next we give a skech of the proof of Theorem 3.4. We only treat Casel, because
the other cases are quite similar. We first have limg_, o Ig) = 0. Concerning Ig) ,
we only have I'2) < C|[v||® . ,since —1+2@=8) — o Using an estimate

ybave I <Ol o . g
of the pressure term by the velocity term, we have 11(23) < C”vui 2oL )’
Thus, letting R — oo, we conclude that o

¢
2 2 </ 2 C 3 ,
/Rn [v(t)| dx+2/0 /Rn |Vv|?dzdr < . |vo|“dx + O'Ivl|L3(0,T;Ln3—1’°°)

with some absolute constant Cy > 0.
This ends a sketch of the proof of Theorem 3.4.
We omit the proof of Corollary 3.3, Corollary 3.5 since they are easy.

REFERENCES

[1] CaFFARELLL, L., KOHN, R., NIRENBERG, L., Partial regularity of suitable weak solutions of
the Navier-Stokes equations, Commu. Pure Appl. Math., 35 (1982), 771-831.

[2] CHAE, D., Liouville-Type theorems for the forced Euler equations and the Navier-Stokes
equations. Commun. Math. Phys. 326 (2014), 37—48.

[3] CHAE, D., Remarks on the Liouville type problem in the stationary 3D Navier-Stokes equa-
tions. arXiv:1502.04793v1.

[4] GaLpi, G.P., An Introduction to the Mathematical Theory of the Navier-Stokes Equations,
Steady-State Problems. Second Edition, Springer Monographs in Mathematics, Springer-
Verlag, Berlin-Heidelberg-New York, 2011.

[5] Kato, T., Strong LP-solutions of the Navier-Stokes equation in R™, with applications to
weak solutions, Math. Z. 187 (1984), 471-480.

[6] Kozono, H., TERASAWA, Y., WAKASUGI, Y., A Remark on Liouville-type theorems for the
stationary Navier-Stokes equations in three space dimensions, J. Funct. Anal. 272 (2017),
804-818.

[7] KozoNo, H., TERASAWA, Y., WAKASUGI, Y., Finite energy for the Navier-Stokes equations

and Liouville-type theorems in two dimensional domains, preprint.

LEMARIE-RIEUSSET, P.G., Recent developments in the Navier-Stokes ploblem, Chapman &

Hall/CRC Research Notes in Mathematics, 431. Chapman & Hall/CRC, Boca Raton, FL,

2002.

[9] LERAY, J., Etude de diverses équations intégrals non linéaires et de quelques problémes que
pose I’Hydrodynamique. J. Math. Pures Appl. 12, 1-82 (1933).
[10] LerAy, J., Sur le mouvement d’ns liquids visqueuzr emplissant ’espace, Acta Math. 63 (1934),
193-248.

[8

120



[11]
[12]
[13]
[14]
[15]

(16]

HIDEO KOZONO, YUTAKA TERASAWA AND YUTA WAKASUGI

MASUDA, K., Weak solutions of the Navier-Stokes equations. Tohoku Math. Journ. 38 (1984),
623-646.

PrODI, G., Un theorema di unicitd per le equazioni di Navier-Stokes. Annali. di Mat. 48,
173-182 (1959).

SEREGIN, G., Liouville type theorem for stationary Navier-Stokes equations, Nonlinearity 29,
2191-2195.

SERRIN, J., The initial value problem for the Navier-Stokes equations, in: Nonlinear problems,
Univ. Wisconsin Press, Madison (R. E. Langer, ed.) (1963), 69-98.

SHINBROT, M., The energy equation for the Navier-Stokes system, SIAM J. Math. Anal. 5
(1974), 948-954. ‘

TaNIUCHI, Y., On generalized energy equality of the Navier-Stokes equations, Manuscripta
Math. 94 (1997), 365-384.

(H. Kozono) DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ENGINEERING, WASEDA

UNIVERSITY, TOKYO 169-8555, JAPAN

E-mail address, H. Kozono: kozono@waseda. jp

(Y. Terasawa) GRADUATE SCHOOL OF MATHEMATICS, NAGOYA UNIVERSITY, FUROCHO CHIKUSAKU

NAGOYA 464-8602, JAPAN

E-mail address, Y. Terasawa: yutaka@math.nagoya-u.ac.jp

(Y. Wakasugi) DEPARTMENT OF ENGINEERING FOR PRODUCTION AND ENVIRONMENT, GRADU-

ATE SCHOOL OF SCIENCE AND ENGINEERING, EHIME UNIVERSITY, 3 BUNKYO-CHO, MATSUYAMA,
EHIME 790-8577, JAPAN

E-mail address, Y. Wakasugi: wakasugi.yuta.vi@ehime-u.ac.jp

121



