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Abstract

The Muckenhoupt‐Wheeden conjecture is disproved for fractional integral operator. Both

the strong (p,p) and the weak (p,p) type conjecture are proved to be false. The arguments

rely upon a property of the characteristic function of an approximating sequence of the Cantor

set. An off‐diagonal case,  1<p<q<\infty , is also discussed.

§1. Introduction

The purpose of this note is to disprove the joint weighted estimates for fractional

integral operators and fractional maximal operators. We mention that the results pre‐

sented in this paper have been announced in [11] except the last section. We first fix

some notation.

By a weight we will always mean a non‐negative measurable function on \mathbb{R}^{n} . Given

a measurable set E and a weight w, w(E) = \displaystyle \int_{E}w(x)dx, |E| denotes the Lebesgue
measure of E and 1_{E} denotes the characteristic function of E . Let  1\leq p<\infty and  w be

a weight. We define the weighted Lebesgue space L^{p}(w) to be a Banach space equipped
with the norm

\displaystyle \Vert f\Vert_{L^{p}(w)}= (\int_{\mathbb{R}^{n}}|f(x)|^{p}w(x)dx)^{1/p}
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We always assume that the support of the weight w contains that of f . Given 1<p<\infty,

p' = \displaystyle \frac{p}{p-1} will denote the conjugate exponent number of p . Given 0 <  $\alpha$ < n and

a measurable function f ,
we define the fractional integral operator I_{ $\alpha$} by

I_{ $\alpha$}f(x)=\displaystyle \int_{\mathbb{R}^{n}}\frac{f(y)}{|x-y|^{n- $\alpha$}}dy.
We shall consider all cubes in \mathbb{R}^{n} which have their sides parallel to the coordinate axes.

We denote by \mathcal{Q} the family of all such cubes. Given 0 \leq  $\alpha$ < n and a measurable

function f , we define the fractional maximal operator M_{ $\alpha$} by

M_{ $\alpha$}f(x)=\displaystyle \sup_{Q\in \mathcal{Q}}1_{Q}(x)|Q|^{ $\alpha$/n}\oint_{Q}|f(y)|dy,
where the barred integral f_{Q}f(y)dy stands for the usual integral average of f over Q . If

 $\alpha$=0 we drop the subscript  $\alpha$ . So,  M=M_{0} is the Hardy‐Littlewood maximal operator.

Following the excellent survey [2] due to David Cruz‐Uribe SFO, we review the

Muckenhoupt‐Wheeden conjectures for singular integral operators. See [6] for the defi‐

nition of singular integral operators.
In the late 1970 �s while studying two weight norm inequalities for the Hilbert trans‐

form H
, Muckenhoupt and Wheeden made a series of conjectures relating this problem

to two weight norm inequalities for the maximal operator M . These conjectures were

quickly extended to the general singular integral operators. For a pair of weights (u,  $\sigma$)
and the exponent number  1<p<\infty , they conjectured the following:

The strong (p,p) conjecture For any singular integral operator T
, the operator

T(\cdot $\sigma$) extends to a bounded linear operator from L^{p}( $\sigma$) to L^{p}(u) if the maximal

operator satisfies two inequalities M(\cdot $\sigma$) : L^{p}( $\sigma$) \rightarrow  L^{p}(u) and M(\cdot u) : L^{p'}(u) \rightarrow

ư� ( $\sigma$) .

The weak (p,p) conjecture For any singular integral operator T
,

the operator T(\cdot $\sigma$)
extends to a bounded linear operator from L^{p}( $\sigma$) to L^{p,\infty}(u) if the maximal operator

only satisfies the dual inequality M(\cdot u) : L^{p'}(u)\rightarrow L^{p\prime}( $\sigma$) .

The weak (1, 1) conjecture For any singular integral operator T
, the following in‐

equality holds:

\displaystyle \sup_{t>0}tu (\{x\in \mathbb{R}^{n} : |Tf(x)|>t\displaystyle \})\leq C\int_{\mathbb{R}^{n}}|f(x)|Mu(x)dx.
All three conjectures were recently shown to be false. Reguera and Thiele disproved

the weak (1, 1) conjecture [9], Reguera and Scurry disproved the strong (p,p) conjecture

[8] and Cruz‐Uribe, et al. disproved the weak (p,p) conjecture [5].
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Their conjectures for singular integral operators extend naturally to fractional in‐

tegral operators as well though Muckenhoupt and Wheeden did not address them. Such

a generaliza ion was first considered by Carro, et al. [1], who disproved the analog of

the Muckenhoupt weak (1, 1) conjecture:

(1.1) \displaystyle \sup_{t>0}tu(\{x\in \mathbb{R}^{n} : |I_{ $\alpha$}f(x)| >t\}) \displaystyle \leq C\int_{\mathbb{R}^{n}}|f(x)|M_{ $\alpha$}u(x)dx.
In this note, using essentially the same counter‐example to (1.1) above, we establish the

following theorems, which negatively answer the conjecture posed in [2].

Theorem 1.1. Let 0<  $\alpha$<n and 1 <p< \infty . Then, for any integer  N\gg  1,
there exists a weight w=w_{N} with compact support such that

\displaystyle \frac{1}{N}\Vert I_{ $\alpha$}(\cdot w)\Vert_{L^{\mathrm{p}}(w)\rightarrow L^{p}(w)} \geq C
while

\Vert M_{ $\alpha$}(\cdot w)\Vert_{L^{p}(w)\rightarrow L^{p}(w)} \leq C and \Vert M_{ $\alpha$}(\cdot w)\Vert_{L^{p'}(w)\rightarrow L^{\mathrm{p}'}(w)} \leq C.

Here, the positive finite constant C is independent of N.

Theorem 1.2. Let 0 <  $\alpha$ <n and 1 <p< \infty . Then, for any integer  N\gg  1,

there exists a weight w=w_{N} with compact support such that

\displaystyle \frac{1}{N}\Vert I_{ $\alpha$}(\cdot w)\Vert_{L^{p}(w)\rightarrow L^{p,\infty}(w)} \geq C
while

\Vert M_{ $\alpha$}(\cdot w)\Vert_{L^{p'}(w)\rightarrow L^{p}(w)} \leq C.
Here, the positive finite constant C is independent of N.

An off‐diagonal version of this conjecture, the case 1 < p < q < \infty , is true due

to Cruz‐UriUe, et al. for singular integral operators [3] and Cruz‐Uribe and Moen for

fractional integral operators [4] (see also the last section).
The letter  C will be used for the positive finite constants that may change from

one occurrence to another. Constants with subscripts, such as C_{1}, C_{2} , do not change
in different occurrences. By  A<B\sim (B\sim>A) we mean that A\leq cB with some positive
finite constant c independent of appropriate quantities.

§2. Proof of Theorems

In what follows we shall prove Theorems 1.1 and 1.2. We need three lemmas to

this end.
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Lemma 2.1 ([12, Theorem \mathrm{B}] also [2, Theorem 5.1]). Given 0 \leq  $\alpha$ < n, 1 <

 p\leq q<\infty and a pair of weights (u,  $\sigma$) , the following are equivalent:

(1) A pair of weights (u,  $\sigma$) satisfies the testing condition

Q\displaystyle \in \mathcal{Q}\sup $\sigma$(Q)^{-1/p}(\int_{Q}M_{ $\alpha$}(1_{Q} $\sigma$)(x)^{q}u(x)dx)^{1/q}\leq C_{1} ;

(2) For every f\in L^{p}( $\sigma$) ,

(\displaystyle \int_{\mathbb{R}^{n}}M_{ $\alpha$}(f $\sigma$)(x)^{q}u(x)dx)^{1/q}\leq C_{2}(\int_{\mathbb{R}^{n}}|f(x)|^{p} $\sigma$(x)dx)^{1/p}
Moreover, the least possible C_{1} and C_{2} are equivalent.

Lemma 2.2 ([13, Theorem 1] also [2, Theorem 5.2]). Given 0 <  $\alpha$ < n, 1 <

 p\leq q<\infty and a pair of weights (u,  $\sigma$) , the following are equivalent:

(1) The testing condition

\displaystyle \sup_{Q\in \mathcal{Q}} $\sigma$(Q)^{-1/p}(\int_{Q}I_{ $\alpha$}(1_{Q} $\sigma$)(x)^{q}u(x)dx)^{1/q}\leq C_{1}
and the dual testing condition

\displaystyle \sup_{Q\in \mathcal{Q}}u(Q)^{-1/q'} (\int_{Q}I_{ $\alpha$}(1_{Q}u)(x)^{p\prime} $\sigma$(x)dx)^{1/p'} \leq C_{1}
hold;

(2) For all f\in L^{p}( $\sigma$) ,

(\displaystyle \int_{\mathbb{R}^{n}}|I_{ $\alpha$}(f $\sigma$)(x)|^{q}u(x)dx)^{1/q}\leq C_{2} (\int_{\mathbb{R}^{n}}|f(x)|^{p} $\sigma$(x)dx)^{1/p}
Moreover, the least possible C_{1} and C_{2} are equivalent.

Lemma 2.3 ([14, Theorem] also [7, Theorem 1.8]). Given 0< $\alpha$<n_{f} 1 <p\leq

 q<\infty and a pair of weights (u,  $\sigma$) , the following are equivalent:

(1) A pair of weights (u,  $\sigma$) satisfies the dual testing condition

\displaystyle \sup_{Q\in \mathcal{Q}}u(Q)^{-1/q'} (\int_{Q}I_{ $\alpha$}(1_{Q}u)(x)^{p\prime} $\sigma$(x)dx)^{1/p'} \leq C_{1} ;

137



MUCKENHOUPT‐WHEEDEN CONJECTURES FOR FRACTIONAL INTEGRAL OPERATORS

(2) For all f\in L^{p}( $\sigma$) ,

\displaystyle \sup_{t>0}tu (\{x\in \mathbb{R}^{n} : |I_{ $\alpha$}(f $\sigma$)(x)|>t\})^{1/q}\leq C_{2} (\displaystyle \int_{\mathbb{R}^{n}}|f(x)|^{p} $\sigma$(x)dx)^{1/p}
Moreover, the least possible C_{1} and C_{2} are equivalent.

Thanks to Lemmas 2.1−2.3, Theorems 1.1 and 1.2 can be proved once the following

proposition is verified.

Proposition 2.4. Given 0 <  $\alpha$ < n
, then for any integer N \gg  1 there exists

a weight w=w_{N} with compact support such that

(2.1) \displaystyle \sup_{Q\in \mathcal{Q}}(\frac{1}{w(Q)}\int_{Q}I_{ $\alpha$}(1_{Q}w)(x)^{p}w(x)dx)^{1/p}\sim>N
while

(2.2) Q\displaystyle \in \mathcal{Q}\sup(\frac{1}{w(Q)}\int_{Q}M_{ $\alpha$}(1_{Q}w)(x)^{p}w(x)dx)^{1/p}\leq 1
holds for all p>0.

Proof. We follow the argument in [10]. Let 0 <  $\delta$ < 1 be the solution to the

equation

(2.3) (\displaystyle \frac{2}{1- $\delta$})^{ $\alpha$/n}(1- $\delta$)=1.
Fix a positive large integer N\gg 1 . Set  $\kappa$= \displaystyle \frac{2}{1- $\delta$} . Let the closed cube

E_{0}=Q_{0,1}=[0, $\kappa$^{N}]^{n}

Delete from Q_{0,1} all but the 2^{n} closed corner cubes Q_{1,j} ,
of side $\kappa$^{N-1}

,
to obtain

E_{1}=\displaystyle \bigcup_{j=1}^{2^{n}}Q_{1,j}.
Continue in this way N steps: at the k stage, 0<k<N , replacing each cube of E_{k-1}

by the 2^{n} closed corner cubes Q_{k,j} ,
of side $\kappa$^{N-k} ,

to obtain

E_{k}=\displaystyle \bigcup_{j=1}^{2^{nk}}Q_{k,j}.
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Thus, E_{N} contains 2^{nN} closed unit cubes. We have the following:

(2.4) \displaystyle \frac{|E_{N}\cap Q_{k,j}|}{|Q_{k,j}|}=(1- $\delta$)^{n(N-k)} for all k=0 , 1, . . .

,
N and j=1 , 2, . . .

,
2^{nk}

and, by the use of the equation (2.3),

(2.5) |Q_{k,j}|^{ $\alpha$/n}(\displaystyle \frac{|E_{N}\cap Q_{k,j}|}{|Q_{k,j}|}) =1 for all k=0 , 1, . . . ,
N and j=1 , 2, . . .

,
2^{nk}

We now let w(x)\equiv 1_{E_{N}}(x) and we shall verify (2.1) and (2.2).
We take the N+1 cubes P_{0}=Q_{0,1}, P_{1} \in\{Q_{1,j}\} , . . ., P_{N} \in\{Q_{N,j}\} so that

P_{0}\supset P_{1} \supset\cdots\supset P_{N}.

It follows from (2.5) that

(2.6) |P_{k}|^{ $\alpha$/n}(\displaystyle \frac{|E_{N}\cap P_{k}|}{|P_{k}|}) =1 for all k=0 , 1, . . .

,
N.

Proof of (2.1). In general, for non‐negative measurable function f , we have by Fubini�s

theorem that

I_{ $\alpha$}f(x)=\displaystyle \int_{\mathbb{R}^{n}}\frac{f(y)}{|x-y|^{n- $\alpha$}}dy=\int_{0}^{\infty}\int_{|x-y|^{ $\alpha$-n}>s}f(y)dyds
by a changing of valuables s\mapsto t^{ $\alpha$-n}

=(n- $\alpha$)\displaystyle \int_{0}^{\infty} (\int_{|x-y|<t}f(y)dy) t^{ $\alpha$-n-1}dt
=C\displaystyle \int_{0}^{\infty}|B(x, t)|^{ $\alpha$/n} (\oint_{B(x,t)}f(y)dy) \frac{dt}{t},

where B(x, t) stands for the ball of radius t around x\in \mathbb{R}^{n}.

This formula and (2.6) enable us that, for all x\in P_{N} , (recalling w=1_{P_{0}}w )

I_{ $\alpha$}w(x)=I_{ $\alpha$}[1_{P_{0}}w](x)=C\displaystyle \int_{0}^{\infty}|B(x, t)|^{ $\alpha$/n} (\displaystyle \oint_{B(x,t)}1_{P_{0}}(y)w(y)dy) \displaystyle \frac{dt}{t}

\displaystyle \sim>\sum_{m=1}^{N}\int_{(\sqrt{n} $\kappa$)^{m}}^{(\sqrt{n} $\kappa$)^{m+1}}|B(x, t)|^{ $\alpha$/n} (\oint_{B(x,t)}1_{P_{0}}(y)w(y)dy) \frac{dt}{t}
\displaystyle \sim>\sum_{m=1}^{N}\int_{(\sqrt{n} $\kappa$)^{m}}^{(\sqrt{n} $\kappa$)^{m+1}}|P_{N-m}|^{ $\alpha$/n} (\oint_{P_{N-m}}w(y)dy) \frac{dt}{t}
=\displaystyle \int_{\sqrt{n} $\kappa$}^{(\sqrt{n} $\kappa$)^{N+1}} \frac{dt}{t}
\sim>N.
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This yields

(\displaystyle \frac{1}{w(P_{0})}\int_{P_{0}}I_{ $\alpha$}(1_{P_{0}}w)(x)^{p}w(x)dx)^{1/p}\sim>N,
which proves (2.1).
Proof of (2.2). We denote by Q(x, t) the cube of side 2t around x \in \mathbb{R}^{n} . It follows

that, for all x\in P_{N},

M_{ $\alpha$}w(x)\displaystyle \sim<(2 $\kappa$)^{ $\alpha$}+\sup_{m=1,..N}.,|Q(x, $\kappa$^{m})|^{ $\alpha$/n}\oint_{Q(x,$\kappa$^{m})}w(y)dy,
where we have used that, since w\leq 1, M_{ $\alpha$}(1_{Q(x, $\kappa$)}w)(x)\leq(2 $\kappa$)^{ $\alpha$} . By (2.6) we have that

|Q(x, $\kappa$^{m})|^{ $\alpha$/n}\displaystyle \oint_{Q(x,$\kappa$^{m})}w(y)dy\leq 2^{n}|Q(x, $\kappa$^{m})|^{ $\alpha$/n-1}\int_{P_{N-m}}w(y)dy
\displaystyle \sim<|P_{N-m}|^{ $\alpha$/n}\oint_{P_{N-m}}w(y)dy\sim<1.

These imply M_{ $\alpha$}w(x)\sim<1 for all x\in P_{N} . Invoking the concentration of the density, we

further see that M_{ $\alpha$}w is bounded on \mathbb{R}^{n} . Thus, for any cube  Q\in \mathcal{Q},

(\displaystyle \frac{1}{w(Q)}\int_{Q}M_{ $\alpha$}(1_{Q}w)(x)^{p}w(x)dx)^{1/p}\leq (\displaystyle \frac{1}{w(Q)}\int_{Q}M_{ $\alpha$}w(x)^{p}w(x)dx)^{1/p}\sim<1,
which proves (2.2). The proof of the proposition is now complete. \square 

Remark. One can construct a positive weight w such that

(2.7) \Vert I_{ $\alpha$}(\cdot w)\Vert_{L^{p}(w)\rightarrow L^{p}(w)}=\infty

while

(2.8) \Vert M_{ $\alpha$}(\cdot w)\Vert_{L^{p}(w)\rightarrow L^{p}(w)\sim}<1 and \Vert M_{ $\alpha$}(\cdot w)\Vert_{L^{p'}(w)\rightarrow L^{p'}(w)\sim}<1.

Indeed, in the proof of Proposition 2.4, for N = 1
, 2, . .

., we can select the set E_{N} \subset

[0, $\kappa$^{N}]^{n} such that the weight w_{N}=1_{E_{N}} satisfies the following:

\left\{\begin{array}{l}
c_{0}N<I_{ $\alpha$}(w_{N})(x) \mathrm{f}\mathrm{o}\mathrm{r} \mathrm{a}\mathrm{l}\mathrm{l} x\in E_{N},\\
M_{ $\alpha$}(w_{N})(x)<C_{0} \mathrm{f}\mathrm{o}\mathrm{r} \mathrm{a}\mathrm{l}\mathrm{l} x\in \mathbb{R}^{n},
\end{array}\right.
where c_{0} and C_{0} are universal constants. Fix a unit vector  $\omega$\in S_{n-1} and let

F_{N}=$\kappa$^{N^{2}} $\omega$+E_{N} and F=\displaystyle \bigcup_{N}F_{N}.
Then we see that

M_{ $\alpha$}(1_{F})(x)=\displaystyle \sup_{N}M_{ $\alpha$}(1_{F_{N}})(x)<C_{0} for all x\in \mathbb{R}^{n},
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since their supports are sufficiently torn apart. Define the weight w(x) = 1_{F}(x) +

\exp(-|x|^{2}) . Then we have that

\left\{\begin{array}{l}
c_{0}N<I_{ $\alpha$}w(x) \mathrm{f}\mathrm{o}\mathrm{r} \mathrm{a}\mathrm{l}\mathrm{l} x\in F_{N},\\
M_{ $\alpha$}w(x) <2C_{0} \mathrm{f}\mathrm{o}\mathrm{r} \mathrm{a}\mathrm{l}\mathrm{l} x\in \mathbb{R}^{n}.
\end{array}\right.
These entail that, for u>0,

\displaystyle \sup_{Q\in \mathcal{Q}}(\frac{1}{w(Q)}\int_{Q}I_{ $\alpha$}(1_{Q}w)(x)^{u}w(x)dx)^{1/u}
\displaystyle \geq\sup_{Q\in \mathcal{Q},Q\subset F}(\frac{1}{w(Q)}\int_{Q}I_{ $\alpha$} (lQw) (x)^{u}w(x)dx)^{1/u}
=\infty,

while M_{ $\alpha$}(w)\in L^{\infty}(\mathbb{R}^{n}) and hence

\displaystyle \sup_{Q\in \mathcal{Q}}(\frac{1}{w(Q)}\int_{Q}M_{ $\alpha$}(1_{Q}w)(x)^{u}w(x)dx)^{1/u}\sim<1.
Thus, (2.7) and (2.8) follow by Lemmas 2.1 and 2.2.

§3. Discussion of an off‐diagonal case

In this section, following [2], we prove that an off‐diagonal version of Muckenhoupt‐
Wheeden conjecture is true for fractional integral operators. For this, we need more a

lemma.

Lemma 3.1 ([7, Theorem 1.11]). Given 0< $\alpha$<n, 1 <p<q<\infty and a pair

of weights (u,  $\sigma$) , the following are equivalent:

(1) A pair of weights (u,  $\sigma$) satisfies the dual global testing condition

\displaystyle \sup_{x\in \mathbb{R}^{n},r>0}u(B(x, r))^{-1/q'} (\displaystyle \int_{\mathbb{R}^{n}} (\int_{|x-y|<r}\frac{u(y)}{\max\{r,|y-z|\}^{n- $\alpha$}}dy)^{p'} $\sigma$(z)dz)^{1/p'}
\leq C_{1},

where B(x, r) is a ball with center x and radius r ;

(2) For all f\in L^{p}( $\sigma$) ,

\displaystyle \sup_{t>0}tu (\{x\in \mathbb{R}^{n} : |I_{ $\alpha$}(f $\sigma$)(x)|>t\displaystyle \})^{1/q}\leq C_{2}(\int_{\mathbb{R}^{n}}|f(x)|^{p} $\sigma$(x)dx)^{1/p}
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Moreover, the least possible C_{1} and C_{2} are equivalent.

Proposition 3.2. Let 0 <  $\alpha$ < n, 1 < p < q < \infty and (u,  $\sigma$) be a pair of

weights. The operator I_{ $\alpha$}(\cdot $\sigma$) is bounded from L^{p}( $\sigma$) to L^{\mathrm{q},\infty}(u) if the maximal operator

satisfies the dual inequality M(\cdot u) : L^{q'}(u)\rightarrow L^{p'}( $\sigma$) .

Proof. We merely check the condition posed in Lemma 3.1 (1). Fix a ball B =

B(x, r) and z\in \mathbb{R}^{n} . Then we have that

\displaystyle \int_{|x-y|<r}\frac{u(y)}{\max\{r,|y-z|\}^{n- $\alpha$}} \leq CM_{ $\alpha$}(1_{B}u)(z) .

Since the maximal operator satisfies the dual inequality M(\cdot u) : L^{q'}(u) \rightarrow L^{p'}( $\sigma$) ,
we

see that

(\displaystyle \int_{\mathbb{R}^{n}} (\int_{|x-y|<r}\frac{u(y)}{\max\{r,|y-z|\}^{n- $\alpha$}}dy)^{p\prime} $\sigma$(z)dz)^{1/p'}
\displaystyle \leq C(\int_{\mathbb{R}^{n}}M_{ $\alpha$}(1_{B}u)(z)^{p'} $\sigma$(z)dz)^{1/p'} \leq Cu(B)^{1/q'},

Which means the condition (1) in Lemma 3.1. \square 

Proposition 3.3. Let 0 <  $\alpha$ < n, 1 < p < q < \infty and (u,  $\sigma$) be a pair of

weights. The operator I_{ $\alpha$}(\cdot $\sigma$) is bounded from L^{p}( $\sigma$) to L^{q}(u) if the maximal operator

satisfies two inequalities M(\cdot $\sigma$) : L^{p}( $\sigma$)\rightarrow L^{q}(u) and M(\cdot u) : L^{q'}(u) \rightarrow L^{p'}( $\sigma$) .

Proof. if the maximal operator satisfies M(\cdot u) : L^{q'}(u) \rightarrow L^{p'}( $\sigma$) , then, by Propc\succ

sition 3.2 and Lemma 2.3, a pair of weights (u,  $\sigma$) satisfies the dual testing condition

\displaystyle \sup_{Q\in \mathcal{Q}}u(Q)^{-1/q'} (\int_{Q}I_{ $\alpha$}(1_{Q}u)(x)^{p\prime} $\sigma$(x)dx)^{1/p'} \leq C.
Similarly, if the maximal operator satisfies M(\cdot $\sigma$) : L^{p}( $\sigma$) \rightarrow  L^{q}(u) ,

then a pair of

weights (u,  $\sigma$) satisfies the testing condition

\displaystyle \sup_{Q\in \mathcal{Q}} $\sigma$(Q)^{-1/p}(\int_{Q}I_{ $\alpha$}(1_{Q} $\sigma$)(x)^{q}u(x)dx)^{1/q}\leq C.
Thus, by Lemma 2.2, the operator I_{ $\alpha$}(\cdot $\sigma$) is bounded from L^{p}( $\sigma$) to L^{q}(u) . \square 

142



H. TANAKA

References

[1] M. Carro, C. Pérez, F. Soria and J. Soria, Maximal functions and the control of weighted
inequalities for the fractional integral operator, Indiana Univ. Math. J., 54 (2005), no. 3,
627‐644.

[2] D. Cruz‐Uribe, Two weight norm inequalities for fractional integral operators and com‐

mutators, preprint, 2014. arXiv:1412.4157.

[3] D. Cruz‐Uribe, J. Martell and C. Pérez, A note on the off‐diagonal Muckenhoupt‐
Wheeden conjecture, In Advanced Courses in Mathematical Analysis V. World Scientific,
to appear. ArXiv: 1303.3424.

[4] D. Cruz‐Uribe and K. Moen, A fractional Muckenhoupt‐ Wheeden theorem and its conse‐

quences, Integral Equations Operator Theory, 76 (2013), no. 3, 421‐446.

[5] D. Cruz‐Uribe, A. Reznikov and A. Volberg, Logarithmic bump conditions and the two‐

weight boundedness of Calderön‐Zygmund operators, Adv. Math., 255 (2014), 706‐729.

[6] J. Duoandikoetxea, Fourier Analysis, Translated and revised from the 1995 Spanish origi‐
nal by David Cruz‐Uribe, Graduate Studies in Mathematics, 29, American Mathematical

Society, Providence, RI, 2001.

[7] M. Lacey, E. Sawyer and I. Uriarte‐Tuero, Two weight inequalities for discrete positive
operators, preprint, 2012. ArXiv:0911.3437.

[8] M. Reguera and J. Scurry, On joint estimates for maximal functions and singular integrals
on weighted spaces, Proc. Amer. Math. Soc., 141 (2013), no. 5, 1705‐1717.

[9] M. Reguera and C. Thiele, The Hilbert transform does not map L^{1}(Mw) to L^{1,\infty}(w) ,

Math. Res. Lett., 19 (2012), no. 1, 1‐7.

[10] Y. Sawano, S. Sugano and H. Tanaka, Generalized fractional integral operators and frac‐
tional maximal operators in the framework of Morrey spaces, Trans. Amer. Math. Soc.,
363 (2011), no. 12, 6481‐6503.

[11] Y. Sawano, S. Sugano and H. Tanaka, Muckenhoupt‐Wheeden conjectures for fractional
integral operators, to appear in Journal of Mathematical Analysis and Applications.

[12] E. Sawyer, A characterization of a two‐weight norm inequality for maximal operators,
Studia Math., 75 (1982), no. 1, 1‐11.

[13] —,
A characterization of two‐weight norm inequalities for fractional and Poisson

integrals, Trans. Amer. Math. Soc., 308 (1988), no. 2, 533‐545.

[14] —,
A two weight weak type inequality for fractional integrals, Trans. Amer. Math.

Soc., 281 (1984), no. 1, 339‐345.

143


