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ABSTRACT. The Tsallis relative entropy with negative parameters is the spacial case
of the quasi-entropy due to Hiai and Petz. In this paper, we define the Tsallis relative
operator entropy with negative parameters of positive operators on a Hilbert space and
show some properties.

1. INTRODUCTION

AL, [10] DFERIZESNTNET,

ERZROP T, e~V MEH LD 2 HDOIEERRICH T 2R EEIH S O E
AMeshTWELEYS BIAE, [2,21) . BRVOHL 3 U EOERRRIIET 2 MFE
B ORRIIRARR T LT, ZH028, 2004457, Z7E-Li-Mathias [3] 3 AIC LT, L
WIRRBR I, ZOFROFERP—FIERLE L, £hhrb, 10672572 2014 F
(2. Lawson-Lim-Pélfia [23, 22] 12 LT, THETOFRE L LHDH T, BLEZER
¥ Thiv, BT EHOFFONESHE LIS TREF S E L, BE. Z O[T R
ANALRERTHEDHDEEZEZ LN TWET B, [28), Ar, A, ..., A, ZEILA
N NZER BRI IEEAR, w = (w,w, ..., wy) ZMMEXZ MLELET, 2D EE,
X @ Karcher equation

(1.1) iwj log (X-%ij—%) =0
j=1

ENG TR IEMERR X Wi l2—2FELET, ThE Ay, A, KT 5 (weighted)
Karcher mean &Y, Gg(w; A, .., A,) &E22& FF, 7272, Karcher equation DAL
b EHBROMHEN LS LTHREICR D E7, EiX, Gr(w; Ay, ..., A,) IS EAER
O U THFIEZ R > TWEFT O T, A TRVERRICH LT, Aj+el 22T,

s—lilglGK(w;Al +el,..., A, +¢el)

LT DL, ZOBMBBIINWOTHHEELET, £x&k®» T, Karcher mean & FEOR,
Gr(w; Ay, ... Ap) EMK ZEIETEET, L, ZRUE—BRENTITATHHELZRED E
¥ Ah 5, Karcher equation (1.1) & 25 Z LIZBEWRH Y £¥ A, A L, Karcher
equation %Wz Z LITEETT, FOHITiE, Karcher equation DA% LA
FRRENDH Y FT, AU, HHEAEZET bt —0B 2 B3HTHD Z L3 bh
DEL938,6, 16,11, A L B ZAMiRIEFAFRL Lz &, AL BOMIMEART
yhue—id, B - BH[TITLoT,

(1.2) S(A|B) = A3 log (A‘%BA“%) A



T REINE LR, Lanvb. S(AIB) . AR BICaBRs 2B . FIET BEA S
bV FEJ, £Z T, Karcher equation KD L 5 IZIEELET [9].

(1.3) > wiS(X]4;) =0  with kerX = \/ ker4;

j=1 w;>0

FL7=Hix. 1% Extended Karcher equation &FESZ LIZLET, A BHEHDEHIT,
(1.3) iX. Karcher equation (1.1) £ BZ2IC—HLE T, £/, 4 BWTITHEEHED
&%T%\@@mkﬁ—0®%%%%%018ﬁb#0i¢oL#LkﬁBw@ﬁﬂE
CRNEEIC, Grlwi Ay, A )#—%Mh@&)%ﬁt#ﬂ&bﬁ\it‘%nﬁn
“*‘?7532: '975‘ Ib#o'(b‘i*\i‘}uo 2. Z (GK(LU Al, . An)|Aj) >0 ETL

o THERA, THD, RERICEFI &6@#&9# —BIFLR L 25D, K
%&T? Enb, bk, HEAFET Y br -2 EOFARROT brE—0D
FANETE ST RWEEZE L, F2C, FEOLOIZ, ADHZEOT hab—
BEZDZ LN, MEORIIZZR LRV, ERH, KFEHOKRERAPYO—DTY, £
o)) ;\%®%A®I/Fut—@%ﬁﬁ6%zé EVBEITRYET,

B —oik, BHREROMMEATYH, ADBEOBENRNERNI EXLMD E
L7z, 1976 . }|u7k [4] T—BER T x A7 VBROMSAL T, ZHODIREE (states) D
Az hbob—%2ERL, TOMREEZRE L, S HIT, Petz [25] i%, £ DX
=y hr AR E b L. FOMMEERRLE Lz, £ %, quasi-entorpy & I
O, T8I 7 4 v /) A ~ BB OFEH A C Csiszar @ f-divergence D ETHI—i b & LTE
BLELE, ZOBE&IZ, Lieb @ concavity & BHAICBEEL TWEF (19, ST, HEL
Petz [18] 1%, 2012 4RI, {TRIDOHHAAL TER&HITE T, IEEMEBREEITINA LB, B
# f:(0,00) — R IZx LT, quasi-entropy I,

(1.4) SF(A|B) = Tt X" f(L4R5" ) RpX

TEZINET, 2L, Trid, 751 LD M —R | Lp & Rp 1 THI LOLER L G1EA
ERLET, LT, KWz Lid, BEFERERICKIT5EEREN, T O quasi-entropy
DFERIRB I IR TWDHZ E T,

FlzIE, X=1,8%, f(z)=rlogz x> b —BIcT5 L,

S7(A|B) = TrA(log A —log B) = Sy(A|B)

LRV, ZHuE, MEOMMT Y bre—icRY £ ([27). ShoERERS, B -
BN L DHMEHET Y Fa e — (1.2) T, AL Petz [17] 13, ZhbnxTr bm
E—DOBICROBEFRRH D EERLELE,

Sy(A|B) < —-TxrS(A|B).
IIT, t# 1 THIERITH LT, — b5 n, 1T

-1

lntilf =

TERINET,
ZoHOFIE LT, f(z) =Inx & X =1 2T 5 quasi-entropy 1E, FIER[1] 12 L5
ETRO Tsallis IR = b o & =220 £9,

1 — Ty(B'-tAY)

(1.5) Si(A|B) = — -

— —Dy(B|4)

168



169

EEL. AL B, EEEEETFITO <t < 1, 8 - F1 - L (13, 14, 20] 1.
(L5) OFEAISRIR & LT, Tsallis fAHEARTY b re—a g8 LE L,
(1.6) T,(A|B) = A? In, (A-%BA-%) Ad = ﬂt—’—f———A
Tel2 U, MBI E R R R,
At, B= A (A~%BA-%)tA%
T, #l [12] 1 Tsallis #ist = b 0 B —OSHCHHEMG = b o E—0—RbxE
#LELE,
Dt(AIB) = T‘I‘Al_t (lnt A— lnt B)
ZoL %, lim,oDJ(AB) = Sy(A|B) 20, &bic
D(A|B) < ~TxT,(A|B)

Rohy £,

3OBOHELT, filz)=zlnpz & X =1 £8< &, %O quasi-entropy &, BT
A—4—%H D Teallis AR = b —2722 0 7,

1+t p—t _

(L.7) SL(A|B) = IYA_f’;l

IhETORN»E, (1.7) DIFARREBETHZLIIBARTLL Y, £2T, 7K
DOERIEEHNET,

= D—t(A!B)

AbB = A2 (A—%BA—%)tA%

Zhud, f ERKATRTT, t€[0,1] L&, AnB L., ERAFREITIIRY EHA
B, HEIBREDEAREHNMEIIH E THLLIITF>TWES, 22T, AyB%
quasi t-geometric mean &5 9 Z LT LET, Tsallis HXEAFR = bob— LR LR
FRHWT

Al B-1

T(AIB) = =

for —-1<t<0

EMKZEIZLET,

RO BIL, AL M2 ORI AR E Lis 0 — 7 EERRICH T 5 A
RIA—F—%Fi0 Tsallis XHEHRE T frb—%ER L, TOHEEEZFHLHZ &I
HYET, EODITIX, T TRWEMERSRICK LT, quasi t-geometric mean DOHEE
ERARDZENMEICRYET, KREIT, ZOZLEEFHELLRTW Z EIZLELE D,

2. QUASI t~-GEOMETRIC MEAN l; FOR —1 <t <0

Quasi t-geometric mean f; 1., 2HFE OEIZEH LTI, HEFREE2FLEI T, FE TR
WIEEHIE A &L BT LT, Al (B+e) OBIEMBBIBBFIEST 5 & Ei2. TOIEE
MRTERLET

At B= s;l%nA e (B +e¢)

IT, D& &, quasi t-geometric mean f;, DFEED D & T, HELMEE 2T CBE
*9

Lemma 2.1. Let A, B,C and D be positive operators. If Al B and C iy D exist for
some t € [—1,0), then the following properties like operator means hold:
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(i) right reverse monotonicity: B < C implies Ay B> A, C.
(ii) super-additivity: Ay B+Cl D> (A+C) b (B+ D).
(iii) homogeneity: (ad) b (aB) = a(Al4y: B) for all a > 0.
(iv) jointly convexity: For o € [0,1]

(1-a)A+aC) b (1-—a)B+aD) < (1 —a)AuB+aC by D.
X HIZ, quasi t-geometric mean Al B for t € [—1,0) iX. ROBHREFIEEZFHE T

Theorem 2.2. Let A and B be positive operators and ® a normal positive linear map .
If A by B exists for some t € [—1,0), then

Information monotonicity: DA B) > ®(A) by ®(B).

In particular,

Transformer inequality: T*AT h, T*BT <T*(A kW B)T for any operators T
and the equality holds for invertible T .

te 1,00 1T LT, 1he iE, LIZERTIEZVTTND, 15,0 135K LT, BEks
BbHbEdA, 2T, Ah B2, ERAFEL LTHEET DO DEFEESRMFIAANTE LS
PERECET, FOEDIZ, A7 MVEBROB SN, EREEED T Z 705, RO
ARBCHEETED LW TATTEAVET, a>0 & te[-1,0) KALT,

Lot(A,B)=(1-t)a A+ ta''B
EREET L, ROFHEFENPHRILLET,

Lemma 2.3. Let A and B be positive operators and t € [—1,0). Then A b B exists if
and only if there exists a constant operator C' such that

Lot(A,B) = (1 —t)a"A+ta' " B<C  foralla>0.

ST, Ay Bfort € [-1,0) BEET B OO+ EMHERD1-DIE, W20
DU MLETY, E£7. quasi t-geometric mean for ¢ € [—1,0) (X, normalization DM
BxFbLET,

Lemma 2.4. Let A be a positive operator and t € [-1,0). Then A f A= A.

BT, ROBEMSMPHORERERMZ LET, AEREL, 3T, HHE[15] i
Lo T, mMERTVET,

Lemma 2.5. Let A and B be positive operators and t € [—1,0). If A b, B exists, then
A B>(1-t)A+tB
At Bforallte[-1,0) 23, FETHEOOFFO—DFRTRENRKE LT,
Theorem 2.6. Let A, B positive operators. If there is a scalar ¢ > 0 such that A < ¢B,
then A, B exists for allt € [-1,0), and
(2.1) (1—t)A+tB< Al B<c'A.
UbzEloEd e, ROLITHFESGZEHETXET,

Theorem 2.7. The implications (1) = (2) = (3) hold for any positive operators A, B
and t € [-1,0), and each converse does not always hold.

(1) majorization or range inclusion: A < cB for some c > 0, i.e., ranAs C ranB:.
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(2) existence condition: Aty B exists as a bounded operators, i.e., there ezists a
constant operator C' such that

(1-t)atA+ta’*B<C  foralla>0.
(3) kernel inclusion: kerA D kerB.
Remark 2.8. A & B OEENSAES DR, FFIC, 1THIORFIE, Theorem 2.7 D 3 >D5%

HET _RCAEICRZ D 3, ¥R, TRCOBAREEME A WXL T, rands =
fanA = (kerA)t BEEY SO0 6 TY,

3. TSALLIS RELATIVE OPERATOR ENTROPY

ZOET, A LIRS RWEEAEIC R LT, AT A —Z ZEi-> Tsallis FAxHER
Frr bu—OWEEZRRES, A& B EZEERAE, t€[-1,0) £ LET D, A (B+e)
i, e \ OB W THRIZEM LU E 25, Tsallis HHERAZEZ beb—

Al (B+¢e) - A

t
iE, e OB W THRICHEAD LT, toT, A5 A —& 28 Tsallis fAxHERAE
Ty b bE—iX, TOMIERAFBHBENFETD & &I,

Ti(A|B) = s—lli(r}n Ti(A|B +¢)

Tt(AIB + 5) =

L. ERTEEY, 7, MHEMMEEZE~NET,

Theorem 3.1. Let A, B,C, D be positive operators. If T,(A|B) and T:(C|D) exist for
some t € [—1,0), then the following properties of Tsallis relative operator entropy with
negative parameters hold:
(1) right monotonicity: If B <C, then T(A|B)<T(A|C).
(2) transformer inequality: X* T,(A|B) X < T,(X*AX|X*BX) forall X
(the equality holds for invertible X).
(2) information monotonicity: ®(T;(A|B)) < T;(®(A4)|®(B))
for all normal positive linear maps .
(3) sub-additivity: T(A|B) + T;(C|D) < Ty(A+ C|B + D).
(3') jointly concavity: (1—s)T;(A|B)+sTi(C|D) < Ty((1—s)A+sC|(1—s)B+sD)
for all s € ]0,1].
(4) homogeneity: Ti(aAlaB) = aTy(A|B) for all « > 0.
(5) affine parametrization: T;(A|A Y, B) = sTi;(A|B) fort,s € R with s,t # 0.

(6) orthogonality: T; (@ Ak|€BBk> = EBT,:(Alek).
k k k
& biZ, Theorem 2.71Z &> T, WHTRVEED T (A|B) DFERMENR., RO LS
LY £,

Theorem 3.2. The implications (1)= (2)= (3) hold for any positive operators A, B
and t € [-1,0), and each converse does not always hold..

(i) majorization or range inclusion: A < c¢B for some ¢ > 0, i.e.,

1 1
ranA? C ranB2.
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(ii) existence condition: Ty(A|B) ezists as a bounded operators, i.e., there exists a
constant operator C such that

(1-t)a-1DA+t!*'B<C  foralla>0.
(iii) kernel condition: kerA D kerB.

T,(A|B) iZ. WHORFEFEIT X 91, AIETRNE X TH EERIEZ R G ET,
Lemma 3.3. Let A and B be positive operators. If T,(A|B) exists for some t € [—1,0),
then

T:(A+¢€|B+¢) \, T:(A|B)
as €\, 0.
TR IEERBEO L &iX, te[-1,0) DL & TH, BHIZ T,(AB) DEfEMEE AL B

DIEFEZBENST X F9, - T, Ty(A|B) =0if and only if A = B T3, FEiL, 7
WTRNWEXTH, RIERZEVBRILET,

Theorem 3.4. Let A and B be positive operators. Suppose that T,(A|B) exists for some
t € [-1,0). Then T;(A|B) >0 (resp. T;(A|B) <0) if and only if B> A (resp. B < A).
In particular, T{(A|B) = 0 if and only if A= B.

REIZ, A TRWGEEDANRT A —F &Ff0 Tsallis sHEAR = b r —D T
BHHEICOWTEZE L LD, AL BE2EEAKEL, R=(A+B)Y? L& ET, =
DEE, ASA+B %L T, B<A+B TFhb, AV¥2=DR»> BV?=ER £72%
YER#E D, E BEFEELET, D& &, DD+ E*E=1g T2V £7 (20, 5],

Lemma 3.5. Let A and B be positive operators. If T;(A|B) ezists for some t € [—1,0),
then

RT(D*D|(E*E):)R \, RT,(D*D|E*E)R = T,(RD*DR|RE*ER) = T:(A|B)
as € — 0, where (E*E). for e > 0 is defined by

" _ | E*Ex for x € ranQp 1)
(B E)ex = { €T Jor z € (ranQp1-¢))*

where Q01— s the spectral projection of D*D corresponding to [0,1 —€).
FERIC, fAxHERAZ = hrbE—Tb, LT 5,

Lemma 3.6. Let A and B be positive operators. If the relative operator entropy S(A|B)
exists, then

RS(D*D|(E*E).)R \, RS(D*D|E*E)R = S(RD*DR|RE*ER) = S(A|B)
as € — 0, where S(A|B) is defined by (1.2).
UbkzaFloEdE&, ROXIIZT(AB) O FEEGEETRTZENTEET,

Theorem 3.7. Let A and B be positive operators. If Ty (A|B) exists for someto € [—1,0),
then
Ty(A|B) /' S(A|B) forto <t /0.
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