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HILBERT REPRESENTATIONS OF QUIVERS (f&®D EJLR)L F&RE)

WA &% (WATATANI, YASUO) Juk¥E

ABSTRACT. Hilbert 22/ _LIZ/ER+ 2 EHBOELZ AN T 7 (quiver) IZZ - T
# L7 b D% quiver D EA~YL FRE LW, 2OHTIODECHINRN K
S b DOEEBENERIE VD, KEOBFRABRP RN T -2 bOEHBHAREK
BLWws, ZhbHD quiver DAYV FRED T TR LT 1 ¥ VR L OBEEIZ
DWTHETOWMED survey B Z 25, Zhit, ERK L DERHAETHS,

1. QUIVER DEEEHEL~UL FRE

Quiver(fif) EIXAMIZF 7D L ThHD, TOEHRIZE AL MEMEREG S
¥, ZODCHERMEARENES DL 2F 1D, Th# quiver DEAUL IR
Bl (Hilbert representations of quivers) & Xi& 9 [1], [2], [3], 4.

Definition 1.1. T = (V, E, s,r) 3%, quiver(f}) ThHD &1L, £H V PEARES
T, £8 EBIERT, s,rT B E»PBV ~DBEBRT, ac EIZHLT, s(a) eV
B aDER THY, r(a)eVHE, aDRRTHLILDLEHEETHHDTHD, D
0, 8 (quiver) LIXAMI T 7D ETHD,

% 21X Kronecker quiver K, = (V, E,s,r) &iX, 2 EOEADOEZR LM & Dl
BdH D quiver ThHd, 2FV V ={1,2}, E={a,0} ,s(a) =1,5(8) =1, r(a) =
2,7(B) =2 BBHLDTHS :

Ky:172

Definition 1.2. O'& 20 (H, f) #3, quiver TOE A~V FRBLTHD &1L, H =
(Hy)pev 12, HRZRBIZHDE A MNEMOET, [ = (fo)ace X, BIZEZD
O;ﬁ‘ﬁ‘ﬁﬂé'ﬂz};ﬁ%@ﬁ—e\ foz Fj: Hs(a) ﬁ)&\ Hr(a) ’\03{/?}55§§:&0'C1{‘5 %)0)‘—65)
%, quiver T D2 2D NV~)V MEHL (H, f) & (K, 9)ice LT, ¢: (H, f) — (K,9)
BEERER LT, ¢ = (¢), ITARBBAERR ¢, : H, » K, (veV) DIET,
¢’r(a)fa = ga¢s(a) (a € E)

BB THDTHD, Hom((H, f),(K,9)) . (H, f) b (K, g) ~DERAEGH L
k&35, Hom((H, f),(H, f)) %, End(H, f) £ &<, Quiverl' ® b A~L hFKE
(H,f) & (K,g) ’REIE X, BRAEE®R ¢ : (H,f) > (K,9) DFETHET
»

o

Definition 1.3. Quiverl' ® 22Dk ALk KB (K, g) & (K',¢') IZRLT, £
DOEM (H,f)%2, H,=K,®K!(veV), fo=09a D g\ (a € E) TEHET D, Quiver
P DeA~L NREL (H, f) BEBEM (indecomposable) &%, (H, f) BIEEHRE
FTHTF RN ETH D,
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Definition 1.4. Quiver [' ® B L~V " REBL (H, f) BHEBH (transitive) & i,
End(H, f)=CI ©Z & Th 5,

Quiver T @ e AL MREL (H, f) BHEBAY (transitive) 72 HEBEK (indecom-
posable) THh 3B, L L, WXL LRV,

SEK=0N) LoFfl7 b ed5, KDEER e,69,... LT 5, A=(N); €
(X(N) &, M £ NGE#£)) EWEETHDET D, w=(w); € P(N) &, w, #0(fE
BOne N)EZRHRETODET D, 0,577 1OERF LTS, Kronecker
quiverKy DU~V NRE (H,f) % Hy = Hy = K, fa = S, f5 = SDx + fep0
EBL, TDEE, ZOEANL MREL (H, f) i transitive TH D, LL, D
Kronecker quiver Ky ® FOADAE S} EEXTZRD X 5 72 quiver T = (V, E, s,7)
EEZD, DEVV = {1a2}7 E= {a7ﬁ} ,S(Ol) = 1)'5([3) =2, 1"(0[) = 2,’)‘([3) =17
B3HDTHD :

r:1—2
Z D quiver DAIESIFEEND & ZTHERT 4 VX VR A, 1225,
Theorem 1.5. (BAFHA) Z D quiver T
r:1—2
ik, ERRRITOD transitve 72 & A~V MREUBTEE LRV,
bo & —RIZRDZ & BRRIT B,

Theorem 1.6. (EA-MA) T ZHRMBEOTHRL LR DERR quiver £ §5,
(D) b LAE ST 2SN R T 7 |T| BHERT 4 %K D, (n > 4), Ee, B,
Eg DEN»EELRGIX, MESTICED LT transitve R BRRITT & A~V R R
BREET . 3

(2) bLAESTESNER ST 7 |T| BIERT 4 % B A, 72 B, transitve
RIERRITTE NNV NREDFET D7D DOLEFZFMFIXT 23 oriented cyclic
quiver TRWZ & TH B,

2. PATH ALGEBRAS

HRD quiverl = (V, E, s,7) IZx19 5 path algebra GEER) C(I') ZEZK L, quiver
[ De A~V hEBL & path algebraC(l) ORBBBRICHIGTH L oL X 9,

Definition 2.1. I' = (V, E, s,r) ZHR®D quiver £ §5, [ = (V,E,s,r) EOESX
Bndpath o =aiay-0p EIENnBDOB o € Eji=1,--. ,n O THEETERD
DD 2: ?&)50 Z :Ti@%ﬂﬁgk X S(Qz‘) = 7"(0[@_..1), o; € E, c‘.‘. LT%( o 4%.:‘:&
EA30 D path IFTEREDHD LR L TEBL, E&EMn D path 2% Path,(T) &

< &, Pathy(T) = V,Pathy(T) = E £ 7%2%, &bIZ path &K%
Path(T) = U, Pathy(T)

n=0

TH LY, paths v € Path(l') ZAREITLE T DT MZEME C(I) £ T2,
C(I) ={ Z ajey | ,ay € C, {7;a, # 0} is finite}.

~EPath(T)
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& BT path DEAE (concatenation) #f-> T, C(T) iX algebra iz/eb, DFEH, =
DD paths o =ajag - -an & B=LF1B--- B ICH LT, b L s(a(n)) =r(B(1) 2
LEFEFRET, Z DL & T OERIT

af =iy -onfBifa - P

t93%, ZnlkE, BHE

€a€g = €aqp
EL. bLls(an) #r(B1) DeEite,es =0 T25LVWHZLTHD, DX
212 L T2 bz algebra C(T') % quiver I' (Z%19" % path algebra & FE5, BA7T
X1 =Xpeve, THY, K e, IIMFRTICARZDOT, ZHIXBMTORHLEHRDZ L
NTED,

&T. Z® path algebra C(T') ® Hilbert & L%, H, 2 Hilbert ZEf T 7 :
C({I') — B(H,) 1X unital algebra homomorphism T, & b2, TXRTHERv eV
WX LT 7(e,) BREICRD OO LTHD, ZHRELRLTY, similarity %
BRONTZORIZTE 50T, RIEIR,

ZDXHITTBH T LT, quiver I' ® Hilbert &BL & path algebra C(I') @ Hilbert
READBHRICHIET D Z LIEEALICR D,

Proposition 2.2. (HEAMA) T = (V,E) EHR quiver 6 T5 L T DAL IR

Bak
Hil(T') = {(H, f); (H, f)is a Hilbert representation of T'}

& path algebraC(T') @ Hilbert RELEM
Rep(C(T")) = {m; mis a Hilbert representation of C(T')}
DRNTIFRD & 5 IEARITHI 2ol 1 1358355 : T O e~V MREL (H, f)
12 UCIX path algebraC(T) @ Hilbert RE 7w R THER T 5.
H,:= Dvev Hy.
Ao € VI LTI, Hy 25 H, ~ONE% 1(e,) L35, Wa € EIcHLT
i3 ERFRITS m(eq) & r(e) — s(e) RV f, TEDMORZIZ0 ETHZ L TED
Do, —MD path a = ayay - - - oy, € Path,(T) I3 LT,
m(a) = m(ar)m(0z) - - - m(om)
ETnIE R,

Example. R bHHERHFAZHB, —BRBIZEFALIETHD, IR 1ED
quiverl’ = (Vva E) zV= {1’2}7 E= {Ot}, S(Ol) = 1,’!’(0’) =2T&®D, (Ha f) T
D Hilbert RELL T2 &L f, € B(Hy, Hy) IZl2o T3, D¢ &, H,=H 0 H, T
w(es) = P i3 H, 75 Hy ~\OIRETH Y, (ERRRBIL

2.1) 7(ea) = (}l 8)

ZDLIRNCE Y, quiver I’ @ Hilbert 23 indecomposable T % Z & R tran-
sitive T# % Z & A3 path algebra C(I') ® Hilbert ZFEHD Z LIXTHE B,
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Proposition 2.3. (HAME) [ = (V,E) ZHR quiver L 55, TOEA~)L bR
Bl (H, f)\ZXT 5 path algebra C(T') @ HilbertXKBLE « &35, T2 &, BREER
End(H, f) iX7T#FER 7(CT)) LMD, &b, TOEA~VIRE (H, f)
28 transitive THBZ &I n(CT)) =C ThHAHZ LIXFMETH D, T DAL
FRBL (H, f) # indecomposable T D Z &1L n(C(T)) DMEITLN 0,1 LARNZ
LERETH D,

REFERENCES

[1] M. Enomoto and Y. Watatani, Relative position of four subspaces in a Hilbert space, Adv.
Math. 201 (2006), 263-317.

[2] M. Enomoto and Y. Watatani, Indecmposable representations of quivers of quivers. on infinite-
dimensional Hilbert spaces, J. Func. Anal. 256 (2009), 959-991.

(3] M. Enomoto and Y. Watatani, Strongly irreducible operators and indecomposable representa-
tions quivers on infinite-dimensional Hilbert spaces, Integral equations and operator theory,
83(2015),563-587.

[4] M. Enomoto and Y. Watatani, Unbounded strongly irreducible operators and transitive repre-
sentations of quiverson infinite-dimensional Hilbert spaces, preprint.

(Yasuo Watatani) DEPARTMENT OF MATHEMATICAL SCIENCES, KYUSHU UNIVERSITY, MO-
TOOKA, FUKUOKA, 819-0395, JAPAN



