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1 Introduction

This note presents an improvement of an a priori estimate for positive solutions of the
Lane-Emden equation, given in many studies. Let us start with a simple introduction
related to this. Let Q be a bounded domain in R” (n = 3) and let o (x) denote the usual
distance from a point x to the boundary Q2 of Q. The Lane-Emden equation is a nonlinear
equation of the form

—Au=ulP 1y, (1.1

where A is the Laplacian on R” and p > 1. We consider the set %), (Q) of all positive classical

solutions of (1.1) in Q. Let
_n+2
Ps=n=2
It is known that if 1 < p < pg, then there exists a positive constant C depending only on p
and 7 such that

u(x) < Coo(x) 71 1.2)

holds for all x € Q and u € %, (Q). This estimate was utilized in many studies on (1.1). See
Dancer [2] for the Dirichlet problem on exterior domains, Pola¢ik-Quittner-Souplet [6]
for a Liouville type theorem: %),(R") = @, and Serrin-Zou [7] for —Aju = |u|P~1u with Ag
being the g-Laplacian on R”. Note that the exponent —53—1 comes from the scale invariant

property of (1.1): if u € %p (Q) and A > 0, then /1?2-_1 u(Ax) € %,,(%Q). Then there arises a
natural question whether or not the growth rate in (1.2) is optimal?

To state our main result, we need to prepare some notations. We write aA b := min{a, b}
and a Vv b := max{a, b} for a, b € R. Let G(x, y) denote the (Dirichlet) Green function on Q
for A. For a fixed xp € Q, we put

g(x) :=G(x,xp) A L.



Note that the boundary decay rate of g may vary at each boundary point when 62 is non-
smooth, whereas g(x) is comparable to the distance function §q(x) when 49 is smooth.
We prove the following theorem.

Theorem 1.1. Let Q be a bounded Lipschitz domain inR"™ (n = 3) and let1 < p < ps. Then
there exists a positive constant C depending only on p, n and Q such that every u € %,(Q2)

can be estimated by

u(x) < ¢ = (1.3)

gx)8a(x)""2 v 8q(x) 7T

forallxe Q.

Here we give some remarks on the above estimate in a bounded Lipschitz domain €.

For simplicity, we write
n+a
Po =

T n+a-2
fora = 0.

* The inverse of g(x)8q(x)"2 is related to the boundary growth of positive harmonic
functions on Q. Indeed, on a nontangential region at ¢ € 0Q, it is comparable to the
Martin (Poisson) kernel at ¢. See Aikawa [1] and the author [3].

* Let ¢ € 0Q. Itis known that there are constants a; > 0 and C > 1 such that

1
gx) = Edg(x)“‘ (1.4)

on a nontangential region at . Therefore, if p < pg,, then

_2_

g(0)8a(x)" % > 8q(x) 71
on that set near ¢, which implies that (1.3) improves the earlier one.

¢ As we see from Theorem 3.1 below, the growth rate in (1.3) is optimal when 1 < p <
Pa; (and also when py < p < ps because it is known that there is a positive solution
. 2
of (1.1) in Q behaving like [|x—£&||” 7T near & € 6Q2). For Pa; < P < po, we do not know
whether or not (1.3) is optimal.

The plan of this note is as follows. In Section 2, we prove Theorem 1.1 using the global
estimates of the Green function and the Martin kernel, a fundamental pointwise estimate
of the Newton potential of a superharmonic density and some known results in potential
theory. In Section 3, we prove the existence of a positive solution of (1.1) in Q behaving
like the Martin kernel in order to show that the growth rate in (1.3) is optimal. In the final
section, we enumerate some properties one can get from Theorem 1.1.
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2 Proof of Theorem 1.1

In what follows, we suppose that Q is a bounded Lipschitz domain in R” (n = 3). By the
symbol C, we denote an absolute positive constant whose value may vary at each occur-
rence. When C depends on some/all of the Lipschitz characters, diamQ and 6q(xp), we
say that C depends on Q. If necessary, we use Ci, C;, ... to specify them.

Let £ € 0Q and let § > 0. A nontangential region at { is defined by

Tp):={xeQ:llx-¢ll < foa(x)}.

This set is nonempty and ¢ is accessible from there whenever f is sufficiently large, say
B = Ba. Let us recall the global estimates for the Green function Gq(x, y) and the Martin
kernel Mq(x,¢) at £ € 0Q established in [4]. For x, y € Qand C; > 1, welet

— 1
B(x,y) = {beﬂza(llx—bll vib-yh=lx-yl= C16Q(b)}-

Itis not difficult to see that %8(x, y) is nonempty for any pair x, y whenever C; is sufficiently
large. Then there exists a constant C > 1 depending only on n and Q such that

18(x)g(y) 2-n _ 8§(x)8(y) 2-n
- <Galx,y)<C - 2.1
C glbey? llx =yl alx,y) g(bsy)? lx—yl @.1
forall x,y € Q and by, € B(x,y);
1 g 21 _ 8(x) 2-n
— - = Mn(x,&)<C - 2.2
C b lx =<l o, &) PITE lx—¢&l 2.2)

for all x € Q and by € %(x,¢). In particular, for each f = Bq there exists a constant C > 1
depending only on g, n and Q such that

1
E6g(x)2‘" < g(X)Mqo(x,&) < Coa(x)*™" (2.3)

forall x € I'p (&) (see [3]). Also, we can see the following fact from the Harnack inequality
and the Carleson estimate for positive harmonic functions:

* There exists a constant C > 0 depending only on » and Q such that g(x) < Cg(b) for
any pair x, y eQandbe B(x,y).

Note that this, together with (2.2) and (2.3), yields that

Ga(x,y) < cg% lx—yl2" (2.4)
and c
Mo (x,¢6) < W (2.5)

for all x, y € Q. Also, we use the following elementary estimate.



Lemma 2.1. Let u be a nonnegative superharmonic function on B(x,r). Then

u(y) On 2
— _dy<—ru(x),
fB(x,r) llx— ylIn-2 Y=

where g, is the surface area of the unit sphere in R”.

Proof. By the polar coordinate representation and the spherical mean value inequality for
superharmonic functions, we have

u(y) f’ 1 f
———dy= u(do(y)d
fl;(x,r) lx—yln-2 y o p"? 9B(x,p) ¥ dp

r On
sanu(x)f pdp=?r u(x).
0

We are now ready to prove Theorem 1.1.

Proofof Theorem 1.1. Letu e @/p (Q). As stated in the introduction, we note that u satisfies
(1.2). Therefore it satisfies the differential inequality

0<—Aux) < Coba(x) 2ux) (2.6)

for all x € Q, where C; is a positive constant depending only on p and n. To get (1.3), we
have only to show that there exists a positive constant C depending only on p, n and Q
such that

C
u(x) < W 2.7)

holds for all x € Q. By the Riesz decomposition theorem for nonnegative superharmonic
functions, there exists a nonnegative harmonic function 4 on Q such that

u(x) = h(x) + fﬂ ol 1) (—Au(y) dy 2.8)
for all x € Q. Moreover, by substituting x = x in (2.8), we have
ng(y)(—Au(y)) dy < u(xp). 2.9

Let x € Q and let j € N, which will be chosen later. We write B i = B(x, 8a(x)/27) for sim-

plicity. By (2.4), we have
2i(n-2)

28

Golx,y) < ———
a®y) g(x)dq(x

for all y € Q\ B;. Therefore, by (2.9),

2i(n-2)¢

g(x)dq(x)"2 H(%).

f Gox, ) (-Auy)dy <
OQ\B;
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Since Gg(x,y) < Cllx— yllz'” and u is superharmonic on Q, it follows from (2.6) and Lemma
2.1 that

C u(y) Cs
Ga(x, y)(-Au(y)dy < f dy < —u(x),
fB,- a(x, ) (-Au(y) dy 502 Ju, Ta—yI"2 V=025
where C; depends only on p, n and Q. Moreover, by the Martin integral representation of
hand (2.5), we get
(x0)-

h(x) h(xo)

< ¢ Ss————u
8x)8qa(x)"2 gx)ba(x)"2

These estimates and (2.8) yield that
2j(n-2)

Cs
W u(X()) + 27] u(x).

u(x) <

Since u(xp) < C by (1.2), we can obtain (2.7) by choosing j such that C3/ 22i <1/2. O

3 Optimality of our estimate

The following theorem shows that the growth rate in (1.2) is optimal.

Theorem 3.1. Let1 < p < pq,, where a; is the constant in (1.4). Then there exists a positive
number A such that for any A € (0, A,], there exists a positive classical solution u of (1.1) in
Q such that

A 32
3 a(x,¢) =u(x) < 7MQ(JC,§) B.1

forallxe Q.
To show this, we apply the Banach fixed point theorem to the following function class
and operator. Let A > 0. We consider the closed set
w, :={weC(Q):£21-s w(x) < % forer}
in the Banach space (BC(Q), |l - o), the set of all bounded continuous functions on Q
equipped with the uniform norm, and the operator 9 on W} defined by

1
Mq(x,¢)

Trlw](x) =2+ LGg(x,y)(w(y)Mg(y,f))”dy

for x € Q. Using (2.1) and (2.2), we can show thatif 1 < p < Pag then

1
A:=sup fQGQ(x,y)MQ(y,f)pdy

xeq Mq(x,8)

is finite. See [5] for details.



232

Lemma 3.2. 93 (W,) c W) whenever A is sufficiently small.

Proof. Let we Wj,. Since p > 1, we get

A 3A\P 30\ 31
ESA—A(—Z—) sﬂ[w](x)sMA(—z—) ==

for all x € Q, whenever A is sufficiently small. Since (w(y) Mq(y,¢))? is locally bounded on
Q, the classical result shows that the Green potential of that density is continuous on Q,
and so is 9 [w]. Hence 9 [w] € W,. O

Lemma 3.3. 9, : Wy — W, is a contraction mapping whenever A is sufficiently small.

Proof. Let wy, w, € Wj. For x € Q, we get

Ga(x, y)Mqa(y,§)P
MQ (x) 5)
< Alw] - w} lloo.

| T2 [wn](x) — T [wz] (%) ng lwr ()P — wa ()P dy

Since

31)\P1
lw! —whle<p (7) lw: — walloo

by the mean value theorem, we can obtain
1
(T2 [w1](x) — T [we](x)| = 5" w1 = Walloo

for all x € O, whenever A is small enough. Thus the lemma follows. O
Proof of Theorem 3.1. By the Banach fixed point theorem, there exists a unique wy € W
such that 9 [wy] = wy on Q. Letting u(x) := wy(x) Mq(x,¢), we have

w(x) = AMa(x, &) + fﬂ Galx, uG)P dy

for all x € Q. Also, (3.1) holds. Since u is locally bounded on Q, the classical regularity
theorem shows that u € C2(Q). Hence u is a positive classical solution of (1.1) in Q. O

4 Remark

Theorem 1.1 has important and wide applications. Indeed, with the help of some results
in potential theory, one can get

e a strong Harnack inequality: for each small 0 < x < 1, there exists a constant c(x)
depending only on «, p and n such that u(x) < c(x)u(y) for all u € %,(Q) and any
pair x, y € Q satisfying || x — y|| < x8q(x). Moreover, c(x) enjoys ¢(k) =1 and c(kx) — 1
askx — 0+;



* the existence of nontangential limits of u € %, (Q2) and the ratio u/Mq(-,$);

* a Harnack convergence theorem: any sequence in %, (Q) has a subsequence which
converges uniformly to a function in %, (€2) U {0} on each compact subset of Q.

* the existence and nonexistence of a positive classical solution of

-Au=uP inQ,
4.1)

u=Ab¢ on 0Q,
where 1 > 0 and J; is the Dirac measure concentrated at ¢ € dQ2. Indeed, we can

find a critical number A* such that if A < 1*, then (4.1) has a positive solution, but if
A > A*, then (4.1) has no positive solution.

These results and their proofs can be found in [5].
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