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Abstract

In [FL88], Foreman and Laver proved, assuming the existence of a huge cardinal
the consistency of the transfer property of maximal chromatic number from Rs to
Rj. We combine this result with another result by Baumgartner [Bau84] to prove,
also assuming the existence of a huge cardinal, that such a transfer property from

RNy to N; does not follow from the transfer property from N3 to N;.

1 Introduction

52

By using a technique created by Kunen [Kun78], Foreman and Laver constructed
in [FL88] a model of set theory with some nice reflection properties on Ro. One of those

properties is related with the maximality of the chromatic number of graphs.
Recall the definition of the chromatic number of a graph:

Definition 1.1. Given a graph G = (X, E) (X is the set of vertices and E C [X]? is the
set of edges), we say that a function f with domain X is a good coloring of G if for every

edge {a,b} € E we have f(a) # f(b).

The chromatic number of the graph G , denoted by Chr(G), is the minimal cardinal p

such that there exists a good coloring f : X — p.
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A feature of the model by Foreman and Laver is that every graph of size (i.e. number
of vertices) and chromatic number R, has a subgraph of size and chromatic number R; in
the model. Since the chromatic number of a graph is at most the size of the same graph,
this property can be interpreted as the maximality of the chromatic number of graphs is
always transferred from graphs of size N, to a subgraph of size X;. In more general terms,
we shall refer to such property as follows: :

Definition 1.2. Given two cardinals vy < §, we denote by Trop(6,7) the following state-
ment: “Any graph G of size and chromatic number § has a subgraph of size and chromatic
number y” .

With this notation, the result by Foreman and Laver can be stated as: if the existence
of a huge cardinal is consistent, then so is Trcy (N2, X;). As claimed in the original article,
this result is easily generalizable by changing N, and ®; for R,, and X, respectively, with
n<m<uw.

By definition 1.2, it is clear that, Trcn(R3, R2) together with Trop (N2, N1) implies
Treop (N3, R;). From this fact arises the question of whether the converse holds. In this
paper, we shall prove that, if the existence of a huge cardinal is consistent, the answer
to such question is negative. We accomplish this by combining the previous result by
Foreman and Laver with a result by Baumgartner in [Bau84] and obtaining the following
theorem:

Theorem 1.3. Suppose there ezists a huge cardinal. Then there exists a forcing extension
of V' which satisfies simultaneously Trcne (N3, R1) and = Tron(Re, ¥1).

The goal of this paper is to present a proof of theorem 1.3. We also present a slight
generalization of it (theorem 4.2).

1.1 Definitions and preliminaries

Definition 1.4. For regular cardinals v < 6, define the Silver collapse S(v,d) as the
poset consisting of all partial functions p from v x § to § satisfying the following: |p| < ~;
In < y(dom(p) C 1 x §); and V(a, B) € dom(p)(p(a, B) =0V p(a, B) € B).

Definition 1.5. Given a poset Q and a set of conditions S C Q, we define the quotient
Q/S = {¢q € Q : g is compatible with every s € S}

ordered by <g/s:=<g N(Q/S x Q/S).

Fact 1.6. If Q <P and Go is the usual Q-name for a generic, then P = Q * (IP’/QQ).

We now want to define the concept of a termspace. For that, we need the following
remark.
Remark 1.7. We say that a Q-name t has minimal rank if for any Q-name 3’ which
is forcing equivalent to t, i.e. |Fq“t=1", we have rank(t) < rank(t'). From the well
known fact 1.8, it is sta:tdard to sho; that for any Q-name X we have that

{teVQ: |Fo“te X” and t has minimal rank}

s a set.
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Fact 1.8. Let Q be a poset. Suppose & is a Q-name and x is a large enough regular
cardinal such that |- “z € H(X)”. Then there exists a Q-name 2’ € H(x) which is
forcing equivalent to z.

We can now define the termspace of a name for a poset.

Definition 1.9. Suppose Q is a poset and T is a Q-name for a poset. We define T? the
termspace for T (with respect to Q) as the quotient by the forcing equivalence relation of

the set
{te V®: |Fg“t € T” and t has minimal rank}

ordered by
t <gla = “‘Q“El <t t”

where # and t, are representatives of the classes t; and to respectively.

Notice that we shall omit the superscript Q when it is clear by the context. Also, we
shall make no difference of between the class and the representative when the distinction
is clear by the context.

Proposition 1.10. Suppose Q is a poset of reqular size & and T is a Q-name for a poset
such that |-q “|T| = |&| ?, for some regular cardinal k. Then the termspace T has size
< K.

Definition 1.11. Let § be a cardinal. We say that o poset Q is §-centered if there exists
a function f : Q — & such that for every a < 6, each finite subset of f~*({a}) has a
common extension in Q (we call such function f a §-centering of Q). Alternatively, if Q
can be partitioned into < § many centered (in Q) subsets.

Fact 1.12. Suppose j : V — M is an elementary embedding and Q a forcing poset in
V and G a (V,Q)-generic filter. If there exists some (M, j(Q))-generic filter G such that
J"G C G, then we can extend j to an elementary embedding j' : V|G] — M|[G].

Notation 1.13. Given two names a, b, we denote by op(a, b) the canonical name such
that |- “op(a, b) = (¢, b) "

2 The partial orders

We shall construct 3 posets: P, R(x™, A) and B. Our final poset, which shall force the
main result (theorem 1.3), will be the two step iteration IP % (R(fi+, A) X }B).
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2.1 Baumgartner’s Poset and the R collapse

Let B be the poset defined in [Bau84]. For a transitive model W of ZFC, we denote
by BY the poset constructed in W with the relative definition. We can summarize the
features of B in the following theorem (also from [Bau84]):

- Theorem 2.1 (Baumgartner). Assume CH. Then there exists a partial order B which
forces ~Tron(Re, ;) and has the following properties:

e |B| =X,, B is o-closed and preserves cardinals;

o If Wy, Wy are transitive models of ZFC such that wy,ws and On® are absolute between
them, then B! = B2,

Now we present the collapse R(7y,d), a modification of the Silver collapse (defini-
tion 1.4) introduced by Foreman and Laver in [FL88]. Notice that the notation used here
is just slightly different from the original. :

Definition 2.2. For any reqular v, § with v < 8, we define recursively the collapse R(%, )
o First, let R(v,6) = S(v, ).

o Assuming R™((3,8) constructed for some n > 0 and for all regular 8 withy < B < 6,
let

<7
R (1,6)= [I R59)
B€[v,0)NREG

where the superscript < v indicates the size of the support and REG is the class of
all reqular cardinals.

o Finally, define
R(’Y’ 5) = H Rn(’y’ 5)

new

Lemma 2.3. For regular 7,8, there is a meet operation A in R(v,8) which assigns a
greatest lower bound to any collection of < ~ many pairwise compatible conditions in

R(7,9).

Proof. We define recursively a function A on subsets of the collapse R"(v,§), for any
suitable v, 4.

e Forn =0, for S € [R%(7,8)]<7, define AS =1JS.

Clearly, if S is pairwise compatible, A S is indeed a condition in R%(v, §) and it is
a greatest lower bound of S.

e suppose /\ defined on R"™(3,d) for every suitable v < 8 < §. For S € [R""(«,§)]<”
pairwise compatible, define

/\S’= (/\Sg 1y < B <4, B regular)

where Sg := {s(8) : s€ S}.
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By induction hypothesis, we have that each A S5 € R™(8,v) is a greatest lower
bound of Sp. Since supp(A S) = |J,cssupp(s) and |S| < v, clearly |supp(A S)| <,
so indeed A S € R™1(«,d). It is also clear that A S is a lower bound of S.

Furthermore, suppose ¢ € R"*1(«, §) is a lower bound of S. Clearly for each 8 we
have that ¢(8) is a lower bound for Sg, so by induction hypothesis, g(8) < A S,
hence ¢ < A S.

e finally, for S € [R(7, §)]<" pairwise compatible, define

/\Sz(/\Sn:nEw>

where S, := {s(n) : s € S}. By the same argument on the previous item (with
no need to care about the support), we have that A S € R(7, 8) is a greatest lower
bound of S.

O

We will use a generalized version of the A-system lemma, whose proof can be found
for example in [Kunl1].

Lemma 2.4 (A-system lemma). Let v < § be infinite regular cardinals such that o< < §
for alla < 6. Then for any family (Ay : o < &) with |As| < v (o < &) there is some
B C ¢ such that B is stationary (hence |B| = ) such that (A, : o € B) forms a
A-system, i.e., there is a set R such that Ay N Ag = R for any distinct o, 3 € B.

The proof of the following result is by Philipp Liicke [LI6]:

Lemma 2.5. Let § be a weakly compact cardinal and v < §. For each o < 6, let P, be a
d-cc forcing poset. Then the < y-support product P := H(fz 5 Po is 0-Knaster.
Proof. Let (pe : € < &) be a sequence of conditions in P. Since 4 is inaccessible, v and
d satisfy the hypothesis of lemma 2.4, so we can assume w.l.o.g. that (dom(p¢) : € < 6)
forms a A-system with root R C 4, |R| < 7.

Define f : [v]* — RU {4} by:

) min{a € R : pe(a) Lp, pg(a)} , if such set is not empty
fH&€h = { k) , otherwise

Since ¢ is a weakly compact cardinal, using the arrow notation from Ramsey theory,
we have § —» (8)7. Therefore, there is a set H € [6]° such that f"[H]* = {8}, for
some B € RU{d}. Since each P, is é-cc, we must have 8 = §. Notice that this implies
that (pe : £ € H) is pairwise compatible, because if there were §,¢ € H with p; and pe
incompatible, there would be some « in the root R witnessing it. O

Lemma 2.6. Let y < 8, both regular cardinals. Then R(v, ) is < y-closed. Also, if ¢ is
weakly compact, then it is §-Knaster.

Proof. Lemma 2.3 clearly imply that R(v, d) is < 7-closed.
Suppose § is weakly compact. The d-Knaster property follows from lemma 2.5 and
the following claim:
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Claim 2.7. For every n € w and every regular v < 6, R*(v, ) is d-Knaster.

Proof of claim 2.7. We proceed by induction on n. For n = 0, we have R%(y, §) = S(v, §).
Notice that S(v, §) can alternatively described as the product of (Col(5, {6}) : v < 8 < §)
with bounded support of size < 5. Since Col(B3, {6}) has size 8 < v, it is §-Knaster.
Notice also that the proof of lemma 2.5 also holds in this case with the bounded support,
so R%(,4) is 6-Knaster.

The successor step follows directely from the induction hypothesis together with
lemma 2.5. O

O

2.2 Kunen’s universal collapse P

Now, we are going to construct P using the notation by Cox in [Cox15]. This kind
of construction was originally done by Kunen in [Kun78|, where he refers to posets with
such kind of property as universal collapses.

We will define recursively a sequence (P, : a < k) of posets, and our P will be P,.
This is a slight modification of the usual concept of iteration; Cox calls it a (finite support)

universal Kunen iteration.
Define:

o Py = S(w, k).

e Suppose P, constructed. Suppose B, := P, NV, is a regular suborder of P,,
|FB, “a =w;” and « is an inaccessible cardinal. In this case, we call o an active
stage. Let Q4 be a B,-name for R(a™, k) x B and define P,,; as the set of all

partial functions f on o + 1 such that:

- fra € ]Pa
— if & € dom(f), then f(a) is a By-name of minimal rank such that

5. “ fle) € Qu”.

and the order on P, is given by: f; < f5 if and only if

fila £ falg A o € dom(fy) = (a € dom(fi)A
filalFes “VIGr, NVal E fi()[Gr, N Va] < f2(e)[Gra NVa]”),

where Gp, denotes the canonical P,-name for a generic;

e otherwise, we call o a passive stage and let Py, = Py;

e for limit ordinals 6 < &, let Ps = |J,.sPo with the order induced by the P,’s.

Remark 2.8. Notice that the conditions on each step have finite support. Also, as in
1.7, the requirement that each f(c) is chosen with minimal rank guarantees that Pyyq is
indeed a set.
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Lemma 2.9. Suppose k is a regular cardinal and (P, : a < k), P := Py, is a universal
collapse like constructed above. Then:

(1) PCV;

(2) P is k-cc;

(3) IP| < &;

(4) if 5: V. — M is an elementary embedding with critical point k, then there exists a
reqular embedding h : P * (]IE(H, A) X I@) — j(P) extending jIp.

Proof. We start by proving item (1). We show by induction on a < « that P, C V.
The limit step clearly holds, so we just need to prove the successor step. Suppose that
P, C Vj for some active stage o < k and let f € P,,;. By the induction hypothesis, we
have flq € Py C V,, so it is enough to show that f(a) € V.

Notice that, under CH, since |B| = Ry we can assume wlog that B C V4,. Therefore,
by a direct calculation, we have that R(Ro, k) X B C V,. Thus, we have

“_Ba “Qa C %7a.

So by fact 1.8 and the requirement of the minimum rank on the definition of P,y 1, we
have that f(a) € V.

For item (2), we prove by induction on «a < & that P, is x-cc. Since we are working
with a finite support iteration, at limit steps we can use a simple delta system argument
(the same used for proving that finite support iteration preserves x-cc). So we just need
to prove the result for each active stage. In order to prove that, we use the following
claim:

Claim 2.10. At each active stage o < &, Poy1 = By * (Qq X ]P;a/GB,,,)-

The proof of claim 2.10 is straightforward and we omit it. It follows from the claim
that it is enough to show that B, is k-cc and that the trivial condition on B, forces
Qu X P,/Gp, to be k-cc. By the induction hypothesis and since B, < P,, we have that

both B, and any quotient P, /Gp, are k-cc. So it is enough to show that Q, is forced to

be k-Knaster.
By definition, we have |Fp, “Qs = R(a™,k) x B”. By lemma 2.6, we have that

)

R(at, k) is k-Knaster. Also, since « is an active step, we have that |5, “a = w;” and

|B| = Ry, and hence we have

“_Ba «© |]§| — N2 — a+ < Ii”

Therefore, B is forced to be vacuously x-Knaster, thus concluding the proof of item (2).

For item (3), notice that since & is inaccessible, we have |V,| = &, thus item (3) follows
from item (1).

For item (4), since P is x-cc (item (2)) and P C V, (item (1)), we have that j|p = idp
is a regular embedding from P into j(PP). Notice also that j(P) NV, = P. By elementarity,
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we have that j({(P, : a < k)) is a finite support Kunen universal iteration of length A,
denoted by (j(P)s : B < A), and that j(P), = j(P,) for @ < k. So we can conclude
that « is an active stage of the iteration (j(P)g : 8 < A). Then, by the definition of the
iteration, we have a natural correspondence h : IP’ * (]15(5*’ A) X B) — j(P),c41. Similarly

to an usual iteration, we can straightforwardly show that j(P).+1 < j(IP), so we conclude
that A is the desired regular embedding. O
Remark 2.11. Notice also that each P, for o < k and also PxR(x*, X) force GCH. This

is clear by their respective sizes and chain conditions.

3 Main result

Now that we constructed our forcing posets, we restate theorem 1.3 more precisely:
Theorem 3.1. Suppose j : V —> M is a huge embedding with k := crit(j), and A := j(k)
(M* C M). Then the poset P x (R(K+, A) X B) forces Trop, (R, 81) and = Trop (No, Ny).

For the rest of this section, we fix x, A, j and M as in theorem 3.1. We also fix a
P x (R(k*,A) x B)-generic G x H over V. Notice that, by the construction of the posets

P, R and B, we have that V[Gx H) | “k = wy, (k7)Y = w; and A\ = w3”.

3.1 Extending the elementary embedding

The first step in order to prove theorem 3.1 is to extend the embedding j to an
elementary embedding ] VIG+H] — M [G * H] for some appropriate GxH. To
simplify the notation, we denote such extensions also by j, making no distinction with
the original embedding. We shall extend j in 2 stages.

First, by lemma 2.9(4) and fact 1.6 , we can find G a (V. j(P))-generic with h"G*H C

G. Thus, by fact 1.12, we can extend j to j : V[G] — M [G]; Notice that, by elementarity,
§(P) collapses all the cardinals between w and A, thus R, VI¢) = X. Notice also that, since
J(P) is A-cc and M* NV C M, the extension M[G] still retains some closure from M;
more explicitly:

Fact 3.2. M[GP* nV[G] c M[G)].

The second stage is to further extend j to an elementary embedding with domain
V[G * H]. In order to do so, we use the following lemma.

Lemma 3.3. In M [@], there is a master condition m for H over j, i.e. there exists
m € j(R(k+, \)VIC x BYIC]) such that for any g € H we have m < j(q).

Proof. We work in V[G]. Since GxH C G, we have H € V[G]. Let H,, H, be respectively
R(xt,\)V(6 and BYI4 generic filters such that H; x H, = H. It is enough to construct
m = (my, my) € M|G) such that m; is a master condition for H; (i = 1, 2).

We start by constructing m;. By elementarity, we have

J (R(s*, M)V = RO, 5(A) M9,
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Also, we have |[R(k*,\)VI4| = ), so H, also has size \. By fact 3.2, since H; € V[G], we

have that j”H, € M[G]. By lemma 2.3, we can define my = A j"H; € R(A*, 5(\))ME),
which clearly satisfies the master condition property.
Now we construct ms. Once again, by elementarity we have

j(BV) = BMIG

Notice that B[ is countable in V[G) (since ®; V1% = X). So in V[G] we can construct
recursively a decreasing sequence (g, : n € w) generating Hy. By fact 3.2, we have that
(j(gn) : n € w) € M|G). By the o-closure of BMC we can find m, € BMC a lower
bound for (j(g,) : n € w), which clearly satisfies the master condition property. O

By fact 1.12, if we take H an (M[G], j(R(x*, \) x B)[G])-generic filter containing the
condition m from lemma 3.3, we can extend j to j : V|G * H] — M][G x H).

3.2 kT-centeredness

The next theorem states a key property used to show that Tren (N3, ®;) holds in
VIG x H|.

Theorem 3.4. In V[G * H|, the poset j(P)/h"(G x H) is x*-centered.

Notice that by j(P)/h"(G * H) we mean j(P)V/h"(G x H). The proof of theorem 3.4
is basically the original proof on [FL88], plus the argument that B is forced to have size
< k*. We are going to need some lemmata:

Lemma 3.5. Suppose § is a regular cardinal such that 2<¢ = §. Then, given v < & and
a family (Do = o < 2°) of 6-centered posets, we have that Hiﬁ D, is 8-centered.

Lemma 3.5 is a generalization of the fact that Tychonoff product of continuum many
separable spaces is separable. A proof for it can be found in [FL88].

For the next lemma, we shall fix some notations. By elementarity, we have that j(P) is
the limit of a finite support universal Kunen iteration of length A. For every active stage
a < A let B, := j(P)y NV, Let Q) the termspace for the B/ -name Q/, := R(at,\) x B

(definition 1.9).
Lemma 3.6. In V|G H], the product P := (S(w, A))V X [T o 0 (Q4)Y is k™ -centered.

Proof. We work in V[G x H]. By remark 2.11, the conditions needed for lemma 3.5 do
hold, so it is enough to prove that each factor of P is k*-centered.

Foreman and Laver proved that (S(w,))V is x*-centered in [FL88]. We shall now
prove that each (Q,) is also x*-centered.

We fix a < A an active stage. By definition 2.2, we have that

) ~ ((H Rn(a+,,\)> X E) : (3.2.1)
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- — _\V
We shall first show that (B)" and each (]R"(a+,/\)) are kt-centered, and then show

_ vV
that this implies the x*-centeredness of (Q,)V. The proof that each (R"(a+,/\)) is

k*t-centered is the same as in [FL88]. Actually, the proof of regarding (S(w,)))V is a
particular case of the one regarding (R"(a*t,\))Y.

Now we work in V. Since o an active stage, it is inaccessible. Thus, we have |V, | = a,
so |B.| € a. Furthermore, by theorem 2.1 we have:

VE IFe, ‘Bl =R =a*

__ By proposition 1.10, we have [B| < (a™)® = a™.Therefore, back to V|G * H], we have
|(B)V| < &*, so (B)Y is indeed | k*-centred.
Now we shall prove that (Q/,)V is x*-centered in V[G x H]. Since (k*)¥ = x*, we

can construct in V|G x H] a k™ -centering C for (Hnew (]R (at, ) ) ) X @ We claim

that the restriction of C to V is a x*-centering of ((Hnew R*(at, /\)) X ﬁ) - thus, by
(3.2.1), (Q,)V is k*-centered.

N \V

Let s1,...,8m € ((Hnew R”(a"‘,)\)) X IBS) such that C(s;) = ... = C(sp). By the
kT-centering, we have t € V[G x H] a common extension of sy,...,8n,, but it may be the
case that ¢ ¢ V. However, for each n € w, t(n) € V witnesses that si(n),...,sn(n) are

 \V
pairwise compatible in (R”(oﬁ, A)) . By lemma 2.3, we can construct ¢’ € V defined by

t'(w) = t(w) andforeachn € wV [ g, “¢'(n) = Ajicp 5i(n)”. Clearly t' < sy,..., 5,
so this completes the proof. O

Proof of theorem 3.4. We work in V[G = H|. Notice that there is a natural projection
from the poset j(P) onto the product P from lemma 3.6, where each p(a) is sent to
the correspondent equivalence class in the termspace. Therefore, given C' : P — &%
witnessing that P is ™ centered, we can w.l.o.g. consider the same function over j(P).

Let p1,...,pn € j(P)/h"(G % H) such that C(p;) = ... = C(p,). We want to show
that those conditions have a common extension in j(P)/h"(G % H). Notice that for each
@ € J;<;<, dom(p;) we have

I8, “pi{a),...,pa(a) have a common extention”.

For each o € |, <<, dom(p;) and each i = 1,...,n we can assume that p;(a) is of the
form p;(@) = op(8;a, bi,a) (Op as in 1.13), where ;o and bo are By-names for conditions

in R(a*, ) and B respectively.

By the size of the termspace FB“, we can assume that

Fo, “bra=-=bua’ (3.2.2)
Hence we can further assume b o = ... = by 4, S0 denote such name by b,.
We then define ¢ € j(P) with domain |J,,,, dom(p;) such that
I8, “a(e) = ( /\ i ba)” (3.2.3)

1<i<n
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for every o € dom(g). Clearly ¢ is a common extension for py,...,p, in j(P), so it is
enough to show that ¢ € j(P)/h"(G* H). Let € k(G x H). We shall show that z and ¢
are compatible in j(PP). Since py,...,p, € j(P)/h"(G N H), we can take y1,...,y, € j(P)
such that y; <;py z,pifori=1,... n.

Like before, we can assume that, for « € dom(z), z(a) = op(Z1,a, T2,0). Likewise,

fori =1,...,n and a € dom(y;), we assume y;(a) = op(Uiq,Vs), Where Ty 4,%; 4 and
Ty o, U are Bj-names for conditions in R{a™, ) and B respectively. Notice that Uy does

not deppend on %, by the same argument used in (3.2.2). We can further assume that
VialalFi®e “M(Gi@. N (Vo)) F tia = 210 A tia” (3.2.4)

We shall construct y € j(P) such that y <;p) y1,...y,. By induction on a < A, we
construct y such that dom(y) = {J, <<, dom(y;) and

Yla Sj®a Yilas - Ynlq for all a < A (3.2.5)

If « is a limit ordinal, since the support of j(IP), is finite, it is enough to take y[, =
Uﬂ < Y[3- So we assume that the induction hypothesis hold for some active & < X and
construct y(a). Since y;[o, <j@). Zla,Pilq, from 3.2.5 we have:

vlalFim. “M[Gj@. N Vo )M EVi=1,...,n,Uiq < T1q,84 and v, < Zr.0r ba”
(3.2.6)
By (3.2.3), we have

IF5s, “@1a: - - - Gn,a are pairwise compatible in R(a™,)” (3.2.7)

Since B, < j(P)a, (3.2.7) together with (3.2.6) implies

Yo lFi®a “M[gj(P)aﬂ(Va)M] F G105 0nq, T1,4 are pairwise compatible in ﬂ}(a‘“, A)”

By lemma 2.3, we can then find a B/, name y(a) such that:
yla ki “MIGim. N (Vo) Ey(@) = (A @10 tnar T} Va)”

By (3.2.4), we have that y[q + 1 <jP)ass Y1lar+ 1,- - - Ynla + 1, SO this concludes the
construction of y. From 3.2.6 and 3.2.3, we have that y <;ip) z,¢. O

3.3 Proof of the main result

Notice that, in V[G], since w; = k and R(k*, ) does not add any new w-sequence
of Ry, by the last property of B in theorem 2.1 we have R(k™,\) x B =~ R(s*,\) x B.

Therefore, we have:
VIG x H] |E ~Trene(Re, Ry).

The following theorem completes the proof of theorem 3.1.

Theorem 3.7. In V|G x H|, every graph of size and chromatic number N3 has a subgraph
of size and chromatic number Ry, i.e. V|G * H| |= Trone(R3, Ry).
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The proof for theorem 3.7 is almost the same proof as in [FL88]. It follows from the
two similar lemmata below:

Lemma 3.8. Let G = (A, E) be a graph and D a < \-closed poset. Suppose there exists
a countable good coloring of G (i.e. a good color f : A — w) in some generic extension
by D. Then there is some countable good coloring of G in the ground model.

Proof. Assume there are a D-name f and a condition dy € D such that do|Fp“f :

is an w-good coloring of G”. Since D is < A-closed, we can construct a decreasing se-
quence (d, : a < A) such that for each a < A, d, decides f(a).

We can define a function f': A — w in the ground model by f'(a) = n, where n € w
is such that dy |Fp “ f(&) = n”. Since (d, : a < A) is decreasing, it is easy to see that f’

is a countable good coloring of G. O

Lemma 3.9. Let G = (A, E) be a graph and C a §-centered poset (Ro < § < \). Suppose
there ezxists a countable good coloring of G in some generic extension by C. Then there is
some good coloring for G in the ground model with & many colors .

Proof. Assume there are a C-name f and a condition ¢ € C such that c forces f to

be an w-good coloring of G. For each o € )\, chose ¢, < ¢ and n, € w such that
Co “"C “ fl(eva) = TNg 7.
Let g : C — 6 witness that D is d-centered. We can define a function f': A — wx §

in the ground model by f'(a) = (na, g(ca)). Since g is a centering, it is clear that f’ is a
good coloring of G. Also, since |w x §] = 4, f’ indeed has é many colors. O

Proof of theorem 3.7. In V|G x H], let G be a graph of size and chromatic number X;. We
can assume w.l.o.g. that G = (), E). By elementarity, it is enough to show that

M [@ x H ] = “7(G) has a subgraph of size and chromatic number j(k) = \”

We claim that (j”A,j"E) is a witness for the previous statement. Notice that we
indeed have (5", j"E) € M[G* H] since j”\ € M C M[G = H] by the closure of M and
§"E = j(E) N j"([\?) € M[G * H] by elementarity.

Assume, towards a contradiction, that there is some countable good coloring f for G
in M [G x H ]. Since being a good coloring is upwards absolute, we have that f is still a
good coloring in V[@ « H ]. Working in V[@ « H |, we have that (5”), 7”E) is isomorphic
to G, and hence we have f': A\ — w a good coloring G induced by f.

Now, notice that V|G * H] VI[G|[H] is a , generic extension of V[G] by the poset
](R(K+ A) X ]B) [G] which is < A-closed in V[G] (by elementarity, fact 3.2, lemma 2.6

and theorem 2.1). Next, we have that V[G] is a generic extension of VI[G * H] by the
poset j(P)/h"(G + H), which is k*-centered in V|G x H| (theorem 3.4). Therefore, we can
apply lemma 3.8 and then lemma 3.9 to construct a good coloring f” : A — k™ of G in
V[G = H|. However, we have

VIGx*H|EChr(G) =N3 =X >kt =R,

So f” witnesses a contradiction. O
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From theorem 3.1, we have:

Corollary 3.10. If the ezistence of a huge cardinal is consistent, then Trcp (N3, N1) does
not imply Trop (g, Ny).

Question 1. Is it consistent (modulo some large cardinal assumption) that
Tron: (X3, R1) A ~Tronr (N3, Ra)?

Notice that the same technique used here would not work to solve question 1, since
we heavily used the small size of the poset B.

4 (Generalization

We can also generalize theorem 3.1 for other cardinalities. In order to do so, we
generalize 2.1.

Theorem 4.1. Let k be a regular cardinal and assume 2% = k*. Then there exists a poset
B(k) of size k™t which is k-closed, k**-cc and forces =Trop (K7, k7).

More specifically, B(x) forces the existence of a graph of size and chromatic number
kTt for which all subgraphs of size < x* have chromatic number < .
We can use theorem 4.1 to generalize theorem 3.1 and obtain:

Corollary 4.2. Suppose & is a huge cardinal with target \. Let a be an ordinal such that
(Ro)Y < & is reqular. Let also n+2 < m < w. Then, there exists W a generic extension
of V such that (Ra11)" = &, Rasm)” = X and

W k= “Trene(Rasm, Rat1) A "Tronr(Ratnt2, Ratni1)”

Proof. We proceed similarly to the proof of theorem 3.1, but use theorem 4.1 instead of
theorem 2.1. This way we construct the poset P’ x Q, where P’ is the Kunen universal

collapse with respect to Q, Py = S(X,, ) and

Q= (R (K59, %) x B (Rasn V"')) .

~ ~

The proof that this poset is the desired one is analogous to the original proof of
theorem 3.1. O

In the rest of this section, we shall construct the poset B(x) and prove theorem 4.1.

4.1 The poset

The poset defined here and the following proof are a straightforward generalization of
Baumgartner’s construction in [Bau84].

We denote W := EX'" = {a € k** : cf(a) = &} and fix a family of functions
{fe : W — &** : £ < &} such that for each « € W (f¢(a) : £ € k) is an increasing
sequence cofinal in a. Such a family is called a ladder system.
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The poset B(x) consists of conditions p of the form:

p=(ae,(g5 : 6 €a),(Ae,f) : 0, € a),(B(@,5,6) : 0B € aEenr)
satisfying the following properties:
(1) ae W]
(2) eC [al
(3) gs: BNa — k is a good coloring of (8N a,e N [BNa]?);
(4) A(a, ) C & is unbounded and counbounded;
(5) B(a, B,€) C A(e, B) is unbounded in & and B(a, 8,¢) N B(a, B,&') = 0 for £ # ¢
(6) If vy < a0, 8, {@,7} € e and B € a, then gs(v) € A(a, B);
(7) vy <o,B,{a,7} €e, B € aand gs(7) € B(a, B,§), then v < fe(e);

Notation 4.3. For p € B(x) like above, we denote af := a, e” := e, g := gg, AP(q, ) :=
A(a, B) and BP(a, B,€) := B(a,B,£). Furthermore, we denote aP* := a', a?? := a?,
ePt := ¢!, and so on.

The order on B(k) is defined by: given p!,p* € B, p' < p? iff a' D a?, e! N [a?]? = €2,
ghla? = g3, Al(a, ) = A%(a, B), B'(a, B,€) = B*(a, B,€) for all a, B € a? and € € k.

Notice that each p contains the following information: a graph (a?,e?) of size x ap-
proximating the generic graph; a function gg approximating a good coloring of a small
subgraph of the generic graph; a family A?(a, 8) consisting of the colors still available for
the colorings g3, for ¢ < p; and a family B?(a, 3, £) consisting of colors which should be
avoided by g§ for ¢ < p (so that B?(a, 5, €) controls a “cofinal growth” of g5)-

Proposition 4.4. For k regular, B(k) is k-closed. Moreover, any decreasing sequence of
length k of conditions in B has a greatest lower bound.

Proof. Just notice that since « is regular, the coordinatewise union of a decreasing se-
quence of length  of conditions in B(k) is itself a condition in B(x). O

The next proposition will be useful to construct conditions in B(x).
Proposition 4.5. Suppose that for some X C a X a we have
(a,e,(gs : B €a),(Ale,B) : (a,B) € X),(B(e,B,€) : (o, B) € X, € K))

satisfying properties (1)-(7) for A(, B8), B(a, B8,€) defined only for (o, 8) € X. If for all
(a,B8) € a x a\ X we have

{95(7) : {7, a} € e,v < a, B} is counbounded in (4.1.1)

then we can define A(a, 8) and B(a, 8,€) for {(a,8) € a x a\ X so that the resulting
sequence s an condition in B(x).
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Proof. Fix (a,f) € a x a\ X. Define C := k\ {gs(y) : {v,a} € e,y < a,8}. By
(4.1.1), C is unbounded in k. Therefore, we can partition C into (C¢ : £ < k) such that
each Cg is unbounded in k. We define A(a, ) = k£ \ Co and B(a, §,£) = Ceyq. Clearly,
conditions (4) and (5) are satisfied. Since {gs(v) : {7,a} € e,7 < o, 8} C A, B),
condition (6) is satisfied. Condition (7) holds vacuously, since {gg(7y) : {7,a} € ,7 <
a, B8} N Bla, B,€) = 0 for each £ € k. O

Using proposition 4.5, it is straightforward to prove:

Lemma 4.6. For every a € W, the set D, = {p € B(x) : a € a’} is dense in B(k).

4.2 Amalgamation of conditions

We shall fix the following framework: For each § € [s*,x™), we fix a bijection
hs : k¥ —> &. Let 6 be a large enough regular cardinal and < a well ordering of H(6).
Consider 2 the structure with underlying set H(f), fixed relations € and < and fixed
functions (hs : 6 € [&F,k*)), (k7' : 6 € [k, x*F)) and (fe : € € K).

Now we can define:

Definition 4.7. Let x € [sT1]%. We say that z is strongly closed if it is a substructure
of A. For any x € [sT1]*, we define the strong closure of z, denoted by scl(z), as the
smallest strongly closed set containing x. Also, we say that a condition p € B(k) is closed
if a® = scl(a?) N W.

Proposition 4.8. The set of all closed conditions of B(k) is dense.
Proof. Tt follows from proposition 4.4 and lemma, 4.6. O

Lemma 4.9. Suppose z,y € [11]* are strongly closed and x Nkt =yNkt. Then zNy
s an initial segment of both x and y.

Proof. If x Ny C k™, the result clearly holds. Thus, let § € zNy. Since z is closed under
hs and h; ', we have that z N6 = kY (x N k™) Similarly, we have yNd = hZ(yNxT) . Since
we assumed z Nkt = yNkt, we have zNd = yN4J, thus Ny is indeed an initial segment
of z and of y. O

Now we can define the concept of isomorphism.

Definition 4.10. We shall say that two closed condition p',p* € B(k) are isomorphic if
a' Nkt = a®> Nkt and there exists an order preserving bijection ¢ : scl(al) — scl(a?)
which preserves the side-conditions and the ladder system (fe : € € k), t.e.

o 2= gal, & = ({g(0), 9(A)} : fou B} € T);
* g2 (p(a)) = gh(@);
b A’(cp(a),cp(ﬁ)) = Al(a,,B), Bz(@(a),w(ﬂ),ﬁ) = Bl(a, IBaE) ’

o p(fe(a)) = felp(a)).
for all a, B € a*, € € k.



As usual, such a ¢ is called an isomorphism. Now we can prove our main lemma.
Lemma 4.11.
(a) If p',p* € B(k) are closed isomorphic conditions, they are compatible;
(b) if, furthermore, there exist a* € a* and £* € k such that
a'Na® C fe(p(a*)) < a* < p(a*) (4.2.1)

where ¢ : scl(a') — scl(a?) is the isomorphism between p' and p?, then there exists
a condition p® < p1,ps such that {a*, p(a*)} € €.

Proof. Since the proof of item (b) contains the proof of item (a), we shall prove both
simultaneously, calling attention just to the parts where they differ.

Let p*, p? be closed isomorphic conditions in B(«). Begin the construction of p* < p!, p?
by setting a® = a! U a?, A3(a, B) = A¥(e, B) and B3(e, B,€) = Bi(a, 3,€) for a, 8 € a,
for i = 1,2. In case (a), define e = e! Ue?, while on case (b) €3 = e! Ue? U {{a*, p(a*)}}.

We need to construct the functions gg for B € a® and also construct suitable A%(a, 8)
and B3(a, 3,€) for the remaining pairs {a, 8} € (a®)?\ ((a')? U (a?)?).

For simplicity , define A := a! Na?, b, :=a'\ A and b, := a? \ A. We shall construct
g3. First, assume 8 € A. In this case we define g3 = g5 Ug3. By lemma 4.9, we have that
A is an initial segment of a! and a2. This implies that ¢ [ A is the identity function, thus
by the the isomorphism we have that g and g3 are compatible functions. In case (a), we
clearly have that g3 satisfies (3), (6) and (7). In case (b), by assumption (4.2.1) we have
B < a* , thus o*, 8* do not belong to the domain of gf;, therefore the satisfaction of (3),
(6) and (7) follow from the same argument as in case (a).

Now, we construct gg for B € b;. We shall construct it recursively so that it satisfies
the following properties:

8

) g3lal = 95

(i) glp, is 1-1;

(iil) Vv € b2N B, g3(7) € K\ A(7, (B));

(iv) Vo € by, A%(, (B)) U g3 " (b, N B) is counbounded in «;
)

(v) In case (b), we also want: p(a*) < 8= g3(p(a*)) # gsla®).

Before constructing it, we enumerate by N 3 := {7y(€) : £ € k}. Separately we also
enumerate by 1= {a(£) : £ € k}, so that each element of b, reappears cofinally many times
on the enumeration. Then we shall define g}(v(¢)) recursively on 5 Simultaneously, we
construct a sequence (z¢ : £ € k) C & consisting of “colors that g3 must avoid”.

In case (b), if p(a*) < B we fix 2o = gj(a*) and choose arbltra.rlly gﬂ( 0)) € '\
({zo} U A%(7(0), ©(8))), thus satisfying (v). Otherwise, we define zo and g3(7(0)) as in
the following general case.

Given £ < &, suppose g3(7(¢)) and z¢ have already been defined for all { < &.

Since by property (4) we have that A%(a(£),¢(B)) is counbounded in x, we can choose

¢ € K\ (€U A%(a(€), 0(8)) U{g5(7(Q)) = ¢ < &}).

67
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Since A*((€),¢(B)) and X; are counbounded in &, we can take
95(v(€)) € r\ (A2(7(€), (B)) U {z¢ : ¢ <&} U{gh(1(Q) : (< &}).

Clearly such g3(y(£)) satisfies (ii) and (iii). Also, notice that (z : £ < &) is an
unbounded sequence witnessing the satisfaction of (iv), so this concludes the construction.
Now we construct gg for B € by. This is basically the dual of the construction above,
except for one extra property regarding g3(a*) in case (b). More explicitly, we construct
3 hat:
g so that:

() g3la? = g3;
(ii") g3lp, is 1-1;
(iii") ¥y € (b N B) \{a*}, g5(7) € &\ Ay, 97 (B));
(iv’) Ya € by, A (e, »"1(8)) U g3" (b1 N B) is counbounded in «;
(v)) in case (b), we want: p(a*) < B = gi(a*) # gz(w(a*));
(v’) also in case (b), we want: a* < 8 = g3(a*) € BX(p(a%), 8, €.

Like before, we enumerate b N 3 := {y(§) : € € «} and separately enumerate b; :=
{a(€) : € € k} like previously. The difference is that this time, in the case b, if a* < £,
we fix 7(0) := «*. In this case, we begin the induction by choosing z, (like before, let
zo = gz(p(a®)) if p(a*) < B, otherwise let zo be arbitrary), then choose g3(v(0)) €
B%(p(a*), B,&*) \ {zo}, if @* < B. Thus, item (vi’) holds. The rest of the induction is
dual to the previous case.

We now shall prove that such gg adequate. The first step towards this end is proving
the following:

Claim 4.12. The function g} constructed above is a good coloring of (a® N B, €2 N [B]%).

Proof of claim 4.12. Suppose a < v < B and {a,7} € €3. We divide the proof in the
following cases:

o If {7,, 8} C @', for i = 1,2, we have g}(a) = gh(a) # gh(v) = g3(7), by either (i)
or (i');

e If v € A, since A is an initial segment of a! and of a? (by lemma 4.9), we have
o € A. Therefore we fall in the previous case;

e If € a' and @,y € by (or dually 8 € a® and a, v € by), we have that gj(a) # 9y
by item (ii) (or dually by item (ii’));

o if 3 €a',a € Aandy€ by, we have {a,7} € €’ so by (6) we have g, (a) €
A*(7,(B)). Also, since a € A, we have g2 5 (a) = gi(@) = gj(a), so gi(a) €
A*(7,¢(B)). But by (iii) we have g3(v) & A*(y, ¢(8)), hence g3(a) # g5(7)

e if 3€a? a€ A and € by , the proof is dual to the above one;

These are all the possible cases for case (a). For case (b), we have some extra possibilities:
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o If 3 €a% a=a" and v € a!, by (4.2.1) we have a* € b, so v € b;. Once again we
have gj(a) # g3(v) by item (ii’);
eIf f € a?, a € A and v = o, we have {o,p(a*)} € 2. By (4.2.1), we have
A C fe(pla)), so o < fe(p(a)). By (7), we have g3(a) & B*(( ), 8,€). But
by item (vi’), we have gj(a*) € B2(p(a*), 8,£%), so gj(a) = gj(a) # g3(™);
o If {a,v} = {a*, p(a*)}, it is clear by either item (v) or (v');
O

Now we need to check that the gg we constructed is compatible with the sets A3(a, 8),
B3(a, 3, €) already constructed.

Claim 4.13. Conditions (6) and (7) holds for all (a, B) € (a')? U (a?)?.
Proof of claim 4.13. Suppose v < @, 8 and {a,7} € €3. In case (a) by symmetry we can
assume w.l.o.g. that 8 € b;. Thus we have o € a'. We have the following cases:
o If {7,0,8} C @, for i = 1,2, we have g}(a) = gj(a) and g3y ) = g5(7), by either
(i) or (i’), so we are done because (6) and (7) holds for p* and p?;

e If a,8 € a! and {v,a} € €2, we have a € A. Since A is an initial segment of a', we
have that v € a', hence we fall in the previous case;

e the case o, 8 € a® and {7, a} € e! is the dual of the previous case.

In the case (b), we have also the following possibilities:

e If € a® v = a* and a = p(a), we have g3(a*) € B¥(p(a*), B,£*) C B¥(p(a”), B)
by item (vi’). Since, by (4.2.1), fe-(¢(a*)) < a* and the B® sets are pairwise
disjoint, (6) and (7) are satisfied;

e If f € al, vy = o and a = ¢(a*) we have (a,8) ¢ (a')? U (a?)?, so A%(a, ),
B3(a, 3, §) have not been constructed yet;

o if 8 € a' and p(a*) € {a,7} € €% we have a € by by (4.2.1) . Like above we have
(@, B) & (a')? U (a®)%;
e the case where 3 € a® and o* € {a,7} € e! is dual to the previous case.
O

The only remaining part is to show that (4.1.1) holds so we can apply proposition 4.5
and finish the construction of p®.

Claim 4.14. Let X = (a')?U(a?)%. Then condition (4.1.1) holds for all (o, B) € (a®)?\ X.
Proof of claim 4.14. 1t is enough to prove for the case (a), since case (b) adds only one
extra edge. By symmetry, w.l.o.g we assume B € a' and o € by. Let v < a, B be such

that {,a} € €%. Since a € by, we have v € a?, we have either v € A or v € b2 IfyeA,
we have g3(7) = g3(7) € A%(a, (7)) by (i) and (6). Therefore

{98(n) : {0} € €',y <, 5} C A(a,0(B)) U gs" (b2 N B)
By (iv), the set above is counbounded in . O
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4.3 Proof of the generalization

Now we can check what kind of chain condition B(x) satisfies
Lemma 4.15. If 2% = k*, then B(k) is kTT-Knaster.

Proof. Let A € [B(x)]*"". Since the set of closed conditions is dense, we may assume

w.lo.g. that all the conditions in A are closed. Assuming 2* = g%, there are only %
many possible isomorphism types, there is A’ € [A]’“ur which is pairwise isomorphic.

By lemma 4.11a, we have that A’ is pairwise compatible. |

So by propositon 4.4 combined with lemma 4.15, we have that (under, for example,
GCH) B(x) preserves cardinals.
Let E be a B(x)-name such that |-, “E = (J{e? : p € Gp(x)}”- By the construction

of the side conditions gs and the assumption that X is regular, it is easy to see that:

Lemma 4.16. Assuming 2 = k*, we have

|- “ If G is a subgraph of (W, E) of size < x*, then Chr(G) < x”

- Finally, we use lemma 4.11 to prove the last piece of the result.
Lemma 4.17. Assuming 25 = &%, we have

|- “(W, E) has chromatic number x*+?”

Proof. Let p € B(k) be such that p|- “9: W — x*”. We shall find a condition ¢ < p
which forces g not to be a good coloring of (W, E).

For each a € W, we can choose some closed condition p* < p, with o € a2, and
some (, < k1 such that p® |F “9(a) = (,”. Assuming 2* = «*, there are only x* many

isomorphism types, since W is stationary in x*+, there is a stationary S C W such that:
o {p® : a € S} is pairwise isomorphic;
e I <kt Vae S (=C(
e for each o, B € S, if ¢ : scl(a®) —> scl(a?) is an isomorphism, then ¢(a) = B.

Consider all the functions f restricted to S. Since they are regressive and S is sta-
tionary, for each { € « there is some a¢ € A such that f; '({ag}) is stationary. Notice
that we cannot for all £ < s choose such an o uniquely. The reason for it is that
if we could do so, it would be possible to construct a nonstationary set N such that
Vo € S\ N,V¢ < &, fe(a) = ag, which contradicts the definition of f¢. Therefore, there
is some &* < k and distinct 7,7 < 1 such that fg_.l({'y}) and fgl({’yl}) are stationary
subsets of S.

Choose a* € f.'({}) and B* € f*({7'}) such that o* < §*. Fix an isomorphism
¢ :scl(a®’) — scl(a?"). Notice that v € dom(yp) because p*” is a closed condition. Recall
that, by lemma 4.9, scl(a®") N scl(a?") is an initial segment of both scl(a®") and scl(a?"),
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thus @lscl(a®") Nscl(a?") is the identity function. Since ¢(a*) = B* and ¢ preserves fe
(definition 4.10), we have

() = p(fer (@) = fe(p(a)) = fe-(B") =~ #

hence v ¢ scl(a®) Nscl(a?"). Therefore, since scl(a®”) Nscl(a”") is an initial segment of
scl(a®’), we have

a® Nad® Cy=fe(a®) <a* < B* = p(a”)

Therefore, p** and p? satisfy (4.2.1), so by lemma 4.11, there is a condition ¢ <
p*",p?" such that {a*, 8} € e4. Thus

glF “9(a”) = 9(F") and {*, 5"} € E”

so ¢ is the desired condition. O

This concludes the proof of theorem 4.1. However, the proof of theorem 4.1 arose the
question of whether it is possible to further generalize the result, i.e.:

Question 2. For any regular cardinals k and X, with X\ > k¥, is it consistent the existence
of a graph of size and chromatic number \ such that all subgraphs of size < k* have
chromatic number < k?
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