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On triality relations for matrix algebras
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Abstract

Z D/ Cld local and global triality relations (=XBEI6R) & triality group (Z5#EE)
DFEEEAL, ZUTEOEFAETIIRBIZBVT L 4 ABHRETRTIETT. Z0
MR E CRBEHOIERE L RERICB I 2WPO—RILEMET LI LTT,

[This note is to show a global and local relations for matrix algebras, that is, we study
a generalization of automorphism groups and derivations in algebras.|
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§1. =BABRRICOWVWT

Z DTl normal triality algebra and triality group DEH & EfilE EZBRR X BT
FEEET.

AZEBI ch F#2,3 DR F EORE (BT UEREH, BATERD Z L IMMKEL
BV LFBLE,

dj(zy) = (djr1z)y + 2(dj+2y) (L.1)
d; € End(A), j = j £ 3(mod 3) for all z,y € A,

2 AT (dj, djyr, djya) % local triality relation [4],(5]) & FFO'E 9. £ U T DORABRRA 4;
MEFET D A % local triality algebra Y IERZ XIZLET.

(dj, dj+1,djr2) € s0 Lrt(A)

& &< ([3] or ArXiv 1503.00614). Z 1M BERDIEERT T,
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R dy,dy & L(z)y =2y, R(z)y =yx RDFEHFE2HAWNWT
di(z,y) == R(y)L(z) — R(z)L(y)

da(2,y) = L(y)R(z) — L(z)R(y),

LEHEL, IHIT
ds(z,y)z + ds(y, 2)z + ds(2,2)y = 0,

[dj(a"yy)vdk(av b)] = dk(dj—k(x> y)a'7 b) + dk(a'v dj—k(x’ y)b) (12)
W77 dy WEET DL E, ZORE A % regular triality algebra £ W F T, d3 DA
R Z2RITREL £EA. BIZ Q(z,y,2) 2
Q(z,y,2) = do(zy, z) + di(yz,2) + da(22,9)

CEHBRLZLE Qr,y,2) =0 WEIZERD DL &, ZOMRE A % normal triality algebra
Y E T ([3] J.Alg.416.(2014), or ArXiv 1503.00614].

D('Tv y) = do(iL‘, y) + dl(xa y) + d2(‘,v7 y)
LERTHL, MOAPEVILLET
D(z,yz) + D(y, zz) + D(z,zy) =0
Z D D(z,y) & derivation DEAFRERN 277~ U E£9. % L T generalized structurable alge-
bra OEBEDO—2TT. ([1])
BRmELERWES: AZblacketfE[, | 2b2Y —RELT5L,

d]'(xv Y)z = [[.’1), y]’z] (.7 =0,1,2,)

CEHETNIE, ZDd; X derivation 2R L, A IX normal triality algebra OFITT. Z D
BRIZER % IS ENRBRTEATWS Z LITHBELTTE W (12,[3],[4)]).

BAUTEROEE: AD Ny MEz-y 2% D Jordan algebra £ 95 &
dj(z,y)z = [L(z), L(y)]z = (L(z)L(y) — L(y) L(z))z

=z-(y-2)-y-(z-2)
(j=0,1,2) L EHTNIL, d; % derivation TZ D A 1% normal triality algebra OFI T3 .
H 5D UEMRF & U TIX, normal triality algebra A O zy 2 zxy = Ty, Ty =
yz,ZT = x 7% involution DBERIZL > TH LU WEERERT S L, ZORAULRST bV
ADLIZ, HIOREA* PEBRTEXET. 2D A* # conjugated algebra of A L \WVWWE T,
FLUTIDA PEMTEDH DL X, Allison 12 & > TEA X 7= structurable algebra &
XN 5 HDTT. ZNid associative, alternative algebra and Jordan algebra % & AT
WE T ( to see [3]) .
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In this A*, we have the validity; do(z,y) = r(Z*xy—gxz) +1({y)I(T) ~ 1(2)(7), di(z,y) =
Hpl(z) — U(2)(y), da(x,y) = r(@)r(z) — r(Z)r(y), where r(z)y = yxz, l(z)y =z *y.
Note that Ty = z x y.

A D normal triality algebra A DFlE LTl

z(yz) = (zy)r =<zlz >y

77U, <zly >=< ylz > F (WF2ZIRKEN).

12 & o TEH X 17z symmetric composition algebra 2% OFITT . (Z 3vid—RRICHEAL
TEBERWRETY.) ([4]). T I THEEY S algebra I nonassociative algebras T
HBEZELIZEBELTLIEI N,

fiT# normal triality algebra £33 DHhDEHD—2F, ZN%EH 212 L T root K,
Cartan 175 OBE& % FAWVW 1T, Lie algebra @ construction ZSAREAZ 25 T, FHUWEER
2DV (3[4,[8]) 2BRLTL Z& .

=3B, [triality group] &1 (&1,6,&) € (Epi(A))3. 2% bH ¢ € End(A) and onto,
THY, ROZME%EFHE-TRE A D linear transformation ® Z & T3 ([4],[9]).

§(2y) = (§12)(E5429) (1.3)

forallz,y € A, j=7=+3. Zhod fj & (6j7§j;17§j+2) S TT"LQ(A) ERUET.
& =61 =Era(=9) DL EDIg(ay) = (9o)(9y) LY ETABTHY, Rz A bHE
B THTG o BEAETDac A BT,

Go 1 T — aza™!

&> Tg, 2EZTHRXIKHONZBEREFO—FITT. ZHEI=RBEORLD
DT,

BT, 4 TTHARE (Hamilton algebra), 8 LA (Cayley algebra) % normal triality
algebra A (AL 72 A* DEBITT. 727ZLI T Tayc Aand zxy € A* TREWEE
DOMIGDEHZELUTWET, 2F DFE U vector space TT VMR £,

Following (Monograph [4] 2015.Aizu Univ.), $ % iZ, symmetric composition algebra Z
BWT, HCRAMEDO —LOBETH 2 Z D triality group 12D WTFHLWIHEZ LT
WEITOTENLZBZRUTTIV. ZOFTHALETRBRRLLUTORIZZRDET. Z
T, <zly> ZAE (2 2ER) 2RUTVET.

do(z,y)z = H{< 7z > y— <ylz >z},

di(z,y) = R(y)L(z) — R(z)L(y) and dz(z,y) = L(y)L(z) — L(z)R(y)
LEHZLUIELE,
dj(zy) = (dj1(z)y + z(dj42(y)
&Ry,

2 3

d2 .
§j=expdj=1d+dj+—5—+3—1!+-~ (1.4)



17

LB,
&(zy) = (§41(2)(&542)) (1.5)

BRONBET. B Id+d;+ %+ A well defined TH 3 LAFEL £F. & (11)
DFEFNEFAZIRD Remark DERATT.

Remark. &~ OBE&IE, O (8 AL icB1) 5 K< H S N7 =5t EHE (principle of
triality) OHEEHE X522 TT. 2% b, BT S L, 8 tROEE

(U,U',U") € (D4, D4, Dy) C (End O)*

MPEEL.
Ulzy) = (U'z)y +2(U'y)

PEBDz,y € O TBWVWTHED LB ET, 72720, Dy 120 »5FEI N 28RTOH
MY —RBERLET. (tosee [6]).  local triality relation ®FEE T,
HIZELRGE L, ARORE A BT 2MHS de Der(A) 1243

d(zy) = (dz)y + z(dy)

for all z,y € A, DFLHTT.
& 1IZBEY % (1.3) DX % global triality relation EFERZ &IZ UL £ 7.

local triality <> global triality.

ZORFREEL2 RRBRTHARD Z LR A4 OEEDO—-DTT.
ZDNGRTIRATFIRBUZ DWTRICE R B Z LI U T, (IREIDARE)

§2. Tl B 3 =HEE

Z DHfiTIZ, local and global triality relations % % DEF 2 THRBETEZ T ...
A ZIKF (ch F#2,3) EDn x n matrix algebra &9 5. (Mat(n; F) £ &7)

Ay ={z € Alz* 'z =Id,} = (O(n) : EXEE). (2.1)
2L, wxy I31T5 A OEBOM, 'z 3z OEETHESL. LT
0j(a)z = a; * T * G (2.2)

kDo, BEHET S, ZITia; = ta; AEKT B, 2L, q; € AL (j=0,1,2) &F
5. Z]E“’ﬁajﬂ = a;.

EH2.1. UEDREDD & T,
a;(a)(wy) = (0541(a))(0;42(a)y) (global triality) (2.3)

A D AL D. that is, (01(a), 09(a), 03(a)) € Trig(A),
=1L,

zy =T *y (by new product) (2.4)
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EBA Z DREHA I

0;(a)(@*Y) = (j11(a)z) * (0542(a)y))
ARYILLAMTY. ThERTICE, 22T,
Txy=y*Z,Z= 'z, and @;*a; = Id, (j = 0,1, 2)(EXFTH),

VI ERAFELTHOETBOM « IHEEANTHEZ2HAVWTTEET. O
Wiz, RRGHEEE Alt(n, F) = {y|ty = —y} ERTZ2ZT5L,j=0,1,2 1%
LT Pj € Alt(n, F) 2T

dj(P)z = Pj*x — % Piy (2.5)
for all z € Mat(n,F) ¥ d;(P) 2 &% T 5. P=(P,P,P)c (EndA)
THE2.2. UEDREDS & T,
d;(P)(zy) = (djs1(P)x)y + z(dss2(P)y) (local triality) (2.6)
(j=0,1,2),z,y € A B LD. 7L ay =7%7 (by (2.4)).
SEBH  Z DEERFIE
d;(P)(z * y) = (dj41(P)z) x y + 2 % (dy12(P)y)
W) EERRICER L, BiZ, d;(P)r = d;(P)T DEIBDH LT,
d;(P)@%Y) = (d1(P)z) ¥y + 7 * (d;42(P)y)

EERTHE, THIOEEOHE « DFHBEL UTIHHTAZI LA TEET.
722U, Q € End(A) D& % Q(z) = Q(z) PETY. DO
ZOEBDHEIHID 8§ TEICEHT 2TFIRDOH DO =NFEH L AEL L EWET.
IMUEM 22 DRFEZMZI DL RORIZARZZ LN TEET.

EH2.3. EBDz,y€ Mat(n, F) IZRUT, U #(25) DETEZSHDR5IE,
Ulzy) = (U'z)y +2(U'y)

L5 L IREBU U WEHETS.
%k. IBD Pz,y € Mat(n,F) iz LT

ad P(z xy) = ((ad P)z) xy + = * ((ad P)y) (derivation DEEHF)

B YLD, 72720 (ad P)x = [P,z] =P*x—x*P. 2%V, ad P BN %KL ET.
DL —MT DL, EFED XY € Mat(n,F) and Py, P, € Alt(n, F) X LT

d1(P1,P2) X = PI*X—X*Pz
CREFZUTEE, BIRITAIE AXF X, YTRRT 5,
di(Pr, Po)(XY) = (do( P2, P3)X)Y + X (d3(P3, P,)Y)
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L7325 dy,d3 BPEELET. XY iEnew product by XY = X Y TY.
IhzEH3DUHOREATERS & EH2205 VBRI TY.

EH24. LOREDOLET
Lo = {I(B) - +(C)|B,C € Alt(n : F)}.
7ZUIB)x=Bxz, r(Clz=zxC Bk
Vd; € Lo, Y1, 2djia € Lo st dj(y) = (dya(2))y + 2(dj42(y))
&2 BRI 2.
BBl B (P, Pz =P xrx—zxP tBE, ZHzHLT
do(Py, P3)t = Pyxz — 5% Py, and ds(Py, Pz = Pyxz—z% P,

& dy,dy ZEZET NI,

di(T*Y) = dja(x) ¥y + 2 * (dj12(y))

VEOVILETOT, ZOEENEEET. O

MOBLEITH oy =75y THHZLIZERLTLEE V. TEBDOTHIOE * % new
product zy WEBEEBMX TEXTVET. ZOBTIIBEEMEIZR D IR WTREMERD b
¥9, Froldir=Id,xz =tz WO THATH ZOBTIIEELEEA.

§3. ) —H L ) —REORBO =R EREADILE

MY - ) —REOBRIZBWT, {LED X,Y € Mat(n,F) £¥ 5L
[%((ea;p tY)* X *(expt V) Dimo =Y * X - X xY = (ad V)X = [V, X]

BEODIALET. 720U,

2 3
exptY:Id+tY+(t—12/)—+%+..._
ZITRIZY =P (1P=-P;&xfR475) £BE, ZLTP=(1-A)(1+A)" » well

defined @ & &, Z D Cayley transformation (ZH T
P € Alt(n; F) = {P|'"P = —P} <= A€ O(n) = {A|Ax 'A=1d,}

OSBRI LB SNTWET.
FERE P BRRITHE ADPERTHEN) ZENIOEBRTHELTVET,
DF Db

c(A)X = Ax X x A7', AXERLTH

d(P)X = [P,X] = P+ X — X x P, P X&{{71
XL TVWET.
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F4 O triality relation OBEEDORH LB ETT. XY OEOITHREIZENT
o(A)X = AXA™' (EEREER)
(ad P)X = [P, X] (45)

LAY LRI DTY .
BORLABARETH, ZhoD—Mbke LT

A=a;, P=PF;(j=0,1,2), j=j=+3
LB ZEATMREZDTY. HIPULHLRET DL, £BD a; € Mat(n, F) I LT
%((exp ta;) * X * (exp taji1) Mo = a; * X — X *ajn1
AR Y LB, T Z T Cayley transformation DL % FWT
Pj=(1-a;)*(1+a;)™"
B e, ZSd well defined ZIKETNI, j =0,1,2 12 L T
a; € O(n) <= P; € Alt(n, F)
PEROEHET. BT
oj(a)X = a;x X xa;}; and d;(P)X =Pj* X — X x Py
LEETDE, EL (o =0 =) Doy, d; FRO=RMEHEE L ET.
0;(a)(XY) = (0j41(a)X)(0;42(a)Y) - global triality relation
d;(P)(XY) = (dj11(P)X)Y + X(dj;2(P)Y). - local triality relation

=L,
XY =X %Y = 'Y x 'X (by new product).

zzv
Id,A=Td,xA=A="A
ThH XY OBMIIBVTRBEMNTOFEPRIESNTVEEA,
§4. —iR1LICDOWT
A* BB e 255, #EAM involution (ie., Txy =§*Z,Z=1) 22N\ T
5. 22T oj¢djanda; %,(j=0,1,2, ajzs=0a; and dji3 =d;)
oj(a)z = a; *x *Gj41, and d;j(P)x = Pj*xx — x % P4
EREFERTSH. L,
a; € Ay ={be Albxb=e},
P;j € Alt(A) = {c € Ale = —c}.
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DL E zy=T%y (&> Tnew product zy Z2EHBL-REE A LET.
AL A BRIUARZ PVEBTH D EICERLTIEIWV. BARLRD, A ICIXEA]
TPFELVEVARESH D ET. UEDREDD & T, RAKDILLET.
4.1, EOREDOSH & TCENFEAKY LD,
oj(a)(zy) = (0j4+1(a)z)(042(a)y) (4.1)
d;(P)(zy) = (djs1(P)z)y + 2(dj12(P)y) (4.2)
ek
(aj(a)?0j+l(a)v 0j+2(a)) € T?’"&g(A)
(dj(P),dj+1(P),dj+2(P)) €so LT't(A)
Z DEHDFRIZ automorphism & derivation 23— (b X 317z =X FED global version &
local version D&%, EEAWRERICIIRL £ 5 LAAIMEZRLZIILTWET.
YEADIRA L UTIX Gell-Mann @ Baryon OXI#ME% K% $ 2 DIC&ZIZIZD 3x3 D
1750z & D EFE X 115 8 dimensional pseudo octonion algebra AFEEL £ 9 ([5], [7]). Z
DREARIZEVWTH=EZNFERIZE T 2 EWBHOBRAEFEEL 27 ([4)).
E2DUHLDORBZ L, ZORBUIENTE B -2 V—RE Yas VX URE
THRVIEREEHNREDOHI TS, UHL  Lie admissible algebra ODEE%EZHH, L T,
Section 1 TEATz dy(z,y) = 4{< z|z > y— < y|z > z}, di(z,y) = R(y)L(z) — R(z)L(y),
do(z,y) = L(y)R(z) — L(z)R(y) & <zly>=g Trace (zy) (TFIONAR) A
WT. E&ET DL, FX (BANR=0FE)

dj(z,y)(ab) = (dj11(z, y)a)b + a(dj 2(z, y)b), j=0,1,2.

A (11) REFABRIZERDIH T, ZOAREL normal triality algebra and symmetric
composition algebra DFITT ([4]). BHAA triality group OBEFRABEFEEL 7T, ##
UL B OBRNTARRETA normal triality algebra (& local triality relation d; and
global triality relation o; HFE 4 2 RETYT, ZOREUX4TE. 8 iBEEL L2
YMHEADIGHAZROEKRD ZMENRORB L B E T,

AZ2RE« 2O OHETILEARBD 2,9,0; (1=0,1,2) e AizfLTz=2"1L
involution &L, TLUT HLVWHE zy=7Fxy & o(a)zr=a*xz*a;’, oz(a)z =
az*z*a3’, and o3(a) = azxzxa;t LB & ¥, new product zy 1ZB L T triality group
DEFRK
o;(a)(zy) = (0j41(a)z)(0j42(a)y) BBV ILH £ § %% local triality relation (ZFEL £H A

§ 5. MELRH (ERE 478

TN DE S D UMSELFIZ L <HOSNZ4 T, ZOETRZFDHETENE

BREeEXET, 4AnBAREIIETHMABCRT, BREOHFHAHVELETININ N UNREE
LZbDTHTETE, H={1,4,k}tgpum, 72720 BEixi=j*j=Fkxk=-1
ixj=—jxi=k THHIDI1ijk2RELTLS4TBRBEOILTY, (ZIT1
BT, R F ETEZET)
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a=(i,j,k) P Eo(a)r=i*xz*xj7!, oa(a)z =j*xx*xk™ ' and o3(a)z =k*xz*i"!

LEBETIIE,
a;(a)(zy) = (0j11(a)z)(0j+2(a)y)
WAL B, 72720, 2y =Txy (new product) Ty=7T=x*y, O *IZFH®D
FL<HMmoNn-EEDOHE. - XHOHET. (j71=7=—jetc TT.)
FIRIC P = (i, j,k) LB %,

di(P)r=ixz—x%xj, day(Pz=jxz—z+k, anddz(P)t=k+*z —T*1
(P=(P,P,P) DEBDOHLT) LERTIIE
dj(P)(zy) = (djn1(P)z)y + z(dj12(P)y), (1=0,1,2)

WRIALT 5. DR 4 TBREO=NFEEO—FITT,
IhixECRE., Boroftaoiksk (—#kik) TY,
%@:m%@ﬁﬂmi a = (al,az,ag) = (i,j, k), P= (PI,PQ, Pg) = (i,j, k‘) b BH"i“

Pi=(1—-a;)*(1+a;)™"

IZ & % Cayley transformation D HELBFEDFERTT., 2F D (1—i)*(1+i)~! = —i, ete.
DHETHEHTT,
(ZDBED X7 EIF4ATE % 2 X 2FARRUZIZS BMERR L S5>TT,)
WIZHDEHHEERIBEIIERN C DL ETT, product  IXC DEEDE | i 1X
i=+v-1 ZRUET,

di(P)z =aixx —z % i, a,8 € R (real number field).
dy, ds BRKKIZ  B,v,a FEAVWTEHRLET, o; ICEALTIX
o1(a)z = (exp i) * z x (exp (—pPi))

ZUT o9.03H exp, B.7v, a FEAVTEERT S &
P=(a,f,7) anda=(a,8,7) € R DL &

di(P)(zy) = (dj1(P)z)y + 2(dj12(P)y) and o;(a)(zy) = (0;11(a)z)(0;12(a)y)

where zy = T* y and T = the conjugation of .

OIS =ENFEHEOBBRRVEY LB X,

EBE, HEBOBEIE IO involution & 31,70 BEBODL &3 =1, — 1z, (if
T=121++v~1zs ) THZX SN X T, Note that zy # z * y, because zy = T * 7.

Go =< 01(a),02(a),03(a) >gen £TH L E

Gy s a subgroup of Trig C
MO IHET,
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That is, in C with product z * y these imply that
oz = (exp \jV—1) %z, djz = (\;V-1) xz,
where Ay + X2+ A3 =0, \; e R ( =0,1,2).

d; (local triality) < o; (global triality)
zy = T*y (new product).
If we put a = (—1+ /3 i), then aa = %a = a and so a is an idempotent, and also
we define o(a)z = R(a)R(a)z = (za)a, then we obtain
o(a)(zy) = (o(a)z)(o(a)y). (simple example of automorphism)

This implies that o(a) is an automorphism of C, but we note that zy is new product
defined by z*y. Next we set b= (1,a,@) and introduce

o1(b) = R(1)R(a), o2(b) = R(a)R(a) and o3(b) = R(@)R(1),
then we get for j =0,1,2,
o;(zy) = (0j41(b)x)(0;4+2(b)y) (simple example of triality group)

In the case of real number field R, Aut (R) =< Id >, Trig (R) = K4 (Klein's group).
Indeed, for the unit element e € R, putting g;(e) = aje, a; € R, we have g;(ee) =
gi+1(e)gjrale) and so o = 1, ajy2 = ajajp (5 = 0,1,2). Thus, < 1,01, 09,0100 >
is a genarator of Trig (R). Hence for this global and weak local triality, there is
a correspondence (1,—-1,—-1) < (0,7, —7i), since —1 = exp(+mi). Note that zy =
T*y (new product of complex number field C). The "weak” means to belong End C.

Concluding Remark
new product xy of algebra with involution ICEWTZHREAMRYILD

product DED HiZ & D WA WA LREAIREET IFohd

[z, y] =2y —yz------ Lie algebra
{z,y}=2y+yz--- --- Jordan algebras
TY=T*Y---- triality algebra

REDIAY MIBEWVWT, I 50 triality group, local triality relations OB su-
peralgebra [2] DB EICHIRTELDTIHEEFZXATVWET, TR=FEROE®IZHEH
TE5DTIRLERPTT,

HEMNE KARHE (1930-2015) 4L DHE 4] 12BWVWT, HEEHARBRICBI =
WNEEE2RELE Uz, AR TRRZEHDIE, TO—H%2EEDO— ANHAIME IZTHIR
BEERBEFTEALEZDBOTY. UTOSEXEIE, BEFRNROLOUPFEL £H
D, HULIZ 4] OB A ESBLU T ZX\W. £/~ Cayley algebra (Z2WTOfFE
i 7 =3 R (local triality) (IZ2W Tk 161 OARBBHIZ R LEXET,
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