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1 Introduction
The second order half-linear differential equation
(L) (O’ °sgn ')’ + q(t)|z|*sgn & = 0,

is considered under the assumption that
(a) a > 0 is a constant, and
(b) p: [a,00) = (0,00), ¢ : [a,00) = R, a > 0, are continuous functions.

In this paper we are concerned with nontrivial solutions of (HL) which exist in an
interval of the form [tp,0), to > a. Such a solution is said to be oscillatory if it has a
sequence of zeros clustering at infinity, and nonoscillatory otherwise. If all solutions of (H L)
are oscillatory (nonoscillatory) equation (H L) is said to be oscillatory (nonoscillatory). Our
attention will be focused on the case where (H L) is nonoscillatory. Since if z satisfies (HL),
so does —z, it is natural to restrict our consideration to (eventually) positive solutions of
(HL).

It is well known that the half-linear equation has many fundamental qualitative prop-
erties as the corresponding linear differential equation

(L) (p(t)") +q(t)z =0



(see Elbert [3], Dosly and Rehak [2]). For example, the classical Sturmian separation and
comparison theorems has been extended verbatim to (H L) and basic concepts of the linear
oscillation theory have a natural half-linear extensions. Thus, all nontrivial solutions of
(HL) are either oscillatory or nonoscillatory. Also, it is shown that (H L) is nonoscillatory
if and only if the generalized Riccati differential equation

o 1
(11) u + W ]u|1+3 + Q(t) =0,
has a solution defined in some neighborhood of infinity.

The systematic study of equations of the form (HL) by means of regularly varying
functions (in the sense of Karamata) was initiated by Jaros, Kusano and Tanigawa [7]
and motivated by the monograph of Mari¢ [13], in which a systematic survey was given
of the theory of asymptotics of nonoscillatory solutions of second-order linear differential
equations, that has been developed by Marié, Tomié and other (see [4, 5, 14, 15]).

In this paper, we present the most important results that have arisen from the applica-
tion of Karamata’s theory of regular variation to asymptotic analysis of regularly varying
solutions of the second order linear and half-linear differential equation (L) and (HL).

By a definition, a measurable function f : (¢, 00) — (0, 00) for some ¢, > 0 is said to
be regularly varying (at infinity) of index ¥ € R if it satisfies

(1.2) lim F) _ A? forall A>0.

t—ro0 f(t)

Regularly varying function f of index ¥ = 0 is called slowly varying. It is known that such
a function is characterized by the fact that it has the representation

t
(13) 10 =ctes{ [ Lash 121,
to
for some £y > 0 and for some measurable functions c, § such that
tlim c(t) = ¢ € (0,00) and tli)m o) =19.

If ¢(t) = ¢ > 0 in (1.3), then f is said to be a normalized regularly varying function of
indez §. The totality of regularly varying functions of index 9 is denoted by RV (9) and the
totality of normalized regularly varying functions of index ¥ is denoted by N'RV(%¥), while
the totality of slowly varying function and normalized slowly varying function are denoted
by SV and N'SV.

For the detailed presentation of theory of regular variation functions reader is referred
to the books [1, 16].

2 Existence of RV—solutions of second-order linear
differential equation

The basic questions that are asked concerning asymptotic analysis of positive solutions of
second-order linear differential equation in the framework of regular variation are



e QUESTION 1: Is it possible to provide necessary and sufficient conditions for the
existence of RV —solutions?

e QUESTION 2: Is it possible to establish the unique explicit asymptotic formula of
RV—solutions?

The fundamental results giving answer to the first question were given by Howard, Marié
[5], establishing necessary and sufficient conditions for the existence of regularly varying
solutions to the linear differential equation

(L) " +q(t)z = 0.

Theorem 2.1 (Howard, Marié [5]) Let q : [a,00) — R be continuous functions, ¢ €
(—00,1) any given constant and A1, A2, A1 < Az denote the two real roots of the quadratic
equation A> — A+ c = 0. Equation (L) has a fundamental set of solutions {z:(t), z2(t)} such
that

x € NRV()\l), Z9 € NRV(/\Q)

if and only if -
tl_iglot/t g(s)ds=c.

Theorem 2.2 (Howard, Marié [5]) Let g : [a,00) = R be continuous functions. Define

¢(t)=t[wq(3)ds—i, w(t)z/too@ds

and let the integrals

/des and /wézds

S

converge. There exists two linearly independent RV —solutions z, o of the linear DE (L)
of the form

(t) = ViL(t), zo(t) =vVtintl(t), LeNSY, i=1,2
if and only if -
tlim t/ q(s)ds =1/4.
—00 t
Moreover, £i(t) ~m; >0, i = 1,2 and £y(t) ~ £,(t)7, t — 0.

Theorems 2.1, 2.2 for the case ¢ : [a,00) — (0, 00) were proved by Marié¢, Tomié [14].

An answer to the second question was given first by Geluk, Marié¢, Tomié [4] for the case
q: [a,00) = (0,00) and latter on by Marié¢ [13, Theorem 2.5] for the case g of the arbitrary
sign.

Theorem 2.3 Let ¢ € (—00,1/4), ¢ # 0. If $(t) = 0 as t — oo and

0o 2
/ ﬂz)—ds<oo,



then for two linearly independent RV —solutions of (L)
T; € NRV()\z), 1= 1,2, x,(t) = t)"[i(t), li € NSV
there hold

z1(t) ~ tM exp {/:(ﬂ? + ié; ({)d)({) ) ds}, t — 00,

and
zo(t) ~ t2[(1 — 2X)0(8)] Y, t— .

It is natural to expect that these results can ne extended to the more general self-
adjoint linear DE (L), assuming that the function p : [a,00) — (0,00) and q : [a,00) = R
are continuous (g is allowed to be oscillatory in the sense that it takes both positive and
negative values in any neighborhood of infinity). However, the class of RV—functions in the
sense of Karamata is not sufficient for such an generalization, since the possible asymptotic
behavior of nonoscillatory solutions of (L) is essentially affected by the function p, more

precisely, by the integral
- [
Poda ()

But the generalization can actually be carried out provided the classes of RV—functions,
in which the solutions of (L) are sought, are replaced by those of generalized Karamata
functions reflecting the essential role played by

(2.1) P(t) = / p—%% in the case J, = /oo ;d(z—) = 00,
and
(2.2) 7(t) = /z % in the case J, = / % <

The generalized Karamata functions were introduced by Jaros and Kusano in [6] by the
following definition:

Definition 2.1 (i) A measurable function g : [t,00) — (0,00) is said to be a slowly
varying with respect to R, if go R™! is defined for all large ¢t and goR71(t) = g(R7(t))
is slowly varying (in the sense of Karamata), or equivalently, if g is expressed in the form
g(t) = L(R(t)) for some slowly varying function L. The totality of slowly varying functions
with respect to R is denoted by SVxg.

(i) A measurable function f : [tp,00) — (0, 00) is called a regularly varying function of
index ¥ with respect to R if it is expressed as f(t) = R(t)?g(t) for some function g which is
slowly varying with respect to R, or as f(t) = R(t)® L(R(t)) for some slowly varying function
L. The set of all regularly varying functions of index 9 with respect to R is denoted by
RVg(9).

As a direct consequence of (1.3) the representation of such generalized regularly varying
functions can be obtained. Namely, a function f € RVg(9) if and only if it is expressed in
the form

23) f(t)—c(t)exp{ / ((S)) 5(s )d} L> to,




for some tg > 0 and for some measurable functions c, d such that
lim ¢(t) = ¢ € (0,00) and lim §(¢) = 9.
t—o00 t—o0

If the function c in (2.3) is identically a constant on [tg, c0), then the function f is called
normalized regularly varying with index ¢ with respect to R. The totality of such functions is
denoted by N'RVg(¥9). Use is made of the notation SVg = RVg(0) or NSV = NRVg(0)
to justify the use of the terminology slowly varying instead of regularly varying of index 0.

For basic properties of generalized Karamata functions see [6, 8].

Two cases (2.1) and (2.2) were distinguished in [6] and it was shown that the set of
generalized Karamata functions {RVp(p) : p € R} or {RV1/:(p) : p € R} formed with the
choice of R(t) = P(t) or R(t) = 1/x(t) provides a well-suited framework for the asymptotic
analysis of eq. (L) with p satisfying J, = oo or J, < o0, respectively. More specifically,
sharp conditions for (L) to have a pair of nonoscillatory solutions {z;(t), z2(t)} belonging
to {RVp(01), RVp(02)} or to {RV1/x(01), RV1/x(02)} for some specified values of o; and
01 were established.

Theorem 2.4 (Jaros, Kusano [6]) Assume J, = oco. Let c € (00, ) and denote by A,
A2, M1 < Ag the real roots of the quadratic equation \* — X\ + ¢ = 0. The equation (L) is
nonoscillatory and has a fundamental set of solutions {z1(t), z2(t)} such that

xr € NRVP()\l), T € NRVP()\z)
if and only if
() Jim Pt /t g(s)ds =c.
Theorem 2.5 (Jaros, Kusano [6]) Assume J, = oo and that
lim P(t)/ q(s)ds = E .
t—o0 + 4

Define
* _12(s)l

o0 1
®(t) = P(t) /t q(s) ds—g’ ¥(t) = /t p(s)P(s) ds

and suppose that

< |2(s)] < ¥(s)
/p(s)P(s)ds<oo and / p—————(s)P(s)ds<oo.

Then, the linear DE (L) possesses a fundamental set of solutions {z1(t), z2(t)} such that
Z; GNRVP (%) y 1= 1,2

of the form
z1(t) = /P(t) 1 (t), zo(t) = V/P(t) In(P(t)) &(t), £ € NSVp, i=1,2,

and
tl_i_}m A&(lf) =IL; € (0, OO), 1=1,2 with LiL, = 1.



Theorem 2.6 (Jaros, Kusano [6]) Assume J, < 0o. Let c € (—o0, ;) and denote by 1,
pa, p1 < o the real roots of the quadratic equation u*> + p+ c = 0. The equation (L) is
nonoscillatory and has a fundamental set of solutions {z1(t), z2(t)} such that

z1 € NRV1x(111), T2 € NRV1/x(p2)

if and only if

(C2) lim L /oo 72(t)g(s)ds = c.

t—roo T(t)

Theorem 2.7 (Jaro§, Kusano [6]) Assume J, < oo and that

lim L/ 7% (s)q(s) ds = 1
¢ 4

t—00 7r(t)

Define

I VNP LN
50 - / (dals)ds — 3, (1) / e

and suppose that

> |2(s)| ® ¥(s)
/ 2(5)(s) ds < o0 and / (s )7r(s) s < 00.

Then, the linear DE (L) possesses a fundamental set of solutions {z1(t), z2(t)} such that

1
T; GNRV]/,,- (—§> , 1=1,2

of the form
21(t) = VAR Lt),  a(t) = V7t 1n( )ez 1), LeNSVp, i=1,2,

and
thm &(t) = L—L € (0,00), 1= ].,2 with L1L2 =1.

3 Existence of RV —solutions of second-order half-linear
differential equation

Considering qualitative resemblance of the linear and the half-linear DE, the main theorems
of Howard and Marié (Theorems 2.1, 2.2, 2.3) admits natural generalization to the half-
linear equation

(HL) (I2'|*sgn 2) + q(t)|z|*sgn = = 0.

under the assumption that the function g : [a, 00) — R is conditionally integrable on [a, c0).



Theorem 3.1 (Jaros, Kusano, Tanigawa [7]) Let ¢ be a constant such that

(3.1) ¢ € (—oo, E(a)), where FE(a)= (a_-ij%'
Let A1, A2 (M1 < Ag) denote the two real Toots of the equation

(3.2) A% —A+c=0.

Equation (HL) possesses a pair of regularly varying solutions

(3.3) zi € NRV(A}*), i=1,2, A= |\|*sen

if and only if
lim t"‘/ g(s)ds=c.
t

t—o0

Theorem 3.2 (Jaros, Kusano, Tanigawa [7]) Assume that

lim t* /too q(s)ds = E(a).

Define
<I>(t)=t°‘/t a(s) ds — E(a), \1:(,;)=/t @ds

and suppose that
/ Mds<<>o and / ‘P(S)ds <00.

s s
Then, the half-inear DE (HL) is nonoscillatory and possesses normalized RV—solution of

indez %7 of the form

z1(t) = t=r1 4(t), with L€ NSV and lim £(t) = L € (0, 00).
Considering more general half-linear equation (HL), as in the linear case the class of

Karamata functions is not sufficient to properly describe asymptotic behavior of nonoscil-
latory solutions of (H L), which depends on convergence or divergence of the integral

®  ds
"’“/a PORCE

For these reason, Jaro§, Kusano and Tanigawa in [8] used the generalized regularly varying
functions with respect to

Pty = [ =% i I,=
(t) = j W in the case I, = 00
or with respect to
®  ds .
7r(t) = [ W in the case Ip <0,

to provide necessary and sufficient condition for (HL) to possesses a pair of generalized
regularly varying solutions. They proved the next four theorems, which are generalization
of Jaros and Kusano [6] (Theorems 2.4, 2.5, 2.6, 2.7) for the linear DE:

10



Theorem 3.3 (Jaros, Kusano, Tanigawa [8]) Assume I, = oco. Let ¢ be a constant
satisfying (3.1) and A1, Aa (A1 < A2) denote the two real roots of the equation (3.2). Equa-
tion (HL) possesses a pair of solutions

(3.4) i € NRVp (,\‘) i=1,2,

if and only if -
tlim P(t)"/ q(s)ds =c.
—00 t

Theorem 3.4 (Jaros, Kusano, Tanigawa [8]) Assume I, = co and that

lim P(t)* /t-oo q(s)ds = E(a).

t—o0

Define
(t) = P(t)a/t dle)ds = Bla), ¥ z/z %ds

and suppose that

= _[a(s) V)
/ st<00 and / I/QP( )d < .

Then, the half-linear DE (HL) has a solution
z € NRVp ( T 1)

z:(t) = P(t)a+1 £(t), with £ € NSVp
satisfyng lim, o £(t) = L € (0, 00).

such that

Theorem 3.5 (Jaros, Kusano, Tanigawa [8]) Assume I, < co. Let ¢ be a constant
satisfying (3.1) and p1, p2 (p1 < p2) denote the two real roots of the equation

(3.5) lo|"ts + p+c=0.
Equation (HL) possesses a pair of solutions

1,
(36) i € NRVy (pF7), =12,
if and only if

a+1 —
}i{{.}, 1r(t)/ s)ds =ac.

Theorem 3.6 (Jaros, Kusano, Tanigawa [8]) Assume I, < oo and that

i L atl =aE(a
Jim / 7(s)**q(s) ds = a E(a).

11



12

Define

1 [ > 19(s)]

<I>t=—/ s)**g(s)ds — a E(a), \Ilt=/ — L _ds
0= [ ) als) @, w)= [ s

and suppose that

*_12(s)l /°° U(s)

/ (5o (s) ds < oo and (&) (s) ds < 00.
Then, the half-linear DE (HL) has a solution
a
T € NRV]/.,, <_Ot_+1)

such that .
1171(t = 71'(t)"‘_‘H f(t), with £ € NSVl/,r
satisfyng lim, ., £(t) = L € (0,00).

4 Asymptotic behavior of RV —solutions of
second-order half-linear differential equation

Since answers to the first question of providing necessary and sufficient conditions for the
existence of RV —solutions has been given in Section 2 for the linear DE and in Section 3
for the half-linear DE, a natural question arises about the possibility of acquiring detailed
information on the asymptotic behavior at infinity of the solutions whose existence is assured
by the above theorems. Thus, in this Section we present results giving answer to the second
question about determining the unique explicit asymptotic formula of RV—solutions.

4.1 Asymptotic behavior of regularly varying solutions of (HL)

Accurate asymptotic formulas for regularly varying solutions of (HL), whose existence is
assured by Theorem 3.1, was established by Kusano and Manojlovi¢ in [10].

Let ¢ be a constant satisfying (3.1) and let A;, i = 1,2, (\; < A2) denote the real roots
of the equation (3.2). It is clear that

0< A <N if CE(O,E(Q)); A <0< if CE(—O0,0)
and 0=X\ <X=1ifc=0.

Note that in the case ¢ = 0, Theorem 3.1 ensures existence of a pair of regularly varying
solutions of (HL)

(4.1) z; E NSV, z, € NRV(1)
if and only if -
Q) == t“/ q(s)ds >0, t—oo.
t

Thus, taking into account necessity to treat slowly varying functions in a special way, cases
¢ =0 and c # 0 were examined in [10], separately. So, next two results provide the unique
explicit asymptotic formula of RV —solutions (4.1) of (HL).
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Theorem 4.1 (Kusano, Manojlovié [10]) Let ¢; be a positive continuous function on
[a,00) which decreases to O as t — oo and satisfies

o0 1 o0 2
/ Mdt=oo, / 210) —dt < 0.
a t a t
Suppose that the function @Q is eventually one-signed and satisfies

Q)= 618) +0(#:(®**2), ¢ 0.
Then, equation (HL) possesses a solution x; € NSV such that

t 1
z1(t) ~ ky exp{sgnQ/ ¢1(Ss)a ds}, t — o0.

for some constant k; > 0.

Theorem 4.2 (Kusano, Manojlovi¢ [10]) Let ¢5 be a continuously differentiable func-
tion on [a,00) which is slowly varying, decreases to 0 ast — oo and satisfies

/°° ¢>2( / #a(t)*

Suppose that the function Q is eventually one-signed and satisfies
Q) = ¢2(t) + O(42(1)), t — 0.
Then, equation (HL) possesses a solution o € NRV(1) such that
t
Zo(t) ~ k2texp{—sgn Q/ ¢2T(S)ds}, t — oo,

for some constant ko > 0.

Next two results provide accurate asymptotic formulas for regularly varying solutions
(3.3) of (HL), which exist if and only if

Q.(2) =t“/t°°q(s)ds—c—>0, t— 00.

Theorem 4.3 (Kusano, Manojlovié¢ [10]) Let v, be a positive continuously differen-
tiable function on [a,00) which decreases to 0 as t — 0o, has the property that t|q| is
decreasing and satisfies

/oo Tl)l(t / Yi(t)*

Suppose that the function Q.(t) is eventually one-szgned and satisfies
1Qc(t)] = 91 () + O (8)?), t— 0.

Ly
Then, equation (HL) possesses a solution T, € NRV (/\f ) such that for some constant
kl >0

L,
o

z1(t) ~ ky P exp{x()\—— tils
1

“l)sgch/ }, t — 00,

1y
where gy = (a+ 1)A7 .



Theorem 4.4 (Kusano, Manojlovié [10]) Let . be a positive continuously differen-
tiable slowly varying function on [a,00) which decreases to 0 ast — oo, has the property
that t|y| is slowly varying and satisfies

®ha(t) . * 1hy(t)?
/ —t-dt = 00, /a _t_dt < 00.

a

Suppose that the function Q.(t) is eventually one-signed and satisfies
Qe(t)] = %a(t) + O(2(t)?), t— c0.

1,
Then, equation (HL) possesses a solution T, € NRY ()\2“ ) such that for some constant

ko >0 .
a1 t
A9 sgch/ mds}, t — 00,
H2 a S

o —

1
To(t) ~ kp t™ exp{
1,
where ps = (a + 1)As$".

4.2 Asymptotic behavior of generalized regularly
varying solutions with respect to P of (HL)

For the half-linear DE (H L) in the case I, = oo, accurate asymptotic formulas for general-
ized regularly varying solutions with respect to P, whose existence is assured by Theorem
3.3, was established by Kusano and Manojlovié¢ in [11]. Asin [10], cases ¢ = 0 and ¢ # 0 were
treated separately. In the case c # 0, Theorem 3.3 ensures existence of pair of generalized
RY— solutions (3.4) of (HL) if and only if

W(t) = P(t)"/too g(s)ds — c =0, t— o0,

while in the case ¢ = 0 Theorem 3.3 ensures existence of pair of generalized RV — solutions
of (HL)
X1 € NSVP and z, € NRVP(].)

if and only if
Wo(t) = P(t)“/ q(s)ds -0, t—o0.
¢

Theorem 4.5 (Kusano, Manojlovié¢ [11]) Let ¢ € SVp tends to 0 as t — oo and sat-

isfies
®  g(t) _ / © #)?
[ snrat== [ gt <
Suppose that the function W is eventually one-signed and satisfies
(W (t)] = ¢(t) + O(¢(t)?), ¢ — oo

1, )
Then, equation (H L) possesses a pair of solutions z; € RVp(A\# ), i = 1,2 which asymptotic
behavior are determined by

=~
L,
(a+ 1A —a
as t — oo, for some constant k; > 0,i=1,2.

zi(t) = ks P(t)’\‘é‘exp{— sgn W / (1+ 0(1))@%@},

14



Theorem 4.6 (Kusano, Manojlovié [11]) Let ¢ € SVp, lim; o ¢(t) = 0 and satisfies

® 4 _ / *©  9@)?
[ amergt== | smergt <
Suppose that the function Wy(t) is eventually one-signed and satisfies
[Wo(t)] = 6(t) + O(4(t)*), t— co.

Then, equation (HL) possesses a solution zo € N'RVp(1) which asymptotic behavior is
determined by

Zo(t) = k2 P(t) exp{—sgn Wo /t(l + 0(1));)?3;?/(!:%“}’ t — 00.

for some constant ko > 0.

Theorem 4.7 (Kusano, Manojlovié [11]) Let ® € SVp, lim; o, (t) = 0 and satisfies
= _%(t): /°° o(1)=
= dt .
| samrgt=oe [, soerm® <

Suppose that the function Wy is eventually one-signed and satisfies
[Wo(t)| = ®(t) + O(«b(t)“?i), t — oo.

Then, equation (HL) possesses a montrivial slowly varying solution x, with respect to P
which asymptotic behavior is determined by

z1(t) = K1 exp{sgn WO/ 1+ o(l))—ﬂ%ds}, t — oo.

for some constant k; > 0.

4.3 Asymptotic behavior of generalized regularly
varying solutions with respect to 1/m of (HL)

For the half-linear DE (H L) in the case I, < 00, accurate asymptotic formulas for general-
ized regularly varying solutions with respect to 1/m, whose existence is assured by Theorem
3.5, was also established by Kusano and Manojlovi¢ in [11]. As in [10], cases ¢ = 0 and
¢ # 0 were treated separately. In the case ¢ # 0, Theorem 3.5 ensures existence of pair of
generalized RV — solutions (3.6) of (#L) if and only if

Qt) = % Aoo 7(s)* q(s)ds —ac— 0, t— oo,

while in the case ¢ = 0 Theorem 3.3 ensures existence of pair of generalized RV — solutions
of (HL)
Ta € NSV]/,.- and z; € NRVl/"(—].)

if and only if
— 1 * a+1
Q) = ® /t 7(s)* " q(s)ds - 0, t— o0

15



Theorem 4.8 (Kusano, Manojlovié [11]) Let ¢ be a nonzero constant in (—oo, E(c)).
Let 1 € SV tends to 0 as t — co and satisfies

g © (1)
L PO ™ =% / PR Ok

Suppose that the function Q is eventually one-signed and satisfies
12()] = %(t) + O(¥(t)?), t— oo.

L. . .
Then, equation (HL) possesses a pair of solutions z; € RVy/x(pf ), © = 1,2 given by the
asymptotic formula

zi(t) = ( (t)>p§'exp{_a((a lemll)i;Jra sgn Q) / (1+0(1)) (S)lfa;(s)ds} i=1,2,

as t — oo, for some constants k; > 0,i=1,2.

Theorem 4.9 (Kusano, Manojlovié [11]) Let ¢ € SVy/» tends to 0 as t — oo and

satisfies
*_ P) /w B(t)?
ot = g .
[ samrmt= [ <=
Suppose that the function Qy is eventually one-signed and satisfies
20 (t)] = ¥(t) + O(H(t)?), t— oo.

Then, equation (HL) possesses a solution £, € NRVy/x(—1) given by the asymptotic for-
mula

:1:1(t) =K1 7T(t) exp{ sgn / (1 + 0(1))1)( )1521.(5) ds} t — oo
for some constant k; > 0.

Theorem 4.10 (Kusano, Manojlovi¢ [11]) Let ¥ € SVy/x, lim;, ¥(t) = 0 and sat-

isfies
2

[0 Y-
[ rmt== [ et <
Suppose that the function Qy is eventually one-signed and satisfies
Q0(t)] = T(t) + O(T(£)+2), t— oo.

Then, equation (HL) possesses a solution z € NSVy/r given by the asymptotic formula

xz(t)=n2exp{s—g£/—i%/(1+o(1))1#1(/‘?;(5ds}, t— 00

for some constant kg > 0.

16
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