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Double of boundary singularity of stable map
from 3-manifold with boundary to 2-manifold

Kazuto Takao

1 Introduction

We consider singularities of the smooth map obtained as the “double” of a stable map
from a 3-manifold with boundary to a 2-manifold without boundary. Still, we restrict
our attention to local theory, and hence take a map between Euclidean spaces. Let
(z,y,2) be a coordinate system of R3, let R3, denote the half space {z > 0} in R?, and
let f: R, — R? be a smooth map. By the “double” of f, we mean the map F: R® — R?
defined as F(z,y,z) = f (z,y,2%), which is clearly smooth. Note that, in the exterior of
OR3,, the transformation: (z,vy,2) — (z,vy, 2%) is diffeomorphic at each point, and hence,
the doubled map F inherits the types of singularities from the original map f. It might be
naively hoped that, if a point p in IR, is a stable boundary singular point of f, then p is
a stable singular point of F. In this paper, we prove it for some types of stable boundary
singular points, and disprove it for the other type.

Proposition 1. With the above notation, we have the following.
o If p is a boundary regular point of f, then p is a reqular point of F'.

If p is a boundary definite fold point of f, then p is a definite fold point of F.

If p is a boundary indefinite fold point of f, then p is an indefinite fold point of F.

If p is a boundary cusp point of f, then p is a cusp point of F.

Ifpisa 2%8 point of f, then p is an unstable singular point of F'.
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2 Preliminaries

In this. section, we review standard definitions and facts with the following notation.
Let M be a 3-dimensional C'*° manifold possibly with boundary, N be a 2-dimensional



C* manifold without boundary, and f: M — N be a C*® map. Let p be a point in M,
and U be a sufficiently small neighborhood of p in M.

Singularity and boundary singularity are defined as follows. The point p is said to be
a regular point of f if the differential (df), : T,M — Ty, N is surjective, and a singular
point of f otherwise. The point p is said to be a boundary reqular point of f if p € OM
and the differential (d(f|onm)), : T,0M — Ty, N is surjective, and a boundary singular
point of f otherwise. The set of singular points (resp. boundary singular points) of f is
called the singular set (resp. the boundary singular set) of f, and denoted by S(f) (resp.
S (flom))-

Fold singularity is defined as follows. The point p is said to be a fold point of f if
there are a local coordinate system (u,v,w) of M and one of N with respect to which
p = (0,0,0), f(p) = (0,0) and f(u,v,w) = (u,v* + ew?) for € € {1, —1}. In particular,
the fold point p is said to be definite if € = 1, and indefinite if ¢ = —1. If p is an interior
point of M, the singular set S(f)NU is a regular arc which passes through p and consists
only of fold points.

Cusp singularity is defined as follows. The point p is said to be a cusp point of f if
there are a local coordinate system (u,v,w) of M and one of N with respect to which
p=(0,0,0), f(p) = (0,0) and f(u,v,w) = (u,v® +uv +w?). If p is an interior point of
M, the singular set S(f) NU is a regular arc which passes through p and consists only of
fold points except for the cusp point p.

Boundary fold singularity is defined as follows. The point p is said to be a boundary
fold point of f if there are a local coordinate system (u,v,w) of M and one of N with
respect to which p = (0,0,0), f(p) = (0,0), M = {w > 0} and f(u,v,w) = (u,v* + cw)
for € € {1,—1}. In particular, the boundary fold point p is said to be definite if € = 1,
and indefinite if ¢ = —1. Note that p is a boundary singular point but a regular point of
f. The singular set S(f) N U is empty, and the boundary singular set .S (f|ap) N U is a
regular arc which passes through p and consists only of boundary fold points.

Boundary cusp singularity is defined as follows. The point p is said to be a boundary
cusp point of f if there are a local coordinate system (u,v,w) of M and one of N with re-
spect to which p = (0,0,0), f(p) = (0,0), M = {w > 0} and f(u,v,w) = (u,v® + uv + w).
Note that p is a boundary singular point but a regular point of f. The singular set S(f)NU
is empty, and the boundary singular set S (f|sn)NU is the regular arc {3v? + u = w = 0}.
This arc passes through p, and consists only of boundary fold points except for the bound-
ary cusp point p.

Ef:g singularity is defined as follows. The point p is said to be a Zf:g point of f if
there are a local coordinate system (u,v,w) of M and one of N with respect to which
p = (0,0,0), f(p) = (0,0), M = {w >0} and f(u,v,w) = (u,v? + uw + ew?) for € €
{1, —1}. Note that p is a boundary singular point and a fold point of f. The singular set
S(f)NU is a regular arc¢ which has an endpoint at p and consists only of fold points. The
boundary singular set S (f|sns) N U is a regular arc which passes through p and consists
only of boundary fold points except for the Eig point p.

The above singularities and boundary singularities are stable. Suppose that f is a
stable map (see [1] for example). It is well known that any singular point of f is either a
fold point or a cusp point. It follows from the results of Martins—Nabarro [2] and Shibata
[5] that any boundary singular point of f is either a boundary fold point, a boundary
cusp point, or a 2%;8 point. We refer the reader to [3] for more information.



Fold and cusp singularities can be recognized with the following criteria. Suppose that
p is an interior point of M, and f has a local form: f(z) = (fi(z), fo(x)) for € U such
that (df1), # (0,0,0) and (dfs), = (0,0,0). This implies that ker (df), has dimension 2.
For C* vector fields &; and & on U, let He, ¢, f> denote the matrix
&Géife &i&afo
E&ife &&afe
Provided that the vectors (1), and (&), are linearly independent, we regard (Hg, ¢, f),
as representing a linear transformation of <(§1)p , (52)p> with respect to the basis
((ﬁl)p,(&)p). This allows us to treat ker (He, ¢, f2), as a subspace of <(§1)p,(§2)p>.

Saji [4] gave criteria for recognizing general Morin singularities, and the following are
those in special cases.

Theorem 2 (Saji). The point p is a fold point of f if there exist C* wvector fields n, and
1y on U such that

e ker (df)p = <(771)p ) (772)p>’

* ker (Hnlw"h-fz)p = {0}.
Moreover, the fold point p is definite (resp. indefinite) if (Hy, », fg)p has eigenvalues of
definite (resp. indefinite) sign.

Theorem 3 (Saji). The point p is a cusp point of f if there exist C* vector fields n, and
12 on U such that

o ker (df)p = <(771)p ) (772)p>’
(m), € ker (df), forq € S(f)NU,
ker (Hy, n, f2), = <(771)p>’

(d (771f2))p 7é (07 0, 0);
(mmm f2), # 0.

3 Proof

In this section, we give a proof of Proposition 1. We use the notation of Introduction.

3.1 Regular case

The first assertion of the proposition can be proved almost immediately as follows.
Suppose that p is a boundary regular point of f. By the definition, the differential

(d (flaRéo))p is surjective. Since R, = {z = 0} and F(z,y,2) = f (z,y, 2?), the maps

f and F coincide in GR:;O, and hence (d (F ]aRsz 0))p is surjective. It implies that (dF),

is also surjective. Thus, p is a regular point of F'.



3.2 Fold case

In this subsection, we give proofs of the second and third assertions of the proposition.
Suppose that p is a boundary fold point of f.

The original map and the doubled map have local forms as follows. On one hand,
there are local coordinate systems (u,v,w) and (s,t) of R® and R, respectively, with
respect to which p = (0,0,0), f(p) = (0,0), RS, = {w > 0} and f(u,v,w) = (u,v* + cw),
where € = 1 if the boundary fold point p is definite and € = —1 if indefinite. On the other
hand, F(z,y,z) = f (,y,2?) with respect to the coordinate system (z,y, z) of R3. We
may suppose that p = (0,0, 0) with respect to (z,y, z). Suppose that F has a local form:
F(x,y,z) = (Fi(z,y,2), Fs(z,y, z)) with respect to (z,y,2) and (s,t).

The relevant coordinate systems are related as follows. There is a coordinate trans-
formation: (z,y,z) — (u(z,y,2),v(z,y,2), w(z,y,2)). Since {z >0} = {w >0} and
p € {z = 0} = {w = 0}, the transformation satisfies the conditions that

(3),6)-(3).(3),
£)-(6)-8)-5)- ).

In particular, the top inequality implies that

(), (3),) 200

We calculate partial derivatives with respect to the coordinates as follows. Note that F;
and F5 have the local forms: Fy(z,y,2) = u(z,y, 2%) and Fy(,y, 2) = (v + cw) (z,y, %),
respectively, under the coordinate transformation: (z,y, z) — (u,v,w). By the chain rule,
for example,

OF:
2(06 Y, 2)
2

= 2 (o) (e )

(@) () (Grem)en)
N (%i) ( (% (v? +5w)> (x,y,z2))

_ o ((aaz (v2+5w)) (21, zz))

_ ((21}? +gg_w> (x,y,22)> ,

z



O’ F,y

W(ﬂf,y,z)
0 ov  Ow 9
_o ov ow

0 ov  OJw
ov . ow 2 9 ov  ow 2
(21}82 —|—58Z) (x,y,z ) +2Z@z ((27}82 +5az) (x,y,z ))
ov  Ow 5 9
(211& +€§z_> (x,y,z ) +4z (

(5 (3
B ov  Ow 5 5 aw\* v Q*w 9
_2(2vaz+saz)(a:,y,z)+4z ((2($> -{-2@@-1—6—8—23 (z,y,z) ,

and similarly,

=2

ou
or (‘T7ya ) = a_a: (Z’,y, 22) )
8F1 ou 9
a_y(x>y7 ) _(x>y>2)7

ov\? v dw 9
Gt (2(5) v eege) .
0%F, Ov Ov % J*w
— (22222 1 9 2
B0y DY ?) (28ac 5z ' ozay +88x6y) (29,27,
0?*F,y v v 0%v *w )
Doz B Y7 =22 ((2%& T 2h0: t E@azaz) (v.9,2 >> :

O F, v dv v O*w )
——ayaz(x,y,z) =2z ((25_315 + QU_ByBZ +E——8yaz) (z,y,2 )) .

Since p = (0,0,0) with respect to both (z,y, z) and (u,v,w), for example,
0% F ov\? % 0w
Z ) = - Qy—— i 2
<8x2>p (2(895) a5 teas (0,0,0%)

2 2 2 2
() e20(38), (5, 3):
z/, z? ), z? ), ox »



and similarly,
or) _ (o
Ox p_ ox),’
&),-G)
9y /, oy),’
(22 (2
9/, 0y /),
—82F2 = 2¢ _82
022 p_ 0z p’
(22 ) ()
9z0y / , oz ) ,\0y),’
OR\ _ (3R _ (R _ (95 _(#R _(#BY _,
0z p_ or p_ y p_ 0z p_ 0x0z pw Oyoz p—'

We choose a pair of vector fields and calculate derivatives with respect to them as
follows. Let 7, and 72 be C* vector fields on U as

_(w) o _(ou) 0
= dy ), O0x dz ), Oy’
_9
=5

Noting that the coefficients of 7, are constants,
F (20) O (3u) oF;
iz = Ay 3:5 oz ), Oy’
b ((20) 0 (o) 0 ((ow) 0B _(ovy on
itz = oy ), 0z oz ), Oy Ay , 0z oz ), Oy
_ (PR, (Ou) (0u 82F2+ ou\? 0°F,
~\ oy , 012 oz ) ,\9y ), 0xdy oz ), Oy*"
By the results of the previous paragraph,
. ou 8F2 ou (9F2 _
o= (5),(5), - (3),(5),
_ (0u\? (PR, du 2Fy ou\® [ *F,
o= (5), (axz) (3),(5), @), (8),5),
2 2
By Or oz ), \9y/,
=2((6”) <a”) )




Similarly, we can obtain that (mF1), = (n2F1), = (n2F2), = (mn2f2), = (memFz), =0

and F :
B AN w
(122 k), = ( 022 >p 2 <_82 )p # 0.

We are now ready to complete the proofs. By the above,
_ 8F1 8F1 BFl o ou ou
(dF1), = ((E)p’ ( 3y ),,’ < 9 ),,) - ((ax)p’ (ay)p’()) = (5,60
B 0F, 0F, oF, _
(dFQ)p - ((a_z>p7 <_aZ/—>p) <—8;>p> - (07070)

Since (1), and (), are linearly independent, and (mF1), = (nF1), = (mF), =
(mF2), = 0, we obtain the condition that ker (dF), = <(n1)p , (772)p>~ The matrix

(mmFs), (mnk),
(memFz), (mnk?),

I

denoted by (Hy, 5, F3),,, is equal to

2
(2 () (2 ()Y
oz ), \ 9y » 9y ), \oz/,
0 2e <@£>
9z ),
which shows that ker (Hy, ,,F»), = {0}. By Theorem 2, the point p is a fold point of F.

Moreover, the fold point p of F is definite (resp. indefinite) if € > 0 (resp. € < 0), that is
to say, the boundary fold point p of f is definite (resp. indefinite).

3.3 Cusp case

In this subsection, we give a proof of the fourth assertion of the proposition. Suppose
that p is a boundary cusp point of f. Let S(F) denote the singular set of F', let U be a
sufficiently small neighborhood of p in R?, and let ¢ be any point in S(F)NU.

The original map and the doubled map have local forms as follows. On one hand, there
are local coordinate systems (u,v,w) and (s,t) of R® and R?, respectively, with respect
to which p = (0,0,0), f(p) = (0,0), R:; = {w >0} and f(u,v,w) = (u, v +uv +w).
On the other hand, F(z,y,2) = f (x,y, 2?) with respect to the coordinate system (z,y, z)
of R®. We may suppose that p = (0,0,0) with respect to (z,y, z). Suppose that F has a
local form: F(z,y,z) = (Fi(z,vy, 2), Fa(x,y, z)) with respect to (z,y, 2) and (s, ).

We detect the singular set of the doubled map as follows. Recall that the original map
f has no singular points in U. The doubled map F inherits the regularity of f in U\ 9RS,,.
Recall also that f has only boundary regular points in 9R3, \ {3v> + u = w = 0}, and

only boundary fold points in {3v? +u =w =0} \ {p}. By the results of the previous



subsections, S(F) N U is either {3v* + u=w = 0} \ {p} or {3v® + u=w = 0}. Since the
singular set is a closed set in general, we conclude that S(F)NU = {3v? + u = w = 0}.
Hence ¢ is possibly p.

The relevant coordinate systems are related as follows. There is a coordinate trans-
formation: (z,y,z) — (u(z,y, 2),v(z,y,2),w(z,y,2)). Since {z >0} = {w >0} and
q € {z =0} = {w = 0}, the transformation satisfies the conditions that

ou ov ou ov
5),(5),-5),(5), 7o
ow\ _ (ow\ _ [(Pw) _ [(Pw) [ w —0
(5),-3),- G#),-(5),~ (5), o
ow
(§>q>0.

In particular, the top inequality implies that

<<%)q’ (Z_Z)q) #(0,0).

We calculate partial derivatives with respect to the coordinates similarly to those in
the previous subsection. We can obtain that

0F,

55 (©9:2) = (z,y,2%),
8F1

ay( 0,2) = 5= (2,9,2%),

ou

oz

ou

By
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O0F, [ Ou 9 ov  Ow 9

o (‘T Y,z )_(va_x—l_(gv +u)£+a_x) (LE,y,Z),

OF, [ Ou 9 ov  Ow 9

9 (7,y,2) = (Uay + (3v* +u) 9 + 8y> (z,y,2%),
o0F, ov  Ow

B ou 9 , 5
E(w,y,z) =2z <<v$+ (37) +u) &-{- 82) (:B,y,z )) ,
0%F, Ou Ov 0%u ov\? 821} 8w )
Bz (©:02 F(%@”@W(%) @) g a_> (#.9.7),

O*F, oudv % o\? v 0w 5
82(”’)‘<Qa—ya—y+”a—y2+6“(a—y) FEt ) pE g ) (),

0 0
+ 422 <<@% +vaz—u + (611@4— %> &

2
88}22 (z,y,2) =2 (va— + (30 + u)@ + 8w> (x,y, z2)

0z 0z 022 0z 0z) 0z
v Qw
+(3U2 + U)gz—Q + ﬁ) (17, Y, 22)> R



0%F (£.y.7) = Oudv Oudv %u v@@
Oxdy ks 0z dy Oy dz Uaxay Ox Oy
v 0w
2 2
+ (31} +u) D20y + —azﬁy) (x,y,z ) ,
BQF( 2) =2 v du 82u 6o @_l_au dv
Bzdz Y = 9z 0z ' 0z02 Ox Ox) 0z
v Pw 9
+(3v? +u)8 5 _8x52> (u,v,w )) ,
62FZ( ) =22 @B_u _82u A+ GU@ + _6_1£ @
Oyoz B2 = Oy 0z U(’?yaz Oy Oy) Oz
0% 0w
2 2
+(3v +u)6‘y8z + _—8y82> (u,v,w )) ,
0%F, Ou v ov Ov %u ov 0%
. (35;W+6 (a) o T e
u Pv  Bw
+’UF+(3’U +U)a a3>(xay722)a
OB (,0u 0wt (00N O ov Pu O 0Py
0x20y  \ 0z 0zdy = Oy Ox? dx ) Oy Ox 0xdy Ox 0xdy
[Pu g 0P O @Ry T (v, 2%)
dyozz " oyoaz | 'os2dy Yozzdy T baray ) DY)
R (ouis ou v o0 (0 vt oo
0xdy?  \ Oz 0y? Oy 0zdy  Ox \dy Oz Oy? Oz Oy?
ov O%u ov 0% u v 0w
L R _— 2 v v 2
T2 oty T oy aaay T Vara TV T Wamae T 5’x8y2) (#..2%).
0% F, Ou 0%v ov Ov %u v 0%v
T (%—ya—yz ° (a—y) ayar T ayap
3u Pv Pw
+’U83 (3v? —I—u)a3 3_y3_) (z,y,2%).

Let (74,v,,0) and (ug, vy, 0) be the coordinate representations of ¢ with respect to the
coordinate systems (z,y,z) and (u,v,w), respectively. Noting that 303 +ug = 0, for

example,

ou

<_

ou

OF;
1 oz (%4, y4,0%) =

£

(
)~ (5
. (au

)q-
0F,

(5

Oox

).



10

and similarly,
0F1\ _ [Ou
().~ (&),
oF\ ou
(&), (),

() -(2) -
oz ), o ),

82F2
a
(62F"’) ( ) ( )
p
K\ G_w
022 ) 0z ),
(55),-(2).(2), (8“> (%),
B2y \ay) \az)
20y v/,
BSFQ ov 82
(&), (& )(6) (5 )“’( )(a>
(Z) (2 (2r) () (Z2) (2 (2
0x20y p_ ox 0z0y /), 9y ), \0z?/, ox),\9y/,
_}.2(%) 82’[1,) + @ QQE
oz ) ,\0zdy ), dy),\0x?) ’
O F; o\ [0 o 8% w\ [ov)®
== | +2| = +6(=— —
0z0y* ), 9z ) ,\0y*/, dy /), \0zdy/, oz ), \0y/,
~(2),G8),=(5), )
oz ), \9y*/, dy /), \0zdy p’
83F2> (au) (820) (81))3 (8v> (82u)
— ] =3 = — | +6=—) +3| = — ],
<3y3 P 0y ), \0%%*/, 0y /, 0y ), \0y*/,
DR _(0R _ (PR _(FE) _
0z p_ 0z p_ 0x0z p_ 0y0z p_
We choose a pair of vector fields and calculate derivatives with respect to them as

follows. Let n; and 1y be C* vector fields on U as

_Oud Oud
M= 9y0r  Bzoy

Noting that v, = 0,

Similarly, we can obtain that

8’|%’ %’|§°




i

_9
=57

Noting that the coefficients of 7; are derived functions,

OudF, OudF:
mEy = n ne

dy 0z 9z dy’
9 0 (u0F 0udk
8z 2?7 B oy 0r Oz Oy

_Twon PR #uon owih
0xdy O0r Oy 022 0x? Oy Oz 0xdy’
=g (e o)
bR, uiR 0w 0F, ouih
Oy 0r  Oyodxdy 0Oxdy Oy Oz Oy?’
oud Oud
mmks = (@55 - %;97;) mi2

ou [ O%*u OF, Oud*Fy, O*udF, Oud*F,
(o s S e )
ou (82u3F2 Ou 0°F, O%u OF, 8u82Fg>

“ 0z \02 0z " Dyozoy  oz0y Oy 0z O

_ (Ou Pu Oud’u) OF, oud*u  Ou 0%u \ OF;,

B (3_113:68?/ - O_xa_y2> oz (55@ - %896_31) oy
ou\? 0%F, ou\? 9%F, 28u Ou O%F,
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mmmkz
_ (w0 _Oud\((OuQu 0ublu)OF, (Oudu Oudu)OF
 \Oyoz 0Ozdy Oy dxzdy 0Oxdy?) Ox dy 0x% Oz 0xdy

(O PR (0u)' PR, 0udu0F
dy) Ox? ox ) Oy? Ox Oy 0xdy
_( (o i_g@@ Pu_ (0u)* Fu  uPudlu  ou( Pu\*)OF,
B ox ) Oy Ox Oy 0xdy? dy) 0x20y Oydz?dy*> Oy \ 0zdy oz
(0w Pu_ _,0udu Fu uPudu  Ou( OPu ' (Ou?Ou) 0F
Ox ) 0x0y? Oz Oy 020y Oz 0z2 0y? Oz \ 0xdy dy) 0x® ] Oy
Ou Ou O%u o\’ 0%u \ 8°F ou\? u  Ououdu\ 0F,
3|l =55+l =] ==+3 |- | =) =&+ | —
Ox Oy Oy? dy ) 0xdy | 0x2 Or) 0xdy Ox0dydx? )| Oy?
L (2n) Pu_ (9u)OPu) PR (0w OF (0w PR
ox ) 0y? dy) 0z? ) 0xdy dy/) 0z (9:5 Oy
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" %0z 920y 0z ) 0y 0z0y?

By the results of the previous paragraph,

e, = (%), (28 - (%), (%),
- (20) 0 (28), - (29) 0 (2) o
(3ne) - () (22 - (%) (22),
- (22) (%), - (3 (2.
(%) (2).(2)-(2) (3. @), (2).(2)
(@) (@), @), -2, (@)
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5),(7).) ().

i>)<”2>

o) (Zm) + (3. (53,
a—“ 5—“) (5).

(2) (@) (2),(2) - (2).(2)

A

/—\

/\ﬁ
ca%
&mgj
\_/
/—\

and similarly,

(o), (), (), (3),- (). (3))
o, =-o((3),(3), (), (),

Similarly, we can obtain that (m£1), = (n:F1), = (12£2), = (mn2£3), = (mmFz), =0

and P2F 5
n 2 o w
(n2n2F2)p B ( 622 )p =7 (az )P g .

We are now ready to complete the proof. By the above, (dF1), # (0,0,0) and (dF3),
(0,0,0). Since (1), and (n2),, are linearly independent, and (m F1),, = (m2F1), = (mF2),

(m2F2), = 0, we obtain the condition that ker (dF), = <(771)p, (7]2)p>. Since (m1£1), =
(mF3), = 0, we obtain the condition that (1), € ker (dF), for ¢ € S(F)NU. The matrix

((7717]1F2)p (771772F2)p)

(memFz), (n2maF?),

denoted by (Hy, 5, F2),, is equal to

0 0
0 2 (8_11)) ’
0z »

which shows that ker (Hy, ;,F3), = <(m)p>. Since

((3re) (30e))
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ou Ov 8u) <5v> <8u) <3u)
= - a._ a. - 7 a._ a_ s\ . 0’0 )
<<81’)P (8y>p (6‘y »\0z/, oz /), \9y/, (0,0
we obtain the condition that (d(mF3)), # (0,0,0), as well as (mmmifs), # 0. By
Theorem 3, the point p is a cusp point of F'.

2,0
3.4 X, case

The last assertion of the proposition can be proved by a simple observation as follows.
Suppose that p is a E?:g point of f. Let S(f) and S(F) denote the singular sets of

f and F, respectively, S ( f |3R3> O) denote the boundary singular set of f, and U be a

sufficiently small neighborhood of p in R3. Recall that (S (fHus ( f |3R§ 0)) NU is a

figure L consisting only of fold points, boundary fold points and the 2?;8 point p. By the
results of the previous subsections, S(F) N U is a figure + where the crossing point is p.
This shows that p'is neither a regular point, a fold point nor a cusp point of F.
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