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LEECH LATTICE AND HOLOMORPHIC VERTEX OPERATOR
ALGEBRAS OF CENTRAL CHARGE 24

CHING HUNG LAM

1. INTRODUCTION

This manuscript is based on a joint work with Hiroki Shimakura of Tohoku University
and my talk at RIMS, University of Kyoto on Decemeber, 2017. We discuss an idea of
G. Hohn [Ho], who proposed a construction of holomorphic vertex operator algebras of
central charge 24 by using the Leech lattice. In particular, we explain how to prove one
of his conjectures.

In some sense, Hohn’s idea is a generalization of the theory of Cartan subalgebras to
VOA. The main idea is to study the commutant of the subVOA generated by a Cartan
subalgebra of V;. Now let us explain his ideas in detail. Let g be a Lie algebra in
Schellekens’ list [Sc93]. Suppose that g is semisimple and let

g9=01k D - D Brk,,

where g;x,’s are simple ideals of g at level k;. Let V be a strongly regular holomorphic
VOA of central charge 24 such that V; = g. Then the subVOA U generated by V; is

isomorphic to the tensor of simple affine VOAs
Lgi(k1,0) ® -+ ® Lg; (kr, 0).

and U and V have the same conformal element [DM04b]. For each 1 < ¢ < r, the affine
VOA L, (k;,0) contains the lattice VOA V\/k—inL , where Q% is the lattice spanned by the
long roots of g; (see [DW]).

Let Qg = VE1QL @ - - - ® vk, Q7, and set W = Comy (Vp,) and X = Comy (W). Then
Comy (X) =W and Comy (W) = X D Vp,.

Since an extension of a lattice VOA is again a lattice VOA, there exists an even lattice
Ly > Qg such that X = V. Notice that Vi has group-like fusion, i.e., all irreducible
Vi,-modules are simple current modules [DL93, Corollary 12.10]. In addition, R(Vz,) is
isomorphic to D(Lg) = L; /Ly as quadratic spaces. Indeed, R(Vz,) has the quadratic form
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q: R(Vi,) = Z/nZ defined by
n{a, a)

2
where wt(-) denotes the conformal weight of the module and n is the smallest integer such
that n(a, ) € 2Z for all a € Lj.

By [KMal2, Lin17], the VOA W also has group-like fusion and R(W) forms a quadratic
space isomorphic to R(V,). In this case, the VOA V defines a maximal totally singular
subspace of R(Vz,) x R(W) and it induces an isomorphism ¢ : (R(Vy,),q) — (R(W),q)
of quadratic spaces such that ¢(M) + ¢'(¢(M)) = 0 for all M € R(VL,).

Conversely, let ¢ : (R(Vy,),q) = (R(W), —¢') be an isomorphism of quadratic spaces.
Then the set {(M,p(M)) | M € R(Vy,)} is a maximal totally singular subspace of
R(Vy,) x R(W) and U = EBMeR(VLg) M ® ¢(M) is a holomorphic VOA.

The key idea of Hohn is to try to describe the VOA W using a certain coinvariant

q(Varzy) = nwt(Vars,) = mod n,

sublattice of the Leech lattice A. The following is his main conjecture.

Conjecture 1.1. For each semisimple case in Schellekens’ list, there exists an isome-
try g € O(A) such that R(VAQQ) & R(Vi,) as quadratic spaces, where A, denotes the

coninvariant sublattice of g in A (see Definition 2.1).

In [HG], Hohn also gives some description of the isometry g for each case. In this article,
we will sketch a proof for the above conjecture. In fact, a more general statement holds
(see Theorems 4.8, 5.1, 5.3 and 5.5).

Main Theorem 1. Let L be an even unimodular lattice. Let g be an element in O(L)
and § a lift of g. Then the VOA Vng has group-like fusion, namely, all irreducible modules

of V¥ are simple current modules.
Lg

We will also explain how to determine the quadratic space structure for (R(Vfg), q),
where ¢ is defined by the conformal weights modulo Z (see Section 5). It turns out
that (R(Vfg),q) can be determined by the corresponding structure of (R(VLQZS 7),q) and
the decomposition of Vf ¢ as a sum of irreducible Vng ® Vie-modules, where ¢, denotes a
standard lift of g in Aut (V). There are several different cases which depend on the order

of ¢, and the conformal weights of the corresponding twisted modules.

2. PRELIMINARY

By lattice, we mean a free abelian group of finite rank with a rational valued, positive
definite symmetric bilinear form (, ). A lattice L is integral if (L, L) < Z and it is even
if (z, ) € 27 for any z € L. Note that an even lattice is integral. Let L* = {v € Q®z L |



(v,L) < Z} be the dual lattice of L. Note that if a lattice L is integral, then L C L* and
we denote the discriminant group L*/L by D(L). Let {z1,...,z,} be a basis of L. The
Gram matrix of L is defined to be the matrix G = ((2i,2;)),<; j<,- The determinant of
L, denoted by det(L), is the determinant of G. Note that det(L) = |D(L)|.

Definition 2.1. Let L be an integral lattice and g € O(L). We denote the fixed point
sublattice of g by L9 = {z € L | gx = z}. The coinvariant lattice of g is defined to be

Ly, = Ann(L?) ={z € L | (z,y) =0 for all y € L}.
First we recall the following simple observation from [LS17].

Lemma 2.2. Let L be an even unimodular lattice. Let g € O(L) be an isometry of order
¢ > 1 such that L9 # 0. Then £(L9)* < L9 and D(L9) = D(L,).

By the above lemma, we have £\ € L, for any A € L; and hence the exponent of the
group L /L, divides £.

3. LATTICE VOAS, AUTOMORPHISMS AND TWISTED MODULES

In this section, we review the construction of a lattice VOA and the structure of its
automorphism group from [FLM88, DN99]. We also review a construction of irreducible
twisted modules for (standard) lifts of isometries from [Le85, DLI6] (see also [BK04]).

3.1. Lattice VOA and the automorphism group. Let L be an even lattice of rank
m and let (-|-) be the positive-definite symmetric bilinear form on R ®z L = R™. The
lattice VOA V;, associated with L is defined to be M(1) ® C{L}. Here M(1) is the
Heisenberg VOA associated with h = C ®z L and the form (+|-) extended C-bilinearly.
That C{L} = @, Ce* is the twisted group algebra with commutator relation e*e” =
(—1)@Befex for o, f € L. We fix a 2-cocycle e(-|-) : L x L — {#£1} for C{L} such that
eve? = e(a|B)e*?, e(aja) = (—1)**/2 and (a|0) = £(0ja) = 1 for all a, B.€ L. It is
well-known that the lattice VOA V, is strongly regular, and its central charge is equal to
m, the rank of L.

Let L be the central extension of L by (—1) associated with the 2-cocycle &(|-). Let
Aut L be the set of all group automorphisms of L. For p € Aut f}, we define the element
@ € Aut L by ¢(e®) € {£e? @}, a € L. Set

O(L) ={p € Aut L | g € O(L)}.

For x € Hom(L,Z,), the map L — L, e* — (—1)X(®¢?, is an element in O(L). Such

automorphisms form an elementary abelian 2-subgroup of O(f/) of rank m, which is also
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denoted by Hom(L,Z,). It was proved in [FLM88, Proposition 5.4.1] that the following

sequence is exact:

(3.1) 1 — Hom(L, Zy)—O(L)—=0(L) — 1.

We identify O(L) as a subgroup of Aut Vj, as follows: for ¢ € O(L), the map
ai(=m) .. am(=15)ef = Glan) (=) . .. (a) (=1 )p(e”)

is an automorphism of Vy,, where ny,...,ns € Zsg and o, ...,as, 5 € L.
Let N(VL) = (exp(a()) | @ € (V1)1), which is called the inner automorphism group of
Vi,. We often identify b with h(—1)1 via h — h(—1)1. For v € b, set

0y = exp(—2mv—1v()) € N(V).
Note that o, is the identity map of V7, if and only if v € L*. Let
D={o,|veEb/L} C N(V).
Note that Hom(L,Z,) = {0, | v € (L*/2)/L*} C D and that for ¢ € O(L) and v € h, we
have po,0™! = 04).

Proposition 3.1 ([DN99, Theorem 2.1]). The automorphism group Aut Vy, of Vi, is gen-
erated by the normal subgroup N(Vy) and the subgroup O(L).

3.2. Lifts of isometries of lattices.

Definition 3.2 ([Le85] (see also [EMS])). An element o € O(L) is called a lift of g € O(L)
if = g, where the map ~ is defined as in (3.1). A lift ¢, of g € O(L) is said to be
standard if ¢y(e*) =e* foralla € L9 = {f € L | g(B) = B}.

Remark 3.3. For any g € O(L), a lift § € O(L) corresponds to a map u : L — {#1} such
that u(a + B)/u(e)u(B) = e(a, B)/e(ge, gB) and g(e®) = u(a)e™.
Proposition 3.4 ([Le85, Section 5]). For any isometry of L, there exists a standard lift.

The orders of standard lifts are determined in [Bo92, Lemma 12.1] (cf. [EMS]) as follows:

Lemma 3.5 ([Bo92]). Let g € O(L) be of order n and let ¢, be a standard lift of g.

(1) If n is odd, then the order of ¢4 is also n.
(2) Assume that n is even. Then ¢7(e*) = (=1)@s"*(@)ex for all o € L. In particular,
if (a|g™?(a)) € 2Z for all o« € L, then the order of ¢, is n; otherwise the order of ¢,

s 2n.

Remark 3.6 (See [DL96, EMS, LS2]). A standard lift of an isometry is unique, up to

conjugation.



3.3. Irreducible twisted modules for lattice VOAs. Let g € O(L) be of order p and
¢, € O(L) a standard lift of g. Let (L*/L)? be the set of cosets of L in L* fixed by g.
Then V;, has exactly |(L*/L)¢| irreducible ¢,-twisted Vz-modules, up to isomorphism (see
[DLMO00]). The irreducible irreducible ¢4-twisted Vz-modules have been constructed in
[Le85, DLI6] explicitly and are classified in [BK04]. They are given by

(3.2) Varzlog] = M(1)[g] ® CIP§(A + L) ® T, for \+ L € (L*/L),

where M (1)[g] is the “g-twisted” free bosonic space, C[A + P§(L)] is a module for the
group algebra of P§(L) and T5 is an irreducible module for a certain “g-twisted” central
extension of L, associated with A\ = (1 — g)\. (see [Le85, Propositions 6.1 and 6.2] and
[DL96, Remark 4.2] for detail). Recall that dim T} = |Ly/(1 — g)L|*/2. Note also that
M(1)[g] is spanned by vectors of the form

x1(—my) ... zs(—my)1,

where m; € (1/n)Zso, T; € Bum,) for 1 < i < s, and by = by = {z € b | g(z) =

exp((j/n)2mv/—1)z}.

Then the conformal weight of z1(—my)...zs(—ms) ® €* @t € VL[] is given by

(3.3) imi + (—Oga—) + pr,

i=1

where
Z n — j)dimby;),
z1(—mq) ... zs(—ms) € M(1)[g], e (C[ é’()\+L)] and ¢t € T.
3.4. Non-standard lifts. For an arbitrary lift § of g, we have
g = 0,9, forsome u € bh).

Suppose that the order of § is the same as that of ¢,. Then o}, = 1 on V, where n = | @],
which is either p or 2p. Therefore, € (LL*) N ().
We first recall the following result from [Li97].

Proposition 3.7 ([Li97, Proposition 5.4]). Let g be an automorphism of V' of finite order
and let h € Vi such that o(h) = h. We also assume h) acts semisimply on V and
Spechoy < (1/T)Z for a positive integer T. Let (M,Yy) be a g-twisted V-module and
define (M™ Yy 00(+, 2)) as follows:

M® =M  as a vector space;

Yiym(a,z) =Yy (A(h,2)a,z)  for anya €V,
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n=1 —n

where A(h,z) = 2" exp (Z‘” @(—z)'"). Then (M®™, Yy (-, 2)) is a ong-twisted
V-module. Furthermore, if M is irreducible, then so is M®.

By the proposition above, the module V:\+L[¢g](“) is an irreducible § = o0,¢,-twisted
Vi-module. The conformal weight of z1(—m;)...z,(=m,) ® e* @ t in Vayr[g,]® (m; €
(1/n)Zso, a € Py(A+ L) and t € T) is given by

i (u+alp+a)

(3.4) m; + 9 + pr-
i=1
As a vector space, we also have
(3.5) Varz[g® = M(1)[g) ® Clu+ X + BJ(L)] ® Tx

For simplicity, we denote it by V3 [d]-

4. OrBIFOLD VOA V.

Let L be an even unimodular lattice and g an isometry of L. In this section, we study
the orbifold VOA Vng. In particular, we show that the orbifold VOA VLﬁg has group-
like fusion, i.e., R(Vfg) forms an abelian group with respect to the fusion product, or
equivalently all irreducible modules of Vng are simple current modules.

Let V be a VOA and g € Aut(V'). For any irreducible module M of V, we denote the
g-conjugate of M by M o g, i.e., M o g = M as a vector space and the vertex operator
Yarog(u, 2) = Yy (gu, z) foru e V.

If V =V} is alattice VOA and g is a lift of an isometry g € O(L), then V41,09 = Vyarr
fora+ L e L*/L.

Proposition 4.1 ([DM97, Theorem 6.1]). Let V' be a simple VOA and g € Aut(V). Let
M be an irreducible module of V. Suppose M 22 M o g. Then M is also irreducible as a
V9-module and M = M o g as VI-modules.

Therefore, if Vi‘? has group-like fusion, then o« + L = ga + L for all a + L € L*/L;
otherwise, « + L # ga + L for some a and V4 &VLg Vat+r D Vaat+r + Vatga+r. This

condition always holds in our setting.

Lemma 4.2. Let L be an even unimodular lattice and g € O(L). Suppose g # 1. Then
(1-g)L; < Ly and hence a+ Ly = ga+ Ly for all a+ Ly € L} /L.

The following lemma follows immediately by the Elementary Factor Theorem and will

be used in the computation of quantum dimensions.



Lemma 4.3. Let L be a lattice. Let g € O(L) be fized point free isometry of L. Then we
have |L/(1 — g)L| = det(1 — g).

Next we compute the quantum dimensions for irreducible g-twisted modules for V7.

We first recall some facts about quantum dimensions of irreducible modules of ver-
tex operator algebras from [DJX13]. Let V be a strongly regular VOA and let M° =
V,M*, ..., MP be all the irreducible V-modules. The quantum dimension of M* is defined
to be

qdimy, M* = 11/1—I+I(1) Z (i)

where Zy (1) = Za(1,7) is the character of M and y is real and positive.
The following result was proved in [DJX13].

Theorem 4.4. Let V be a strongly reqular vertex operator algebra, M° = V, M*, ..., MP
be all the irreducible V -modules. Assume further that the conformal weights of M*, ..., MP
are greater than 0. Then

(1) qdimy, M* > 1 for any 0 < i < p;

(2) Mt is a simple current if and only if qdim M* = 1.

First we assume that g is a fixed point free isometry on L. In this case, LY = 0 and the
irreducible ¢,-twisted modules are given by V' = M(1)[g] ® T (see Section 3.3).
The following result can be found in [ALY].

Theorem 4.5. Let L be positive definite even lattice of rank £. Let g be a fized point
free isometry of L of order p. Let § be a lift of g. For any fg-module T, the quantum

dimension of the g-twisted module VI ezists and

Zyr(q) vdim T
dimy V7 := lim —% — ,
qdimy, Vp o1 Zy, (q) Hd}p dma/?

where v = \/|D(L)| and my are integers given by det(z — g) = Hdlp(xd —1)ma,

As a corollary, we have
Corollary 4.6. Let L be an even unimodular lattice and let g € O(L). Then
qdimVLg VZ; =1
for any irreducible (Z;)g—module T.

Proof. It follows from Theorem 4.5 and Lemma 4.3. a
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Now set N = L,. Then Ly < N and Ly = N, for any i. Let " and A" be the images
of X under the natural projections from N to (N9')* and (N,.)*, respectively. Then

VN — @ VA’—{—NQ"' ® ‘/A//_l_Ng' .
AEN/(NS*LN,,)

Notice that §* may no longer be a standard lift of g° and hence §* = 0,¢, for some p.
By (3.5), the irreducible twisted module

Vi, [§] = M(D)]g] © Clu+ X + B (Ly)] ® Ty
Then as a §*-twisted module of Vi, ® Vv ,-module, we have

‘/Aﬂ-Lg [gz] = @ Vu+,\'+N¢' ® V)\”-i-Ng~~ [gl]
AEN/(N9* LN ;)

Moreover,

ZV/\+Lg 3 (4y) Z)‘eN/(Ng’ 1N,) Zvu+>u+1v9’ (iy)ZVAquNgi 4 (4y)

ZVLQ (Zy) B Z)\EN/(NQ"’J_Ngl) ZV)J+N9" (iy)ZV,\H,,_NgI (ly)

By a direct calculation, it is easy to obtain the following lemma.
Lemma 4.7. Let L be an even unimodular lattice and let g € O(L). Let § be a lift of g.
Then

qdimy, Vs, (4] = 1

forany \+ Ly € L;/Ly andi=0,1,...,|g| - 1.
As a corollary, we have

Theorem 4.8. Let L be an even unimodular lattice. Let g be an element in O(L) and §
a lift of g. Then the VOA Vng has group-like fusion, namely, all irreducible modules of

Vi are simple current modules.

5. FUSION RING OF V.

In this section, we will explain how to determine the group structure and the quadratic
space structure for the fusion group of Vgg, where L is even unimodular and g € O(L).
The main idea is to use the fusion rules of VL¢ ?. First we recall some facts about the fusion

group of VL¢ ¢ and the corresponding quadratic space structure from [EMS].



5.1. Fusion ring of V;?. Let L be an even unimodular lattice. Then the lattice VOA
Vy, is holomorphic. Let n be the order of ¢,. Then for each 0 < i < n — 1, there is a
unique irreducible ¢}-twisted Vz-module V7 [¢}]. The group (¢,) acts naturally on Vj, [¢%]
and such an action is unique up to a multiplication of an n-th root of unity. Let ¢; be a

representation of (¢y) on Vi [#}]. Denote
W = {w € Vi[8}] | il@g)z = eV 7T/"z}

for 4,5 € {0,...,n —1}. In [EMS], it is proved that the orbifold VOA VI? ? has group-like
fusion. Moreover, one can choose the representations ;, ¢ = 0,...,n — 1, such that the

fusion product
(5.1) Wii Wkt = Witiktiteatd)

where ¢, is defined by
) 0 ifi+j<n,
ca(i,J) =
d ifi+tj>n
for 3,7 € {0,...,n — 1} and d is determined by the conformal weight p of the irreducible
twisted module V7 [¢,]. More precisely, d = 2n?p mod n.
It was also proved that the conformal weight of W7 defines a quadratic form
(5.2) q(i,j) = % + i—; mod Z
where t € {0,1,...,n — 1} and ¢t = n?p mod n. In particular, d = 2¢t mod n.
In this case, the fusion algebra of V" is isomorphic to the group algebra C[D], where

D is an abelian group defined by a central extension
1-%2,—-D—%Z,—1

associated with the commutator map c4. The abelian group D is isomorphic to Zy2 /(n,q4) X
Z(n,q), where (n,d) denotes the gcd of n and d. Notice that ¢ also induces a quadratic

form on D.

5.2. Fusion ring of Vfg. First we recall that there is an isomorphism of the discriminant
groups f : D(L?) — D(L,) such that
Vi = @ VarLs @ Viy+L,-
AE(L9)* /L9
Since ¢, stabilizes the subVOA V,, § = ¢g|ng defines an automorphism in Aut (Vz,).
Then § is a lift of g in Aut (Vz,). Since g fixes all cosets in L; /Ly, § also induces an action
on Vyyr, forall A+ Ly € L}/L,.
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By Lemma 3.5, ¢, has order p if p is odd. When p is even, ¢, has order p if (z, g*/*(z)) €
27 for all z € L and ¢, has order 2p if (z, g?/%(z)) € 1+ 2Z for some = € L.

5.2.1. Case 1: |¢4] = p. Suppose ¢, has order p. Then, for each 0 < i < p — 1, we have

Vilgil= @D Varze ® Vioyer,[§7).
Xe(L9)*/L9

For each ¢,-invariant subspace M and 0 < j < p — 1, we denote
M) = {w € M | ¢,(w) = ™V 1/Py}.

Therefore, we have

Vg’g = EB (VagLe ® Vf(A)+L9)¢g

AE(L9)* /L9
and
(5.3) W =V [¢h)(5) = @ (Vasrs ® Vi1, [07)(4)-
Ae(L9)* /L9

By adjusting the action of g on Vi, [9] if necessary, we may assume
(Vatrzs ® Vi1, [9) (4) = Varrs ® Vi1, 19°1()-
Define I : R(V ") — R(Vng) such that I(W*7) =V, [§"](j) and define
¢ (L9)"/L? x R(V{") = R(V{,) by

oA+ L WH) =VE, ) 51 (W),
L

g9

Note that the map I is an injective group homomorphism by Formulas (5.1) and (5.3).
Theorem 5.1. Suppose ¢4 has order p. Then we have

R(V},) = (L7)"/L? x R(V{?)
as an abelian group.

Recall that
gI(W™)) = q(V, [§]) () = q(W™) = g + p_'f

where t € {0,1,...,p — 1} and ¢t = p?p mod p. Hence, Vj()+L,[§](j) has the conformal

mod Z,

weight
.. .2
4 + ﬁ — M mod Z.
p P 2
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For (\+ L9, W) € (L9)*/L9 x R(V}*), we have p(a+ L9, W) = Vi, 1. Rys I(W). Then
the conformal weight of (X + L9, I(W)) is given by

—O\—é& + q(I(W)) mod Z.

5.2.2. Case 2: |¢,| = 2p. Let p be even and let X = {a € L | (a, g*/*(r)) € 2Z}. If ¢,
has order 2p, then [L: X] =2 and L = X U (u+ X) for some u € L\ X.

In this case, ¢) = oy for some h € L/2 and h € X*. By definition, ¢, fixes Vg
pointwise. Moreover, ¢¥ acts trivially on Vi . Therefore, without loss, we may assume
h e (L9)*.

Since ¢P = oy, is an inner automorphism, the irreducible ¢f-twisted module Vi[#t] is
given by V" 2V}, ;. Recall that

Vi = @ Vatrs ® Vf(A)+Lg-
Ae(L9)*/L9
Therefore, we have
VL [455] = Vhtr = @ Vaerrre ® Vf(A)+Lg-
Ae(L9)*/L9
Moreover, for each 0 < i < p — 1, we have

Vigil= D Varre ® Vioyes,[d';
Ae(L9)*/L9

Vi[eht] = @ VatatLo ® Vioy+r,[6]-
AE(L9)* /L9
In this case, we have
Ve = @ (Vatzs ® Vipytr,)?,
XeX'/Ls
where X' is the image of X under the natural projection from L to (L9)*.

We will fix u € L\ X such that the order of h + v/ + L? in D(L9) is minimal, where
u’ denotes the image of u under the natural projection from L to (L9)*. Notice that
h +w + L9 has either order 1 or 2. If h ¢ X', then h 4+« € X’. We may choose v’ = —h
in this case.

Recall that q(W™) = ij/2p + i*t/4p® mod Z, where t = 4p*p mod 2p and t €
{0,1,...,2p—1}. Notice that p is also the conformal weight of V}(»)+1,[g] for any A € (L9)*
and § = ¢|v;, has order p. Thus, the weights of Vi,zs ® Vy(x)+1,[g]) are in p+ -<)‘2—'\) + %Z.

By [EMS], p — # € %pZ. There are also two cases:

Case a: p— ;5 € %Z.
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In this case, the weights of Vzs ® Vi, [g] are in 34 + 7 and we have
(5.4)
( g ¢ op o & a

EB (Vasrs ® Viy+1,[0°])(4), if jiseven and 0 <i < p,
XeX'/L9

P Vrrwsro ® Vipguyir,[§1)(5),  if j is odd and 0 <i < p,
Wii — J XeX'/L9

B Vhirsrs ® Vipysr,[§° 7)), i j is even and p < i < 2p,
AeX'/L8

B Vhirtwire ® Viowuysr, [§77)(),  ifjis odd and p < i < 2p.
\\eX'/L9

By adjusting the action of § on Vi, [§%] if necessary, we may assume

(Vee @ Vi, [6')(4) = Vs ® VLg[gi](%), if jis even and 0 < ¢ < p,
g . Ad | — 1 op o .
(V;z/-;-Lg & Vf(u’)+Lg [g ])(_]) = Vu’+L9 ® Vf(u’)+Lg [g ](J——é—), lf] is odd and 0 <1< p,

(Vatzs ® Vi, [0 (1) = Vaers ® Vi, [@Z]('Jé)a if j is even and p <7 < 2p,

(Vatw+Ls ® Vf(u’)+Lg [.‘ﬂ)(]) = Vayw+19 ® Viw)+L, W](J_ﬁ_), if j is odd and p <17 < 2p.

Define I : R(V*) — R(V{ ) such that

Viw)+,[6°)(557) if 0 <i<p, jodd,
Vi, [gz](%) if 0 <i<p, jeven,

—

1) = "
Vf(h+u’)+Lg [gz—p](‘%) lfp <i< 2pa .7 0dd7

Vimy+1,19°771(3) if p<i<2p, jeven.

Notice that the map I may depend on the choice of v'.

Lemma 5.2. The map I is a group homomorphism. Moreover, I is 1 to 1 if h € X';

otherwise, I is 2 to 1.

Let Y = {a € (L9)* | {(a,h) € Z and (a,v') € Z}. Then X’ > Y’ > L9. Note that
hyu,¢ Y’ since (h,u') ¢ Z, and Y'/L9 x H = (L9)*/L9, where H is the subgroup of
(L9)* /L9 generated by h + L9 and v’ + LY.

Note that X’ = Y' if h ¢ X', i.e., (h,h) ¢ Z or v + h € X’; otherwise, we have
[(L9)* : Y] = 22.

Now define ¢ : Y'/L? x I(R(V}?)) — R(V{) by

GO+ L9, T(WH) = Vi), BIW).
L

9



Then

Vioru)+ Lo [671(550) if 0 <i<p, jodd,

65) oD awiy = | Pl H0Si<p, jeven
Viontwy+r, 077)(50)  ifp <i < 2p, jodd,
Viouny+L, [677(5) if p<i<2p, jeven.

Theorem 5.3. The map @ is an isomorphism of groups and we have

R(VE)=Y'/L? x I(R(V{")).
For the quadratic form, we have
442 modZ if j is even,

o W) modZ if jis odd,

For (\+L9,I(W)) € Y'/LIXI(R(V}?)), we have p(A+ L9, [(W)) = VJ?(/\HLQ Xy I(W).
Then the conformal weight of p(X + L9, I(W)) is given by

—O\—’;‘—) +q(I(W)) mod Z

by (5.5) and (5.6).
Case b: p— 35 € 3,2\ ;Z.
In this case, the weights of Vi, ® Vi, [g] are in # + —%—)Z \ %Z but the weights of
Viw+rs ® Viw)+L,1d] are in # + %Z. Then
Wl = @ (Vagwtzs ® Viorw)+L,[9])(0);
AEX'/L9
notice that g(W10) = t/4p* mod Z. Similarly, we also have
Whi = @ (V,\+(3+1)u'+L9 ® Vf(,\+(3+1)u')+Lg [a]) (4)-
AEX'/L9
By the fusion rules, we also have
@ (Vatiw+zs ® Viosiw)+L, [6°])(0) if0<i<p,
W0 — XeX'/L9

@ (Vieatiw+zs ® Vioiuwy+r,107)(0)  if p <i < 2p.
AeX'/Ls

and

@ (Vis@iw+re © Viourin+L ) (0), i 0<i<p,
(7)W=

@ (Vh—f—(f+3)u’+)\+Lg ® Vf()«+(i+f)u’)+Lg [gi_p])(j ), ifp<i<2p.
AeX'/L9
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By adjusting the action of § on Vy;z,[§], we may also assume

(Ve ® Vi, [0 (4) = Vie ® Vi, [§°)( BJ ), ifi+jisevenand0<i<p,

(Vs ® Viw)+1,10°)(G) = Vawsro ® VL, [9°)( EJ ), ifi+jisoddand 0<i<p,
(Vi ® Vi, [6°])(5) = Vatrs ® Vi, [§°)( BJ ), ifi+jisevenandp<i< 2p,

(Vatw+Ls ® Viw)+L, [)() = Vitw+Ls ® Viw)+L, [9°)( EJ ), ifi+jisoddandp<i<2p,

where |z| denotes the greatest integer that is less than or equal to z.
Define I : R(V;?) — R(V7,) such that
VLg[ﬁi](L%J) if0<i<p, i+jeven,
1) Viw)+L, [@"}(L%J_) if 0<i<p, i+jodd,
Vigy+,[077)(|4]) ifp<i<2p, i+jeven,
Vi), (07 71([3])  ifp<i<2p, i+jodd

By the same arguments as in last section, we have the following results.

Lemma 5.4. The map I is a group homomorphism. Moreover, I is 1 to 1 if h € X';
otherwise, I is 2 to 1.

Let Y = {a € (L9)* | {(a,h) € Z and (a,v') € Z} and H the subgroup of (L9)*/L?
generated by h+ L9 and v’ + L9. Then Y'/L9 x H = (L9)* /LS.

Theorem 5.5. As an abelian group, we have
R(V{) 2 Y'/L? x I(R(V{")).

For the quadratic form, we have
(5.8)
a(Vi,[6°(|Z])), ifi+jisevenand 0<i<p,
q(Varrrs) + a(Vi+1,[6](|2]), ifi+jisodd and 0 < i < p,
a(Vimy+L, [gz—P](L%J)), if i+ jis even and p <1 < 2p,
A(Virs19) + q(Vitnruy+,[§77)(|4])), i i+ is odd and p < i < 2p,
by (5.4). Hence,

g(W*7) =

i
ZJ 7 t . . . .
2+ modZ if i + j is even,

(5.9 qawiy =4 n
%+:L—2t———é——— mod Z if i+ j is odd,
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For (A + L9,1(W)) € Y'/L9 x I(R(V{*)), the conformal weight of V., Rys 1(W)
is given by ’
———=+q(I(W)) mod Z

6. LEECH LATTICE AND SOME EXPLICIT EXAMPLES

Next we will study several explicit examples associated with the Leech lattice. Recall
that the cases for prime order elements have been treated in [LS17] (see also [HS14]).
In this section, we will discuss the cases as listed in Table 1. In [Ho]|, a construction of
holomorphic vertex operator algebras of central charge 24 has been proposed by using
some orbifold VOA associated with coinvariant lattices of the Leech lattice. In particular,

the cases in Table 1 have been discussed.

Table 1: Standard lift of g € O(A)

lg| | rank(A9) | Conjugacy class | Cycle shape | |¢,] P

4 10 4C 142244 4 3/4
6 6 6G 2363 12 | 11/12
6 8 6F 12223262 6 5/6
8 6 8F 12214182 8 7/8
10| 4 10F 22102 | 20 |19/20

By Magma, it is easy to verify that

A= (1-g)A=(1-g)A;

g

for an isometry g listed in Table 1. Hence, |A;/A,| = det(1 — g) by Lemma 4.3. In fact,
D(A,) is determined by the cycle shape of g for these cases.
First, we discuss the cases which |¢,| = |g], i.e., 4C,6F and 8E.

6.1. Conjugacy class 4C. Let g be an isometry of conjugacy class 4C in O(A). Then
g2 is in the conjugacy class 2A. In this case, the fixed point sublattice of g has rank 10
and D(AY) = 22 x 4*. Moreover, (D(A9),q) is a quadratic space of the type 22+ x 4*+.

For 42"¢, we mean an quadratic space (X, q) over Z4 such that (X/2X,q) is a non-
singular quadratic space of type 22™¢ over Z,. Notice that 2X = 22" and is totally
singular with respect to the quadratic gq.

Since Vj[¢y] has the conformal weight 3/4, we have ¢ = 0 mod 4; thus, R(VPe) = 42,
Moreover, (I(R(VY?)),q) = 4T by (5.3). Therefore,

R(V{ ) = D(A%) x R(V}{?) 22 2? x 4°
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by Theorem 5.1 and (R(Vfg), q) is a quadratic space of type 2%+ x 4% by the discussions

in Section 5.2.1.

6.2. Conjugacy class 6E. Let g be an isometry of conjugacy class 6F in O(A). Then
g% is in the conjugacy class 34 and ¢® is in the conjugacy class 24. The fixed point
sublattice of ¢ has rank 8 and is isometric to A ® Dy. Moreover, the discriminant form
(D(A9),q) = 2%% x 34+ (cf. [GL13]). Since the conformal weight of Vj[¢,] is 5/6, we
have t =0 mod 6 and thus R(V,{b 9) 2 62. By (5.2), it is easy to verify that the quadratic
form associated with (R(V,?),q) is isometric to 2% x 3**. Thus, R(ny) is isometric to

a quadratic space of type 26 x 3%+,

6.3. Conjugacy class 8E. Let g be an isometry of conjugacy class 4C in O(A). Then
g% is in the conjugacy class 4C and g¢* is in the class 2A. The fixed point sublattice of
g has rank 8 and D(AY) = 2 x 4 x 82, By using computer, one can also show that the
discriminant form (D(A9),qr) has the type 2+ - 47 - 8", Again we have t =0 mod 8 in
this case. Therefore, R(V,fg) =~ 2 x 4 x 8% and (R(V,{’g),q) 2+ x 4t x 8+,

Next we discuss the cases that |¢,| = 2|g|.

6.4. Conjugacy class 6G. Let g be an isometry of conjugacy class 6G in O(A). Then
g2 is in the conjugacy class 3B and g¢2 is in the class 2C. In this case, the fixed point
lattice has rank 6 and the discriminant form (D(A9),q) is isometric to 2%~ x 33. In this
case, |¢,| has order 12 and ¢S = o, for some h € A, and (h, h) = 2. Moreover, we can
choose u' such that (v/,u/) = 2. The irreducible ¢,-twisted module has the conformal
weight p = 11/12; hence we have t =0 mod 12 and p ¢ éZ. That means we have Case
2b as described in Section 5.

Since (h,h) € Z, we have R(VAgg) & 2% x 42 x 35 as an abelian group by Theorem
5.5. It is also easy to verify that (Y’/A9,q) = 2%+ x 3% as a quadratic space, where
Y' = {a € (A9)* | {(a,h) € Z and (a,u) € Z}.

By (5.9), we also have

iy _ W _ 37 =
q(I(W*7)) 19 4(z+3) mod Z.

Then
(I(R(V{?)),q) = 4>~ x 3>

Hence, (R(Vfg),q) o o4t x 42~ x 35,



6.5. Conjugacy class 10F. Let g be an isometry of conjugacy class 10F in O(A). Then
g? is in the conjugacy class 5B and g° is in the class 2C. The fixed point sublattice has
rank 4 and the discriminant form (D(A9), q) is isometric to 2% x 5%*. In this case, |¢q|
has order 20 and ¢, = oy, for some h € 3A, and (h,h) = 2. We can also choose u’ such
that (u/,u') = 3/2.

Again, we have t = 0 mod 20 and (h,h) € Z in this case; thus, we have R(Vfg) .
22 x 42 x 5* as an abelian group by Theorem 5.3.

Let Y = {a € (A9)* | (a,h) € Z and (a,u') € Z}. Then it can be verified that
(Y'JA9,q) = 2%~ x 52%. Also, by (5.9), we have

ij 3

q(I(Wh7)) = 50~ Z(Z+j) mod Z.

Thus, I(R(V{)),q) = 42~ x 5>* and (R(Vfg),q) has the type 2%~ x 4%~ x 5%*.
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