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On the Smith normal form of a skew-symmetric
D-optimal design of order n = 2 (mod 4)

FHHER ZAHJE (Sho Suda)
Aichi University of Education

1 FLC®HIC

MEA n DIEHFTHICTHD % 1, -1 £ T B75D 55, HRDITFHIRNz2 K D175
% D-optimal design & ME.X, RFEFHFKTlEn = 2 (mod 4) D& &, BENMERD
D-optimal design ® Smith nomrla form 2{RET 5, AT Gary Greaves K
(Nanyang Technological University) & DI:FFZERTH 5, B S NFERHIZDOWT
F (7 2RI NN,

M ZBEBHE r Dn xn DBEITHE TS, TOLE, HdnxnI=EVaTF—
151 P,Q M ELE L,

PMQ = diag[myi,ma, ..., My, Mypy1,...,My)

B, 2120, RAEKRS my, ..., m, ZIFERBETHY, milmip 1<i<n-1)M
DMypp =0%H72T, ZOESBRNATIIE—BHRIZEEL S, ZOXNATHIZ M D
Smith normal form & \W\N, Z DX K45 % M O invariant factors £ \» 5, invariant
factors IZBH 3 A IRDHBEIIEARKTH 5,

Lemma 1.1 (Corollary 1.20 of [13]). M 2B r D n x n DEEITHE L. M
O invariant factors & my,...,m, L UE & m; =d;(M)/d;:(M) (i=1,...,7)
BEROLD, ZIZT. (M)IZMDTRTD i x i /MIFRDBRAKEER L,
do(M)=1,75%,

2 D-optimal designs

RIS n QESFTACHEAE 1, —1 £F5 M OFFFIRICK L TROFFRAA S
nTWB 9 :
[det(M)l < nn/2' (2.1)
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(2D IZBWTESRILTEI e, MM =nl BEYVILDIEAAMETH S,
D& SBATFIM % T X —MTHIE NS, TXI—VTHINEET B L &, iUt
L2H LK IF4D/FHTRITINERS BV LIXAEGIZbrd,

4 DR TRWAE n T LT, AR (2.1) X [5, 15| 2B VW THEBEI LT WS,
RFHEFFTIEn =2 (mod 4) DFAICERELE TS, n=2 (mod 4) &745 niZH
LT,

|det(X)| < 2(n — 1)(n — 2)("2/2 (2.2)
MDD, (2.2) KBWTEERITS 2L &, ROFIIER %W T n OE
1178 B BT 5 Z e DA EETH B

(2.3)

On/2 (77« - 2)-[ +2J

(2.3) ZH7- TR n DIEHFTHI B % EWATHI L ER, 72720, JIZERARTARTI1
DIEATH%ERT, ’
FEEDELHATH 508, a1, —1 THBHMED n DIEFTH M BEXNFR (skew-
symmetric) THdEIE M+ MT =2l BERHVILDI L EEERT D, T DERME.
M-I PEHEOBKRTENNTHD I L LRAMETH S,
—{&IZ T X~ —)VFT75®D Smith normal form IZAIEUIT & © —BHNIZHF 5720 A3,
EXNROZMEE2HETE—RBNIIRFTEZZ VRS NTWS,

Theorem 2.1 ([12, 8]). A4S 4t DENFRT X< —IVATHID Smith normal form 13
ROBEY —BHIZRES:

diag[1,2,...,2,2t,...,2t, 4].
N—— N——

2t—1 2t—1

—#&iZ EW 475 ® Smith normal form $A18h 6 —BHNZHRE 542\ [11], Exf
FrEW 1751 @ Smith normal form & Armario iZ & O, #HAKIZHRE TN T W [4],
T 5 IZEXNFF EW 175D Smith normal form 13502 & 0 BIRIJIZIRE D TH S S
EWS FRNPINT W, R#ERHFTIE. Armario DFE%E HEMICAERL-Z &
EHRET S, EERIEILUTOEY TH B,

Theorem 2.2. A7} 4t + 2 DEXNFR EWFTHID Smith normal form I$IRDEH —
=Y 0[N E R
diag[1,2,...,2,2t,...,2t,2t(4t + 1)].
(AR A
2t+1 21



3 Theorem 2.2 DEEBAD £t

RLEA 4t + 2 D {1, -1}-173] S & EXNFEW 4751 & U, % D invariant factors %
81,82,..,84042 £ T 5, S {l,-1}-475ITHB DT, Lemma 1.1IZ KD 55 =1M
BED . Sapra, Sasre WRTE T ENILFR D D invariant factors IZFIRE I N2 &\ S IRDFH
BlL, ISRV ER CIEII N5,

Lemma 3.1. 7§44t +2 D {1, —1}-4751 S Z BN EWAT5I& U, X D invariant
factors % s1,80,...,840400 £ 3 Do Sopra =2, Sgpio = 26(4t + 1) BV LD EIRE T
5:, :0)}:%\ Sg = -+ = 8941 =2, Sot4+3 = = Sgt+1 =2tﬁ§ﬁkbﬁoo

DJ\_F’C“ti\ Sot+2 — 2k S4t+1 = 2t %%Tﬁﬁ+&:")b\fﬁ’{éo

3.1 S2t+2 = 2

S BRI 4t + 2 DENFEW 752 T3, 20L&, EW h—F R Y MFlL
TN B B B AT T 7 DBBHATH A BT OME ) JET 5 [2, 6):

1 17
=1 144-4a7) (819

ZDrE, A+ 1 & SO invariant factors IZ XA TFOEZRLE D 5,

Lemma 3.2. [4, Lemma 2,2, Corollary 2.3] S % A.E 4t + 2 DEXNFR EW 1751,
A% GBI ICED SHEBENE EW h—F Ay MIFILT B, s1,... 5000 % SO
invariant factors, by,...,byr1 % A+ 1 D invariant factors €35, ZDL E, XN
[FA/IVASN

(1) Si+1 = 2b“ 1= 1,,4t+ 1.
(2) det(A+1I)=1t2(4t+1).

Lemma 3.2 Iz J: 0\ b2t+1 =1 %/_.T_\"tj._bjfi\l‘o
UTDEXRH»RITEYD, invariant factors & BEATH| D p-rank X IZEARL T
W3,

rank,(A + I) = max{: | p does not divide b;}

A+ 1®Dprank iIZDWTiE, pdit 2E(D Y25 & ZITHRMIZETETE 5, FEHHIC
& EW b —F X ¥ MR- 175X 2 V5 [2)

Lemma 3.3. A 284 +1DEW N—F AV MFFlE L, pZ2t2EDY)3E3E
Beds, ZOLE, rank,(A+1)=2t+ 15K H LD,
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(byre1 = 1 DFERA). by ZEID YD R p PELE L ERE T 5, Lemma 1.1,
Lemma 3.2 12 X1 by - - -byss = det(A+I) = (4t + 1) Bbh B, 0L X, MUF
DNTNDHEL D D,

(1) plxtZ2EIV )5,
(2) plktZEVEIST, »Oplda+1%2E Y2,
(1) DEE, plbygs £V
rank,(A + I) = max{i | p does not divide b;} < 2¢.

i B5MN, Z1ld Lemma 33127 5,

QDEE, i =2t+2,..., 44+ 1IZNLTpidd 2EHYBDT, p? ik
by by =24t +1) 2E0Y B, 2T, plIt ZEVESRVDOT, p?H Ik
4+1%22045, —FH, pEARTRITINERSBVDT, p>3Thd, ZDL
E Pl S 4t + 127250, ZHIZRIZFEDpH T I3 4+1 %2802 L IIKT B,

(1), (2) PVWTNDHEEFENELNIZD T, by 2E DY) 2RBHBEEL %
WZE, ThRbDDB by, = 1 RINE, O

3.2 Syq0= 2t(4t + 1)

Lemma 1.112 & D, dy_1(S) ZRE T NI sg5,0 DIRETE D, T I TIHIROFHE
ZHWS, fifin DIEFTHI M ETFIORAFOEET, JITRHLUT, 17252 %0
TN JIZHIB U M OS5 % My &58s, 72, [={i},J={j} D&
My =M, 2 U o] ={L2,...,n} £5 5,

Lemma 3.4 (Page 21 of [10]). M ZIERlZE n x nf75l& T 5, TD& EIRAPERY
AVASR

det( M\ iy, m\}) = £ det(M) det((M1);5).

ZDFEEIZ LY S OHATHI DD BRI O hNIE, S D (464 1) x (464 1) /N
THIADPFHETE S,

®(23) &b
0o 1 J O
=8 (a“m@ J)) 82

k%, TIT, ROFEEZHNS,

Lemma 3.5 ([14]). S&S= (') D&k5Tmy 31335, 2EZL. &S,
Li (2t+ 1) X (2t + 1) ﬁﬁﬂf“%éo i@c‘.’. % SnJ = SZQJ = J, SmJ = —SglJ —
+/8t +1J D3R Y 3T D,



Lemma 3.5 & det(S) = (8t +2)(4t)* £ &

L7285 T det(S)S™! DEA . HBEZEBRWT
2(4)271 x 4t, 24t)E 1 x (4t +2), 2(4)F ' x (4t+1+v8t+1)  (3.3)

LB, ZITVRI+1IRABTHEI LMY TRINTVWESDT, (3.3) DED
BRARAIIEIL 4(4t)2 1 272 B Z e R ENTz, ULz o Ty (S) = 4(4)21 &
725, dyio(S) = det(S) = (8t +2)(4t)® Zf\VWD &, Lemma 1.1 XV sy40 =
das+2(8S)/dar41(S) = 2t(4t + 1) 217 5.,

4 BHYIC

EXFR EW 41751 ®D Smith normal form Z#EET 272012, [FHET 5 EW b —F X
v NFRlE AL L &, A+ 1 ® Smith normal form 2 AHITRET B Z &M
HETH o7, SO Smith normal form ZRE T 5 7~DITITBEIXR WD, Greaves
K DHEEMEEZ I SIZEDTUTOMREE .

Theorem 4.1. fif3 4t +1 D EW b —F A > MMTFID Smith normal form IZIRD
Y —BRIZHRES:
diag[l,...,1,t,...,t,t*(4t + 1)].
1ag|l, y Ly by ) by ( + )]
2042 202
EXNFL EW 175 0FIE, A13KA%6,14,26,42,62 DL FiIZHI SN TWS [1], WT
¥ supplementary difference set 2> SR I NT WS, HBRICUTOMEZRSRL
KT T D,

Problem 4.2. EXHR EWT5 O &R RF O H 2 Bkt &,
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