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Abstract

In this paper, we formulate an age-structured epidemic model for the demographic transition in which
we assume that the cultural norms leading to lower fertility are transmitted amongst individuals in the
same way as infectious diseases. First, we formulate the basic model as an abstract homogeneous Cauchy
problem on a Banach space to prove the existence, uniqueness, and well-posedness of solutions. Next based
on the normalization arguments, we investigate the existence of nontrivial exponential solutions and then
study the linearized stability at the exponential solutions using the idea of asynchronous exponential
growth. For the boundary exponential solutions, we formulate the stability condition using reproduction
numbers. We show that bi-unstability of boundary exponential solutions is one of conditions which
guarantee the existence of coexistent exponential solutions.

1 Introduction

During the 18t and 19" centuries, the mortality rate in industrialized countries declined along with economic
progress and industrial development. The birth rate began to decline somewhat later, and in the 20t® century
these countries experienced low mortality and low fertility rates to an unprecedented extent, while the growth
rates of their populations also sharply declined. The change from “high-birth and high-death” to “high-birth
and low-death” and then to “low-birth and low-death” is called the demographic transition. Since World War
II, the demographic transition has been observed even in developing countries.

The well-known modernization hypothesis insists that the low fertility rate is a result of individual adap-
tation to general modernized environments, as industrialization, urbanization, educational standards, and
families change. On the other hand, diffusion theory for the demographic transition assumes that innovative
cultural norms that lower the number of births could be transmitted from individuals with low fertility (infect-
eds) to traditional individuals with high fertility (susceptibles). In this study, we develop an age-structured
epidemic model to explain these demographic transition dynamics based on the diffusion theory ([5], [6]).

Here, to illustrate the basic aspects of the transmission dynamics in a growing or shrinking population,
let us consider a simple age-independent case. Let S(t) be the density of individuals with high fertility, i.e.
susceptible people, at time ¢, and let I(¢) be the density of individuals with low fertility, i.e. infected people,
at time t. The basic unstructured system for the demographic transition is described by a homogeneous
Lotka—Volterra system:
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where A1 and A2 are the Malthusian parameters for susceptible and infected people respectively such that
A1 > A2, and B > 0 is the transmission coefficient. The sign of A; does not matter in the following argument.
We are assuming that the force of infection is given by the homogeneous law 8S/N with N = S + I, and
that the difference between the Malthusian parameters reflects the difference in the crude birth rates (that
is, we neglect differential mortality)!.

For the homogeneous dynamical system, if p* is an equilibrium solution, then so is ¢p* for any ¢ > 0. Then
there is no possibility of an attracting nontrivial equilibrium except for the origin, which is very different
from the standard nonlinear system. Then our interest focuses on the existence and stability of persistent
(exponential) solutions, which play a role as stationary solutions in nonhomogeneous nonlinear dynamical
systems.

As we see below, there are essentially two cases for all positive initial data:

e if B < A1 — A2, then the susceptible population grows asymptotically like e*1%, the infected population
grows or decays asymptotically like e(#+32)t o the infected fraction tends to O (the demographic
transition does not occur and the reverse transition occurs if the susceptibles invade into the infected
population);

e if > A\; — g, then the susceptible population grows or decays asymptotically like e*1~5)_ the infected
population grows or decays asymptotically like e*2?, so the infected fraction tends to 1 (the demographic
transition occurs, and the reverse transition does not occur).

In this studies, we extend the above observations to an age-structured model, which allows more complex
behavior. In particular, there is a non-degenerate third case where both S and I are positive, and grow
exponentially with the same Malthusian parameter A € (A2, A1), which may be called the coezistent expo-
nential solution. For two trivial exponential solutions, there is no bi-unstable case for the age-independent
model. However, it is not the case for the age-dependent model, we can show that the bi-unstability of the
boundary exponential solutions (where S or I is zero) is one of conditions which guarantee the existence of
coexistent exponential solutions, and in fact, by numerical simulations, we can prove that the bi-unstable
case is possible.

2 Age-structured model

Consider now the following age-dependent epidemic model for the demographic transition:

omita) | Oma(t0) _ () 4t 0t a),

ot Oa
W) | Omba) _ iy pu(t,0) - el a) 21)

n(t,0) = /0 " ma(@)pi(t,a)da, pa(t,0) = /0 " ma(a) pa(t,a) da,

where m; (a) is the age-specific birth rate of the susceptible population (population with high fertility), ma(a)
is the age-specific birth rate of the infected population (population with low fertility), and u(a) is the common
age-specific death rate. We assume that the force of “cultural” infection (¢, a) is given by the homogeneous
law

n(t,a) == ﬁ /Ooo B(a,0) p2(t, o) do,

where N(t) := f(fo n(t,a) da is the total size of the population, n(t,a) := pi(t,a) + p2(t,a) is the age density
of the host population, and ((a, o) is the transmission coefficient between susceptible individuals at age a
and infected individuals at age o. Let £(a) be the survival probability, defined by £(a) = exp (— [; u(o)do)

1The natural death rate of each population is given by a common value x> 0 and Aj = mj — p with m1 > mg, where m; is
the birth rate of j-th population.



and let ®;(a) := mj(a)l(a) be the net reproduction function (or the net maternity function) of the j-
th population. We assume that mi(a) > m2(a), so that Ry > Ry where R; := fooo mj(a)l(a)da is the
demographic reproduction number (net reproduction rate) for the j-th population. The intrinsic growth rate
Aj (j =1,2) is defined as the real dominant root of Lotka’s characteristic equation [?] [7):

00
/ e ®;(a)da = 1.
0

Therefore, Ay > A2. Moreover, we adopt the following technical assumption:
Assumption 1. 1. A\; > Ag > —pu, where p := infoer, p(a) > 0.

2. Assume that m; € LY (Ry) N LPRy), p € LP(Ry) and that there ezist f1 € LL(Ry) N LP(Ry)
and B € LP(Ry) such that B1(a)B2(o) < Bla,0) < kPi(a)B2(o) with k > 1, and B1 and P2 are
quasi-interior points of Lﬂr. Moreover, we assume that

00

}llin%) |8(a+ h,o) — B(a,o)|da = 0 uniformly for o € R.
—0Jo

Let p(t) = (p1(t,-), p2(t,-))T. Then the basic system is considered to be an abstract homogeneous nonlinear
dynamical system on X := L}'(R4) x LY(R4):
dp
E = Ap(t) + F(p(t))7 p(O) = Po; (2'2)

where A is the infinitesimal generator of a positive Cp-semigroup defined by
— %1 () - u(a)¢1(a)>
— 9% (a) — n(a)¢2(a)

and having domain D(4) := {¢ € WHL(R4) : 4;(0) = [;° m;(a)¢;(a)da} and F : Xy — X is a nonlinear

operator given b,
perator gven Y Fo@ = (s )
T\ n(alp)pi(a) )’

where ¢ = (¢1,¢2) € X, [¢llx := [5~(|61(a)| + |$2(a)|)da and

(A¢)(a) = (

1 o0
~(old) = o /0 B(a,0)¢2(0)do,

denotes a nonlinear operator acting on X. Then F' is homogeneous of degree one, that is, F(ad) = aF(d)
for & > 0 and F(0) = 0.

Lemma 2.1. The homogeneous operator F' is globally Lipschitz continuous on Xy, and there exists € > 0
such that (I + eF)(X4) C Xy.

Proposition 1. Let pp € X. Then the Cauchy problem (2.2) has a unique mild solution p(t) € X, that
defines a semiflow S(t) such that p(t) = S(t)po and S(t)(X+) C X4.

3 Normalized system and the stability of exponential solutions

The solution of (2.2) is called a persistent (exponential) solution if it has the form as e} *w*, where A\* is a
constant and w* € X. Then it follows from the homogeneous nonlinearity that a (biologically meaningful)
persistent solution exists if and only if the nonlinear eigenvalue problem Aw* + F(w*) = A*w* has a solution,
which propose us a fixed point problem. For the homogeneous system, we are mainly interested in persistent
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(exponential) solutions, In the following, first we introduce the normalized system ([1], [3]). Then using the
idea of asynchronous exponential growth (AEG) by Webb ([8], [9], [?]), we shall prove a simple criterion for
the orbital stability of exponential solutions.

Let 6 be the bounded linear positive functional from X to R4 defined by

(6,2) == /0 " (21(a) + (a)da, 2= (a1, ) € X,

which gives the total population size if 2 € X;. So (9, 2(¢)) > 0 if 2(0) € X, \ {0}. Let us introduce some
new variables called the age profile:

p2(t, a)

(0,p(t))’

— n (t7 a)
6,p())’

wi(t,a) we(t,a) =

and

’I.l)(t) = (wl(t1 ')7w2(t7')) el:= {¢ € X4 <0’ ¢> = 1})
where I' is a state space of age profiles. Then we can replace the basic system (2.2) by the normalized system
as follows

‘fi—zf =Aw+ F(w) — (0, Aw + F(w))w, wEeT, (3.1)

The normalized system has a unique mild global solution S(t)wp, and I is positively invariant with respect
to the semiflow S(t),t > 0. If wo € D(A), then S(t)po becomes a classical solution. It follows from (3.1) that

6,0 = (0,(A+ Fyule)) 1~ (0, w(t).

Therefore, .
(0 w(®)) =1 (1= (6, w(0)))e B OCA+PN,

from which we conclude that S(¢)(T') C T for all ¢ > 0. If we use the solution w(t) of the normalized system
(3.1), the solution p(t) of the original system is given by

p(t) = w(t) exp ( [+ F)w(s»ds) (6,2(0)).

Therefore, the original problem has been reduced to a problem on the space of age profiles I'.
For our case, notice that (8, (A + F)w) is a linear functional on X. In fact, if we introduce a linear
functional H from X — R defined by

H() = /0 " ltma(a) — 1(@)1(a) + (ma(a) — p(a))da(@)da, 6= (b1, 2) € X

and if w is a solution of the normalized system, then H(w(t)) gives the Malthusian parameter for the total
population size:
1 dgp()

H(w(t)) = (6, Aw + F(w)) = G,p()  dt

Let us consider the problem of existence and stability of (exponentially growing) persistent solutions. Let
w* € T be a steady state of the normalized system. Then we have the following nonlinear eigenvalue problem:

Mw* = Aw* + F(w*), w* € D(A)NT, (3.2)

where A\* = (8, (A+ F)w*). It is clear that e*"*w* is a persistent solution of the original system. Conversely,
if there exists an exponential solution e*'tz* for the original homogeneous system (2.2), then A* and w* =
2*/(8, z*) must satisfy (3.2), and so w* is a stationary state of the normalized system.

To demonstrate the linearized stability of the exponential solution, the Euler formula for the homogeneous
system is crucial [9].



Proposition 2. If F is Fréchet differentiable ot x € X4, then the Euler formula F'[z|z = F(z) holds, where
F'[z] denotes the Fréchet derivative at x. Moreover, F'[z] = F'[cx] for any ¢ > 0.

Therefore, if F' is Fréchet differentiable at a steady state w* of the normalized system such that (A +
F)w* = M*w*, then w* is the positive eigenvector for the linearized operator B := A + F'[w*] associated
with the eigenvalue A\*, and B is independent of positive scalar multipliers for w*.

Let ¢(t) := w(t) —w* € Xp :={¢ € X : (6,¢) = 0}. Then the normalized system can be rewritten as an

equation on Xj.

L) _ Ber) — (o, Betom - 3¢ +6(c(®)
= C¢) + 9, (339

where C( := B{— (8, B{)w*—\*( is a linear operator and G(¢) is the second order term as ||G(¢)||x/|I¢]lx — O
when ¢ — 0.

Lemma 3.1. The subspace Xy is invariant with respect to C, €' and G. Then if ((0) € X, the mild
solution of (3.3) is given as the solution of the integral equation in Xy:

¢(#) = € (0) + / eCU=9G(¢(s))ds. (3.4)

Definition 3.2. If for any € > 0, there ezists 6 > 0 such that ||((t)||x < € for all t > 0 when ||¢(0)||x < 4,
then w* is called locally stable. If w* is locally stable and lim; .o ||((t)||x = O when ||[{(0)||x < &' for
some §' > 0, then w* is called locally asymptotically stable, while w* is called unstable if it is not stable. An
ezponential solution of the original system is called stable (in the sense of Hadeler [1], [2]) if the corresponding
steady state of the normalized system is locally stable, while it is unstable if the corresponding steady state of
the normalized system is unstable.

Let Cp be the part of C in Xy, that is, Cp = C on D(Cy) = {¢ € D(C)N Xp : Cp € Xp}. Then Cp is
an infinitesimal generator of a strongly continuous semigroup e*“* on Xy. The linearized equation of (3.3) is
¢’ = Cy( on Xy, so we can apply Proposition 4.13 of [7] to obtain the following stability result:

Proposition 3. If wo(Cy) < 0, then w* is locally asymptotically stable. If there exists A € o(Cy) such that
RA+ > 0 and max{w1(Co),5uPreo(Co)\(Bo(Coyuir ) RA} < Ry, then w* is unstable.

On the other hand, if we use the concept of asynchronous exponential growth (AEG) by Webb ([8], [9]),
we can state a more simple stability condition.

Definition 3.3. Let T'(t),t > 0, be a strongly continuous semigroup of bounded linear operators in the Banach
space X. ThenT(t), t > 0, has asynchronous ezponential growth (AEG) with intrinsic growth constant A € R
if there ezists a monzero rank-one operator P in X such that lim;_,, e T (t) = P, where the limit is in the
operator norm topology.

Applying the result of [9], we obtain

Proposition 4. Suppose that the linearized operator B = A + F'[w*| is the infinitesimal generator of a

99

strongly continuous semigroup of bounded linear operators T(t), t > 0, and it has AEG such that limy_,o, e~ *T'(t) =

P, where P is a nonzero rank-one operator in X. Then there exists § > 0 such that, if x € Us := {z €
X \{0}: |(I=P)z||x/||Px|x < &}, then Qx := lim,_, o e~*"tp(t) exists, where Qz € Range(P) and Qx # 0.

Proposition 5. An equilibrium w* € T' is locally asymptotically stable in the sense of Hadeler if B =
A+ F'[w*] has AEG with intrinsic growth constant \*.
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4 Existence of nontrivial exponential solutions

The basic system (2.1) has two boundary exponential solutions corresponding to boundary equilibrium points

of the normalized system. In fact, if po = 0, then there exists a trivial exponential solution such that

pi(t,a) = eMtwi(a), wi(a) := (ci(a),0), where ci(a) := fT?%%&Z is the stable age profile of the
0

susceptible population with high fertility. On the other hand, if p; = 0, then there exists another trivial
exponential solution such that p5(t,a) = e**ws(a), wa(a) := (0,cz(a)), where cz(a) := fo""i—?:fe?z) - is
the stable age profile of the infected population with low fertility.

Our fundamental problem is now to determine whether a positive steady state (u*,v*) > 0 exists for the
normalized system (3.1). Let w* = (u*,v*) € I" be a positive steady state solution of (3.1). Then we have

219 Bt (0) - (ula) + 7 @ (@),
W) Hv* (@) — w(@)e* (@) + 7 (au*(a),

u*(0) = /000 mi(a)u*(a)da, v*(0) = /000 ma(a)v*(a)da,

where 7*(a) := [;° B(a,0)v*(0)do and H* = H(w*). Thus we have

u*(a) = u*(0)¢(a)e"H o Jo' ™" (dz

v*(a) = v*(0)€(a)e 7" + e~ g (a) (1 — e~ J5 ™" ()Y (0). (4.1)

From u*(a) + v*(a) = (v*(0) + v*(0))¢(a)e~"* and the condition |w*|; = 1, we have
00
(u*(0) + v* (O))/ La)e B %da = 1. (4.2)
0
Since u*(0) = f;° mi(a)u*(a)da, it follows from the boundary condition for u* that
0 * a *
1=/ ma(a)l(a)e~H oS5 ™ (0)dogg, (4.3)
0

Because (4.3) has a unique real root H* for a given 7*, we can define a continuous functional ¥ : L! -+ R
such that H* = ¥(r*) satisfies (4.3). That is, for any ¢ € L1 (Ry), it follows that

o0
1=/ m1(a)Z(a)e_‘I'("s)a"fﬂ‘z ¢(o)do 4o
0

from which ¥(¢) < A\; and ¥(0) = A;.
From (4.1) and (4.2), we get

*(0) ! 1— [° ma(a)t(a)e=¥ " Noda

u = 00 * 00 * ol )
fO é(a)e—\ll(w ada 1 — fO mz(a)e(a)e—\ll(w Ya—[g ™ (z)dzda

v*(0) ! Jo~ ma(a)b(a)e™™Ie(1 — e~ I ™ )dz)dg

T I H@)e Ve da 1 - [ my(a)e(a)e VT IeTs T Rdzdg

Using (4.1) and the definition of 7*, we obtain a fixed-point equation for the unknown force of infection 7*
as 7*(a) = G(r*)(a), where G is a nonlinear operator from L!(R. ) into itself defined by

G@)@)i= [ Blaoa($)()e™ O () + (1 ¢ 5 4%)g5(9)] o
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The functionals g; (j = 1,2) from L} (R4) to R are defined by
1— [° ma(a)l(a)e~¥(®2da
1- [ ma(a)l(a)e~ Y (Pa=J5 ¢(x)d=qq’
Jo? ma2(a)f(a)e=¥@)e(1 — e~ I3 #(=)dz) g
1— [7° mo(a)l(a)e~¥(@a=J5 ¢@dzgq

91(9) :=

92() ==

with ¢ € L} and bo(¢) := ([~ £(a)e~¥®edq)=1. Note that gi(¢) + ga(¢) = 1.

Lemma 4.1. Thke operator G is nonnegative and defined for all ¢ € LY (R4.). Moreover, it holds that G(U) C
Mo, where U := {¢ € L (R) : ¥(¢) > Ao} and Mo := {¢ € LL(R) : oo < |Bloos [8]1 < KlB1]1]B2lo0}-

Let G'[0] be the Fréchet derivative at the origin. Then, for ¢ € L1,

——)\111
(©109)@) =w(0) [ Blaso)elo)e™ds fo”male I mz )e(a)f"_md‘ffda
0

+bo(0) /0 Bla,0)t(0)e™" /0 9(2)dzdo,

where bo(0) = (J;* £(a)e™*1%da)?
To show exlstence of a positive steady state, we apply a fixed point argument similar to that in Kras-
noselskii ([4], Theorem 4.11).

Proposition 6. Suppose that A1 — A2 > |Blo := SUP(4,0)cr, xR, [8(a,0)| and r(G'[0]) > 1. Let
Me:={p e L} :|¢l1 < (1 +€)C,[¢loo < (1+6)|Bloo},

where C := k|B1]1|B2|c0 and € > 0 is chosen so that Ay — A2 > (1+¢€)|Bloo- Then G has at least one positive
fized point ¢* in My such that g;(¢*) > 0 for j = 1,2.

As is shown in Proposition 8, the spectral radius of G’[0] equals that of the next generation operator for
the low-fertility population in the normalized system, so the assumption of Proposition 6 is not satisfied if
all parameters are age-independent. However, we found numerical examples such that the assumption of 6
is satisfied and there exists a coexistent exponential growth orbit.

Once 7* is given as a fixed point of G with g;(7*) > 0, the corresponding positive stationary solution is
given by u*(a) = g1(n*)€(a)e~Y(")a=J5 7 (2)dz and v*(a) = (a)e= Yo gy(n*) + g1 (n*) (1 — e~ Jo 7 (2)dz)],

Proposition 7. Let w* = (u*,v*) > 0 be the positive steady state. Then Ag < H* = H(w*) < ).

5 Basic reproduction number

Suppose that a small number of infected individuals appear in the population p}. Then the initial dynamics
of the low-fertility population in the normalized system is described by the following linearized equation in
the state space X := L!(R4.):

dv = (A2 — M)v + P, (5.1)

where Az is a standard population operator defined by (A2¢)(a) := —ﬂ—l u(a)p(a) with domain D(Az) =
{¢ € WhL(Ry) : 4(0) = J;° ma(a)¢(a)da}, and P is a bounded perturbatlon given by

(Pé)(a) = c1(a) /0 ~ Bla,0)b(o)do.
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In other words, the perturbation v(t,a) satisfies
O Lo 61;
6t = Oa

v(t,0) =/ ma(a)v(t,a)da
0

— (M + p(a))v(t,a) +cl(a)/ B(a,b)v(t,b)db,

The mild solution of (5.2) satisfies
o(t) = 42—ty (0) + /Ot e(A2=2)E=9) py(5)ds
Applying P to both sides of this equation, we obtain
Pu(t) = PelA2=21)ty(0) + P/Ot e(42=21)(t=3) py(s5)ds

where Pu(t) gives the prevalence of newly horizontally transmitted individuals. This equation of Puv(t)
describes the renewal process for the horizontally transmitted population, but it also takes into account the
effect of vertical transmission through the boundary condition of the generator As.

Because [;° mz(a)f(a)e™1%da < 1, the next generation operator for the horizontal transmission in the
normalized system at w = w; is calculated as

(o
Ke=P / e(A2=2)tgp = P(); — Ap) 7, (5.3)
0

It is easy to see that o = K2(A1), which may also be written as

(as)(a) = [ " ka,b)é(b)db (5.4)
0
with the kernel
149) —xi(o- ci(a) f5° B(a,0)l(0)e ™ 7do [ enlo)
Hab) “c‘(“)/ Bl ) gy o+ T mz(d)f(a)e"‘l"da/ ma(o)e M0 g do

P,(A2+P)NA={2€ A\II;:1 € P,(Kz(z))} has the dominant eigenvalue A4 such that Ay € (A2, ;1)
if R < 1 and Ay € (A\,00) if Ry > 1. Therefore the Malthusian parameter of the newly horizontally
transmitted population prevalence Pv is positive if Ro = r(K2) > 1, while it is negative if Re = r(K2) < 1. So
Ry = r(K2(A1)) = r(K2) gives the reproduction number of the normalized low-fertility population prevalence.
Notice that Ry is an increasing function of B(:,-) and that Ry — 0 if |8|oc — 0. When all coefficients are
age-independent, one gets

B

ml—mz’

,Bml

k(a,b) = pp—

00
e”™% Ry = / k(a,a)da =
0
which is given in section 2 because A\; = m; — p.
Moreover, the invasion condition Ry > 1 is one of the conditions for the existence of non-trivial exponential
solutions (endemicity of the low-fertility population). In fact, we can show that the following.

Proposition 8. Suppose that Ky and G'[0] are nonsupporting compact positive operators. Then it follows
that r(G'[0]) = r(K2) = R,.

Therefore, instability of the stable growth orbit for a high fertility population suggests the existence of
non-trivial (coexistent) exponential solutions.



6 Stability of the boundary exponential solution with low fertility

We next consider the stability of the boundary exponential solution for a low-fertility population, which
corresponds to the steady state w* = ws = (0,cz) of the normalized system. In this case, the linearized
system d((t)/dt = (A + F'[w*]){(t) can be reduced to the following system:

aulbd) | 68) _ a)atta)  ela)alh a)

ot da
Kalbt) |, GOD) __att,0) + cla)atha),
a0 = [ m@aads, 660 = [ mala(ad, (6.1)
0 1]

where €(a) == [;° B(a, o)c2(o)do.

System (6.1) is a well-known multistate stable population model [3] that has the trivial exponential
solution e*2¢(0,cz(a)). From the homogeneous stability theory in section 4, to show the local stability
of the boundary exponential solution €*2%(0,ca(a)), it is sufficient to check that the linearized generator
By := A+ F'[ws] has AEG with the intrinsic growth constant g such that lim;_,, e~*2¢T'(t) = P is a rank-
one operator. If Ay is the dominant, simple characteristic root of the multistate system (6.1), this strong
ergodicity result has already been shown using multistate stable population theory [3].

‘We define the demographic reproduction number R4 by the spectral radius of the net reproduction matrix
K := [;° ¥(a)da, where ¥(a) := M(a)L(a), M is a fertility matrix given by

M@= (" )

ma(a)

and L(a) is the survival matrix given by the solution matrix of L'(a) = Q(a)L(a), with L(0) = I (I denotes

the identity matrix) and
. (—#a)—e@) O
= ("0 )

Then the characteristic equation is
(e o) {o ] ” 00
(I—/ e_’\“\Il(a)da) = (1 —/ e%my (a)l(a)e= o e(z)'lzda,) (1 —/ e"’\“mz(a)é(a)da> .
0 0 0

Let
00
Y= {)\ eC:1= / e *my (a)l(a)e™ I 6(z)‘izala} NA,
0

and let -
Y= {)\ € C:det (I-/ e”)‘“\Il(a)da) = 0} =1l NA)UZL,,
0

be the set of characteristic roots of the multistate stable population model (6.1). Then the intrinsic growth
rate A\g (Malthusian parameter) of the multistate stable model is given by the dominant characteristic root
of ¥z, and the sign relation sign(Ag) = sign(Rq — 1) holds.

From the standard argument for Lotka’s characteristic equation, there exists a dominant real root A3 €
Y 1,2 such that Rz < A3 for any z € Ty 2 \ {As}.

Lemma 6.1. Suppose that A3 > —p. It follows that A3 € [\1 — |Bloo, A1) and Mg = max{As, A2}
It is not difficult to show that 0(B2) N A = P,(B2) N A = X1 N A. Define the invasion index for the
high-fertility population R; by

R; := / ma(a)(a)e= =I5 ()47 g, (6.2)
0
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In fact, now the susceptible individuals are invaders into the completely low-fertility population, so its
linearized (prevalence) dynamics is given by

Kalbd) | 9D ;4 @)t e) - )b ),

amm=£mmwmmww

Since (6.3) is a well-known stable population model, its basic reproduction number is given by (6.2). Notice
that Ry is a decreasing function of 8. The characteristic roots of (6.3) is given by

{o o]
{/\ eC:1= / e~ 2)am, (4)¢(a)e™Io 6(Z)dzda} ,
0

(6.3)

then its Malthusian parameter is given by A3 — A2. Then it is positive if R; > 1, while it is negative if R; < 1.
Then we have the following result.

Proposition 9. If R; < 1, then the low-fertility exponential solution e***ws is locally stable, while it is

unstable if Ry > 1 in the sense of Hadeler.

It is remarked that the condition A; — A2 > |B|c is sufficient for Ry > 1. In fact, if A1 — A2 > |B|oo, then
{oo) 00
R, > / mi(a)f(a)e~PatlBledagy > / mi(a)é(a)e 1%da = 1.
o 0

Therefore, if the difference between the birth rates for the high fertility and low fertility populations is large
enough under common mortality, then the stable population with low fertility can be destabilized by the
invasion of high-fertility individuals and simultaneous exponential growth could be realized, although the
uniqueness and stability for the coexistence exponential solution is an open problem.
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