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On the bidomain equations as parabolic evolution equations

Naoto Kajiwara!

Graduate School of Mathematical Sciences The university of Tokyo

1 Introduction

This paper is mainly based on the papers [9, 15]. We consider the bidomain equations
that are commonly used as a model to represent the electrophysiological wave propagation
in the heart. The bidomain system is as follows.

[ Dyu+ fu,w) — V- (0: V) = in (0,00) x 9,
Ou+ f(u,w) + V- (0eVue) = in (0,00) x Q,
ow + g(u, w) = in (0,00) X Q, (BDE)
U= U; — U in (0,00) x Q,
o;Vu; - n=0, 0.Vu.-n=0 on (0,00) x 05,
u(0) = up, w(0) = wy in Q.

Here Q C R? denotes a domain describing the myocardium, whose outward unit normal
vector to 9 is denoted by n. The unknown functions w; and u. model the intra- and
extracellular electric potentials, and u denotes the transmembrane potential. The variable
w, the so-called gating variable, corresponding to the ionic transport through the cell
membrane is also unknown function. On the other hand the conductivity matrices o;(x)
and o.(z), and intra- and extracellular stimulation current s;(t,z) and s.(t,z) are given
functions. The non-linear term f and g are given to be fixed later.

In [3], under physiological reasonable assumptions on 0;, and s; ., they transformed the
bidomain equations into an abstract form

u' 4+ Au+ f(u,w) = s,
w' + g(u,w) = 0,
u(0) = ug, w(0) = wy

in (0, 00),

in (0, 00), (ABDE)
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by introducing a bidomain operator A and a modified source term s in L2-setting. Func-
tions u; . can be recovered from u and s; .. Formally the bidomain operator is the harmonic
mean of two elliptic operators, i.e. (A;'+ A;1)™! or A;(4; + Ac) ' A., where A, is the
elliptic operator —V - (0;,V - ) with the homogeneous Neumann boundary condition,
respectively. They proved that the bidomain operator is a non-negative self-adjoint op-
erator by considering corresponding weak formulations. In the paper [3], they showed
existence of a global weak solution and existence and uniqueness of a local strong solution
from the theory of evolution equations in L? space. The uniqueness and regularity of the
weak solutions have been considered in [18].

Our aim of this paper is to prove that the bidomain operator generates an analytic
semigroup on LP(Q) for 1 < p < oo. To derive the analyticity, it is sufficient to derive
resolvent estimates for the bidomain equations of the resolvent form. For LP resolvent
estimates a standard way is to use the Agmon’s method (e.g. [19], [24]) and a localization
method. The main idea of the first method is as follows. If we have a W2P(2 x R) a priori
estimate for the operator A—e®d;;, then A has an L? resolvent estimate. Unfortunately, it
seems difficult to derive such a WP a priori estimate and the localization method because
of a nonlocal structure of the bidomain operator. Thus we argue in a different way. We
first establish an L* resolvent estimate for the bidomain equations by a contradiction
argument including a blow-up argument. In section 2, we prove it. In section 3 we give
an accurate definition of the bidomain operator in L? spaces for 1 < p < oo and derive an
L? resolvent estimate for 2 < p < oo by interpolating L? and L™ results. The LP-theory
for 1 < p < 2 is established by a duality argument. These are the main part of this paper.

Second part of this paper in section 4, we consider an application of a time-periodic
solution. It is natural question whether the bidomain equations have a time-periodic
solution since the bidomain equations is a model of the heart. We construct the linear
theory of the time-periodic solution in a real interpolation spaces motivated by DaPrato-
Grisvard’s maximal regularity theory. For the bidomain equations which is non-linear
equations with FitzHugh-Nagumo type f, g, we prove that the bidomain equations has a
time-periodic solution for small periodic external forces s by Banach'’s fixed point theorem.

At last, recently, since the results mentioned here have been improved in many points,
we give some bibliographical remarks on recent works for the bidomain equations.

2 L*-resolvent estimate for the bidomain equations

In this section we prove the L resolvent estimate. We need some assumptions on the
functions ;.. Let a = a(x) denote unit tangent vector at the point z € 0. Set the
longitudinal conductances k., : 92 — R and the transverse conductances ki.:0Q - R
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along the fibers. Let the conductance tensors be of the form ([4])
016(2) = K, (&) + (K., () — K., (@))a(a) ® alz) (z € 09).
By this form we have the normal n is the eigenvector of 0; . whose eigenvalue is f (z):
ie(z)n(x) = ki (z)n(z) (z € 8Q).

Under these physiological reasonable assumptions of o; ., we have the property of bound-
ary conditions:

0ieVu-n=0&Vu-n=0 ondQ. (1)
Moreover we assume that there exist constants 0 < ¢ < @ such that
alé? < (oie(2)€, €) < Tl (2)

for all z € Q and € € R%.
We consider the following resolvent equations

=V - (0;Vu;) =s in Q,

M+ V- (0.Vu,) =s in Q,
(%) .

U= U; — Ue in £,

o;Vu;-n=0, c.Vu,-n=20 on 01,

which is the Laplace transformation of the linear part of the bidomain equations.
Let us state an L™ resolvent estimate. We set gy := {A € C\ {0} | |arg\| < 6, M <
|Al} and N(u,u;, e, A) of the form

N (u, Uiy Ue, A) i = sup (Mlu(@)] + Y2 (IVa(@)] + [Vui(@)] + [Vue(@)])) -

Theorem 2.1 (L™ resolvent estimate for bidomain equations). Let Q C R? be a uniformly
C?-domain and o;, € C*(Q,S%) satisfy (1) and (2). Then for each ¢ € (0,7/2) there exist
C >0 and M > 0 such that

N (u, U, e, ) < C|ls|| ()

for all X\ € Br_cm, s € L®(Q) and strong solutions u, e € Nycpeoo W2P(Q) N Wh=(Q)
of (%).

Remark 2.2. (i) It is impossible to derive an estimate |X|[|tsellco < C/||8||Looe) because
if (u,us,ue) is a triplet of strong solutions then so is (u,u; + ¢,ue + ¢) for all c € R.
(ii) By the Sobolev embedding theorem [1],

N W@ nwh=@c (] c*@.

n<p<oo 0<a<l



Hence (u,u;,ue) are Ct functions and the left-hand side of the resolvent estimate makes

sense.

Proof. We divide the proof into five steps. The first two steps are reformulation of equa-
tions and estimates. The last three steps (compactness, characterization of the limit and
uniqueness) are crucial.

Step 1 (Normalization)

We argue by contradiction. Suppose that the statement were false. Then there would
exist € € (0,7/2), for any k € N there would exist A, = |\x|e% € E; ., s € L®((2) and
Uk, Uik, Yek € [Nicpcoo W2P(Q)NW L (Q) which are strong solutions of resolvent equations

Mty — V-« (0;Vugg) = sy, in €,
Mot + V - (0. VUuer) = s, in Q,
Uk = Uik — Uek in €,
o;Vuyp - n=0, 0Vueg-n=0 on 09,

with an L™ estimate N (ug, Uik, Uek, \e) > kl|sk]| 2o ()-

We set
Uk | Ak uk
Vik — 1 |)‘k|uik
Vek N (g, Uik, Ueks Ak) | Ak | ek
§k * Sk

Then we get normalized resolvent equations of the form

i0 1 _ = ;
e’ k’l)k - m‘l'v . (ainik) = Sk m Q,
ey, + P\—lk[V (0 V) = 3y, in Q,
Uk = Uik — Vek in €2,

oiVUi  n =0, 0.V -n =0 on 09,
with estimates § > ||3k|| L () and
Vg Vi Vek
N TR ERE R A
(M Al el )
=sup (le(@)] + I\l 772 (IVor(@)] + | Voin(@)] + [Vver(z)]))
ze
=1.

Step 2 (Rescaling)
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Secondly, we rescale variables near maximum points of normalized N. By definition of
supremum there exists {zx}z>; C  such that
ok (@k)] + Xl ™2 (1Vor(@i)| + (Vv ()] + | Voer(zi)]) > 3

for all k € N. We rescale functions {(wg, wix, Wer)}52y, {tx}32;, matrices {(oi, o) 132,
and domain 2 with respect to zj. Namely, we set

Wk Uk
wy, | (z) =] va (azk + s |1/2)
Wek Vek

tr(z) =8k (a:k + |T:|C_172_> )
oi(z) == (-Tk + i |1/2) » Oek(T) = ($k + e |1/2>
Q. =M Y2(Q — 24).

By changing variables Q 3 z + |M\;|2(z — z) € Q%, we notice that our equations and
our estimates can be rewritten of the form

ewkwk -V (az-kaik) =1 in Q,
ePowy + V - (0 Vwer) = t in Qy,
Wy = Wik — Wek in O,
oikaik N = 0, Uekaek TN = 0 on 8Qk,

with estimates
1
7 > Mtll o),
1
[wi(0)] + [Vwg(0)] + [Vwi (0)| + [Vwer (0)] > >
sup (|we(z)| + [Vwg(@)| + [Vwi(2)| + [Vwer(z)]) = 1,

zEQ

where 7y, denotes the unit outer normal vector to ;. Here, we remark that unknown
functions w;, and wey, are defined up to an additive constant. So without loss of generality
we may assume that w;z(0) := 0.

Step 3 (Compactness)

In this step, we will show local uniform boundedness for {(wg,wik, wer)}3>;. If these
sequences are bounded, one can take subsequences {(wy,, Wik, Wer,) }72; which uniformly
convergences in the norm C* on each compact set. We need to divide two cases. One is



the whole space case and the other is the half space case up to translation and rotation.
We set dy, = dist(0,0Q) = |\i|/?dist(zx, Q) and D := liminf dy. The case of D < oo,
which is the case Q) goes to Ri, is very hard in the points of a cut-off technique in this
Step 3 and the dual problem in Step 5. Therefore we consider only the case of D = oo
throughout the remained proof. More precisely see [9].

In the case D = oo, the limit €2, is R? in the sense that for any R > 0 there is ko such
that B(0,R) C Q for kg < k. For the convergence of the domain, see [22]. Let cut-off
function p € C§°(R?) be such that p(z) = 1 for |z| < 1 and p(z) = 0 for |z| > 3/2. Here
and hereafter by CJ'(E) we mean the space of all m-times continuously differentiable
function with compact support in the set E. We localize functions wy, w;i, Wek as follows

wz Wk

wh | =p| wa in Q.
p

Wey Wek

By multiplying rescaled resolvent equations by p, we consider the following localized

equations
ew’“wl’c’ -V (a,-kafk) =tpp + L in Q, (3)
€Wl +V - (0exVws) = tip + Lok in Q, (4)
wh = wh, —wh in Q, (5)
oxVwh -ng =0, o Vuws, -np =0 on Oy, (6)
where
Iik = - Z {((Uik)mn)zmpznwik + (Jik)mnpzmznwik
1<m,n<d

+(0ik)mnpzn (wik)zm o+ (Uik)mnpzm (wik)zn } )

Iek = Z { ((a'ek)mn)zm Pz, Wek + (Uek)mnpxmzn Wek

1<m,n<d
+(Uek)mnpzn (wek)zm + (Uek)mnpwm (wek)zn }

are lower order terms of w;, and w,. Here, we take sufficiently large k such that B(0,2) C
Qk.

Take some p > d and apply W%P(;) a priori estimate for second order elliptic oper-
ators —V - (044 V+), which have the Neumann boundary (6). By (3) there exists C > 0
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independent of k£ € N such that

lwillwee )
<C (llwfllzoeony + 1wkl + tepllzon) + IHikll oo )
<C|B(0,2)["? (whll coo(eny + l1wllzooin) + tplloe (e + IHinllzoo(e20))
=:C|B(0,2)|*? (I + II + IIT + IV),

where we use Holder inequality in the second inequality. The first term I is uniformly
bounded in k since wix(0) = 0 and ||[Vwi||geoq,) < 1. The second term II and the
third term IIT are also uniformly bounded in k since ||wg||zo(q,) < 1, [|ollzeo,) < 1 and
lItkl| Lo,y < 1/k. Finally the forth term IV is also uniformly bounded in k since

IV < C(d, Slép ”Uik“W11°°(Qk))”wiknwl-‘x’(ﬂk)
<C.

Here, the constant C' may differ from line to line. Therefore the sequence {wf}32, is
uniformly bounded in W??(€);). Functions {w?,}$2, and {w}}$2, are also uniformly
bounded in W2P(Q;) since the same calculation as above and (5). Here, €, depends on
k € N. By zero extension from Q, to R?, we have {(wf, w%,,w?, )}, is uniform bounded
in the norm (W2’p(Rd))3. Thus we are able to take subsequences {(wy,, w,, wf;, )}, and
w, w;, we € WHP(R?) such that

wy, w

wh, | = | wi | inthe norm CY(R%) as | — oo,

wé’kl W,
by Rellich’s compactness theorem [1]. Since
1
[k (0)] + Ve, (0)] + Vi, (0)] + [Vwer (0)] > 5,
we get

[w(0)] + [Vw(0)] + [Vwi(0)] + [Vuwe(0)] >

N =

Step 4 (Characterization of the limit)

We continue to consider the case of D = oo, ie. Qs = R% We have w,w;, w, €
nd<p<oo VVlz’p(Rd) N Wl’oo(Rd) and

oc
Wy, w
Vwig, —= | Vuw; weak * in L™ (]Rd) asl — o0
Vwek, Vwe



since sup (|wi(z)| + |Vwi(z)| + [Vwir(z)| + |Vwer(z)]) = 1.
zelly
We can characterize the limit functions by the weak formulation in the following propo-

sition. We do not prove in this paper. See [9].
Proposition 2.3. The limit w,w;,we € (Nycpen W2P(RY) N WL (RY) satisfy that for
any ¢i. € CP(RY)

% (w, ¢s) 12(rey + (Cico VWi, Vi) 2(ray = 0,

eie""(w, ¢3)L2(Rd) - (aeooVwe, V¢8)L2(]Rd) = 0,

W = W; — We,

where O = limg_o0 O aNd Cioo, Teco are constant coefficients matrices which satisfy uni-
form ellipticity condition. Here, (-,-)p2ga) denotes L*-inner product.

Step 5 (Uniqueness)

In this last step we prove that limit functions are unique and it is only trivial solution.
The method is to reduce existence of solution to dual problems and use the fundamental
lemma of calculus of variation.

Lemma 2.4. Let w, wi, We € [Nycpeoo W2P(RY) N W (RY) satisfy

loc

9% (w, ¢) r2ra) + (Cioo VWi, Vb5) 12Ra) = 0,
€% (w, Pe) 2(re) — (Ceco VWe, V) 12Re) = 0, (7)
w = w; — W,

for all ¢;c € CP(RY), then w = 0 and w; = w, =constant.

Equations (7) implies the following equations

(w;, €8¢ — V - (Uioovqf)i))Lg(Rd) — (we, €% ;) 2may = 0,
(wi)eww(ﬁe:)Lz(]Rd) - (wea eiem¢)e Sh'A (erv¢e))L2(Rd) = O)

(wi7 eigoo (¢l - ¢e)_v ' (O-’ioov¢i))L2(Rd)
- (we, eww(d’i —¢e) + V- (erv¢e))L2(Rd) =0.

We do not prove the solvability of the dual problem in this paper. The solvability of the
dual problems is as follows. For all ¢;, € C°(R?) satisfying fR +(¥; — Ye)dx = 0, we can
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find solutions (¢, ¢e) € S'(R?) satisfying ¢; — ¢e, V + (0ic Vi), V - (0eo V) € L'(RY)
and such that

€9 (i — ¢e) — V - (i Vi) = 9 in R,
€9 (i — ¢e) + V + (0eccVPe) = Ve in R

Under this solvability, we have that for all 1. € C§°(R?) satisfying [g.(1; — ve)dz = 0,

(wi,iﬁi)m(md) - (wev’/’e)Lz(Rd) =0.

Let ¢; = . then (w,v;)r2wey = 0 for all ¢; € C°(R?). By fundamental lemma of
calculus of variations, we get w = 0. Let ¢, = 0 then (w;, ¥;) 2rey = 0 for all ¢; € Cg°(R?)
satisfying f]Rd ;dz = 0. This means w; = constant. Obviously w, = w; since w = w; — w,.

Results of Step 3 and Step 5 are contradictory, so the proof of Theorem 2.1 is now
complete. O

3 Definitions and L? resolvent estimates for 1 < p < oo

In this section we define the bidomain operators in LP spaces for 1 < p < oo under
assuming suitable physiological reasonable assumptions on o; .

Let © be a bounded C? domain. Consider the averaging zero space L2, (Q) and its
projection P,,:

I2.(Q) := {u € LP(Q) | /uda: = 0}
Q
Pou:i=u— —l—/ udx for u € LP(Q).
19[ Jo

Let A; and A, be the second order elliptic operators in L2, () defined by

Ajeu = -V (0,Vu)
D(A;e) == {u e W**(Q)NLE,(Q) | 0:cVu-n =0 ae. in 09} C L2, (Q).

Let 0;, € C'(Q) satisfy the uniform elliptic condition (2). Then we have that the operator
A; is densely defined closed linear operator on L? () and for any f € L2 (Q) there
uniquely exists u € D(A;) such that A;u = f. The operator A, also has the same
property.

Since we assume the special boundary conditions (1), we see

D(4;) = {u e W*P(Q)NLE,(Q) | Vu-n =0 ae. in 9Q} = D(A.).



So we are able to consider the sum of the operators, A; + A., with the domain D(A4;)(=
D(A)) and we observe that inverse operator (A; + A.)~! on L?, is a bounded linear
operator.

We reformulate resolvent equations corresponding to the parabolic and elliptic system
as are derived in [3]. The new system contains only v and u, as unknown functions. Since

u; = U + U, the new system is of the form:

Au—V - (0;Vu) = V- (0;Vue) = s in Q, (8)
=V (o;Vu+ (05 + 0.)Vue) =0 in Q, 9)
oiVu-n+o;Vu,-n=0 on 09, (10)
oiVu-n+ (0;+0e)Vue-n=0 on 0. (11)

Under fQ ucdz = 0, which is often used assumption to study bidomain equations, from

the equation (9),

AiP,wu + (A, + Ae)ue =0
S(Ai + Aoue = —AiPu (€ L},(Q))
SUe = ""(Az + Ae)_lAiPavu (6 D(Al))

We substitute this into (8) to set
Au + AiPm,’U, = A’L(A’I, -+ Ae)—lAz-P,wu =S
e+ Aj(Ai + A) APy = s.
We are ready to define bidomain operators A.
Definition 3.1. For 1 < p < oo, we define the bidomain operator A in LP space by
D(A) :={u e W*?(Q) | Vu-n =0 ae. in 9Q} C LP(Q2) — LP(Q)
A= Az(Az + Ae)_lAer,.

Under [, uedz = 0, the resolvent bidomain equations (8)-(11) for the function u can be

written in a single resolvent equation of the form
A+ADu=s inQ. (12)

Once we solve this equation, we are able to recover from u, = —(A; + A.) "' A; Payu.
By operating (4; + A.)A; P,y to (A + A)u = s and using a resolvent estimate for the
operator A., we have the following a priori estimate for the bidomain operators.
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Theorem 3.2 (A priori estimate for bidomain operators). Let 1 < p < co. For each
X € X there exists Cy > 0 such that

lullwzr@) < Ca (A + A)ullzo@) + llull o)
for all w € D(A).

By this theorem we observe that the bidomain operator A in LP spaces is a densely
defined closed linear operator. Let A, be the bidomain operator in LP spaces. We can
prove for all p € (1,00), Ay = Ay and p(—A,) D X, where the superscript * means the
adjoint operator and p’ is the Holder conjugate exponent of p.

Let us consider the L resolvent estimate for the bidomain operators. Note that the
paper [3] showed that the bidomain operator A is a non-negative self-adjoint operator
in L*(Q) so that it has a L? resolvent estimate. Namely, p(—Az) D .o and for each
e € (0,7/2) there exists C > 0 such that

sup  |All|lullz2) < Cllisllza)
w—e,0
for all s € L?(2). We derived an L* resolvent estimate (Theorem 2.1); for each € €
(0,7/2) there exist C > 0 and M > 0 such that p(—A) D X, and
sup  |Alllullzeoe) < Cllslz=(e)
AGEW—E,M
and for all s € L*(Q).
By using Riesz-Thorin interpolation theorem, we are able to derive an LP resolvent
estimate, i.e. for each ¢ € (0,7/2) and 2 < p < oo there exist C > 0 and M > 0 such
that p(—A,) D ¥, m and that

sup  [A[[lullzee) < Clisllzeo@)

€ w—e, M

and for all s € LP(Q2).
For 2 < p < oo and its conjugate exponent p'(€ (1,2]), we have

o ik _ C
[(A+ Ap) l”L(LP’(Q)) = (A + Ap) 1) “C(LP'(Q)) = [|(A+ 4,) 1”E(L”(Q)) = W

We derived the resolvent estimate for bidomain operators —A, in L” spaces for the
sufficiently large A. However, in the next theorem, we estimate the resolvent for all
A € Zr_ep and higher order derivatives ||Vu||z»() and ||V?ul|1»(q), which is similar to an
elliptic operator in LP spaces.



Theorem 3.3 (L? resolvent estimates for bidomain operators). Let 1 < p < oco. For
each € € (0,7/2) there exists C > 0 depending only on e such that the unique solution
u € D(A,) of the resolvent equation (A + Ap)u = s satisfies

Allullzo@) + MYVl zo@) + IVl o) < Cllsllzo@)
for all X € S,_c and s € LP(Q).

Proof. We divide the resolvent estimate (A + Ap)u = s into (A + Ap)u; = P,s and
(A4 Ap)ug = s — Pys. Note that u = ug + ug, Poys € LP,(Q), s — Pyys is a constant
and the origin 0 belongs to p(—Ap|rz, (). For each € € (0,7/2) we fix M > 0 which
is the constant in the above explanation. Since (A + A,) 7' Pays = (A + Ap|zz, @) " Pavs
and the resolvent operator (A + A Lgu(n)rl is uniform bounded in a compact subset
Yr—e0N B(0,2M), we have there exists C' > 0 depending on € such that

luillzeg@) = (A + Ap) ™' Pavsllo(e)
= |(A + Aplzz,(0) " Pavs|l o)

<

1 “PavSHLP(Q)

Al +
C
[Al 41
for all A € £r_co N B(0,2M). On the other hand we have up = $(s — Py,s), so there
exists C' > 0 such that

<

lIsllzec)

1
ezl = 15(s = Pass)lliscey

C
S S — Pa,us“LP Q
IAIl! @

< C sl
> T\1 LrP(Q
I)‘l (V)]

for all A € ¥r_co. We use the operator P, is a bounded linear operator and combine
two estimates. We have that there exists C' > 0 such that |ju||zr@) < l—/\quS“ e(q) for
all A € ¥,_.0N B(0,2M). Since we have already proved the resolvent estimate for
|A| > M, the resolvent estimate holds for all A € X,_.o. We skip estimates for higher
order derivatives. O

Therefore we can conclude that the bidomain operator generates an analytic semigroup
on LP(Q) for p € (1, 00).
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4 Time-periodic solutions for the bidomain equations in real

interpolation spaces

In this section we consider the time-periodic problem for the bidomain equations. We
use the abstract form (ABDE) not (BDE). The source term s is a time periodic function
when s;, is the time periodic functions with the same period. The problem we would
like to consider is whether the solution w is a time periodic when the source term s is a
periodic function. We answer the problem in real interpolation spaces.

The outline of this section is as follows. We construct the linear theory of the time-
periodic solutions in real interpolation spaces in the next subsection 4.1. The theorem is
motivated by the theorem of DaPrato-Grisvard’s maximal regularity, which implies that
the analyticity of the semigroup derives maximal regularity in real interpolation spaces.
Our linear theory is a time-periodic version of their theorem. In the subsection 4.2, we
show that the non-linear bidomain equations with FitzHugh-Nagumo type non-linearities
has a unique time periodic solution near the stable solution (u,w) = (0,0) if the time-
periodic force s is sufficiently small. The proof is standard Banach’s fixed point theorem
combined with the maximal regularity estimate and non-linear estimate.

We prepare some function spaces and notations. Let X be a Banach space and —A
be the generator of a bounded analytic semigroup e™*4 on X with domain D(A). For
6 €(0,1) and 1 < p < 0o, we denote by D4(6,p) space defined as

O o _ dt\1/p
Dub.7) = {z € X : [y = (/0 60 e el £) " <0} (13)

When equipped with the norm ||z|lg, = ||z|| + [z]sp, the space D4(0,p) becomes a
Banach space. It is well-known that D4(6, p) coincides with the real interpolation space
(X,D(A))p, and that the respective norms are equivalent. For details and more on
interpolation spaces we refer, e.g., to [19, 20]. If 0 € p(A), then the real interpolation
space norm is equivalent to the homogeneous norm [-]g ,, see [11, Corollary 6.5.5]. Consider
in particular the bidomain operator A = A, in X = L9(Q) for 1 < g < co. Then, following
Amann [2, Theorem 5.2|, the space (X, D(A))s, can be characterized as

(L), D(A))ep = Bgp(), 1<p< oo, (14)

provided 20 € (0,1+1/q). Here B; () denotes, as usual, the Besov space of order s > 0.
For 0 < T < 00, we define the solution space EN™ as

ENT := {u € WYP(0,T; Da(0,p)) | Au € LP(0,T; D4(6, p)) and u(0) = u(T)}
with norm

llullezer == llullwreor;paee) + 1 Aullzo©r;Da@m),



which corresponds to the data space
Fy:= LP(0,T; Da(6,p)).
On the other hand, the solution space for the gating variable w is defined as
Ey = {w € W'(0,T; Da(8,p)) | w(0) = w(T)}.
Then, the solution space for the periodic bidomain system is defined as the product space
E :=EY" x EB*.

Finally, for a Banach space X we denote by BX (u*, R) the closed ball in X with center

u* € X and radius R > 0, i.e.,

B (u*,R) == {u € X | [Ju — u*||x < R}.

4.1 The linear theory

Before we state the linear theory for the time-periodic solutions, we write down the
theorem by DaPrato-Grisvard for the initial value problem. Let X be a Banach space
and —A be the generator of a bounded analytic semigroup e ** on X. Assume that
6 €(0,1),1<p<oo,and 0 < T < co. Then, for f € LP(0,T; D (0, p)) we consider

u(t) = /Ot e~ A f(s)ds, 0<t<T. (15)

Then, u is the unique mild solution to the abstract Cauchy problem
' (t) + Au(t) = f(t), 0<t<T
(6 +Auft) = £0) e
1u(0) = 0.

The classical DaPrato and Grisvard theorem in [7] is the following maximal regularity
estimate.

Proposition 4.1 ([7, DaPrato-Grisvard]). Let 6 € (0,1), 1 <p < 00, and 0 < T < oo.
Then there exists a constant C > 0 such that for all f € LP(0,T; D4(0,p)), the function
u given by (15) satisfies u(t) € D(A) and the equation (ACP) for almost every 0 <t < T
and

| Aull zoo,7;D.46.0)) < ClIf llo01:D.4(0,))-

We next consider the time periodic version of this theorem. Let f : R — D4(6,p) be a
periodic function of period T'. Then the periodic problem of (ACP) reads as
{u’(t) + Au(t) = £(t), teR,

u(t) = u(t+T), teR. (PACP)
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Formally, a candidate for a solution u of (PACP) is given by

u(t) == /_t e~ =45 (s)ds. (16)

The periodicity of u can be seen the calculation.

t+T ¢

ult+7T) = / e~ W T=9)A1(5)ds = / e~ EDAF (s + T)ds = uft)
—00 —00

since f(s+ T) = f(s) for all s. We prepare the following lemma that, under certain

assumptions on A and f, u is indeed well-defined, continuous and periodic.

Lemma 4.2. Let f: R — D4(0,p) be a T-periodic function satisfying
fI(O,T) € LP(O’ T7 D.A(gap))

and assume that 0 € p(A). Then, the function u defined by (16) is well-defined, satisfies
u € C(R; D4(0,p)), and is T-periodic.

Since we have the representation formula of the solution, the proof is direct calculation
from Fubini’s theorem and the characterization of the real interpolation spaces. To show
the boundedness of the integral of the equation (16), we had to assume 0 € p(A), which
implies the exponential decay of the semigroup e~*A.

The linear theory of the time periodic version of the DaPrato-Grisvard theorem is as -

follows.

Theorem 4.3. Let X be a Banach space and —A be the generator of a bounded analytic
semigroup on X with 0 € p(A). Let 0 € (0,1), 1 <p < o0, and 0 < T < 0.

Then there exists a constant C' > 0 such that for all periodic functions f : R — D 4(6,p)
with fior) € LP(0,T; D4(6,p)) the function u defined by (16) is the unique strong solution
u € E5" of (PACP) and it satisfies

lulleze: < Cllfllzeco,riD a6 (17)

for some C > 0.

4.2 The non-linear theory

At first we state the general setting of the time periodic solutions for a semi-linear
parabolic equations. After that we apply the general statement to the bidomain equations.
Let —A be the generator of a bounded analytic semigroup e ** on a Banach space
X with the domain D(A) and 0 € p(A). For T > 0, § € (0,1), and 1 < p < oo let



f R = D(6,p) be periodic of period T with for) € LP(0,T; D 4(6,p)). We are aiming
for the strong solvability of

{u'(t) + Au(t) = Flu)(t) + f(2) (t € R)

(NACP)
ut)=u(t+171) (teR)

under some smallness assumptions on f. The solution v will be constructed in the space
of maximal regularity E%". Let B, := BF4" (0, p) for some p > 0. For the nonlinear term
F', we make the following standard assumption.

Assumption N There exists R > 0 such that the nonlinear term F' is a mapping from
Bp into F 4 and satisfies

F € C*(Bg;F4), F(0)=0, and DF(0)=0,

where DF : B — L(E5,F4) denotes the Fréchet derivative.
The following theorem proves existence and uniqueness of solutions to (NACP) in the
class E" for small forcings f.

Theorem 4.4. Let T > 0, 0 < 0 < 1,1 < p < o0, and F and R > 0 subject to
Assumption (N). Then there is a constant 1 < R and ¢ = ¢(T,0,p,7) > 0 such that

if f: R — Du(8,p) is T-periodic with ||f|lr, < ¢, then there exists a unique solution

u:R— Du(0,p) of (NACP) with the same period T and wo,r) € B,.

Proof. Let S : Br — E5", v — u, be the solution operator of the linear equation
u,(t) + Auy(t) = Flo(t)] + f(t) in (0,T)

with u,(0) = u,(T). This is well-defined since F[v] € F4 by Assumption (N), so that, by
the theorem 4.3, u, uniquely exists and lies in E%”.

We prove that this solution operator is a contraction on B, for some r < R. Let M > 0
denote the infimum of all constants C' satisfying (17). Choose 7 > 0 small enough such
that

sup |DF o]l cesra) < 577

weBr A 2M
which is possible by Assumption (N). By virtue of (17) as well as the mean value theorem,
estimate for any v € B, and f satisfying || f|r, < r/(2M) =: ¢,

[1S(@)leeer < M(|F)llrn + 1 fllra) < M(Slellg IDF[w]ll czer payllvlleze + [ fllen) <7
So S(B,) C B,. Similarly, for any v;,vs € By,

1
[1S(v1) — S(ve)llgzer < M 5D IDF[wl]llc@ner e llor = velleger < Sllvr = vallger-
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Consequently, the solution operator S is a contraction on B, and the contraction mapping
theorem is applicable. The solution to (NACP) is defined as follows. Let u be the unique
fixed point of S. Since Su = u, u satisfies u(0) = u(T) and thus can be extended
periodically to the whole real line. This function solves (NACP). O

We consider the bidomain equations (ABDE) with FItzHugh-Nagumo type non-linearities:
flu,w) =u(w—a)(u—1)+w=u®— (a+ 1)u? + au + w,
g(u, w) = bw — cu,

where 0 < ¢ < 1 and b, ¢ > 0. We can rewrite the matrix form:

d (u A+a 1) fu)  [s—u’—(a+1)u?
i) () ()0 e

This is just semi-linear equation. Therefore it is enough to prove that the matrix
operator generates an analytic semigroup on a Banach space and that the non-linear
term satisfies the assumption (N). We set the base space X := L(Q) x B2 (Q).

Lemma 4.5. Let 1 < p < 00,1 < g < o0 and 6 € (0,1). Let —A be the bidomain
operator in LI(Y). Then the matriz operator

A+a 1
)

generates a bounded analytic semigroup e=** on X and 0 € p(A).

In the following proposition we elaborate the conditions on p, ¢, and 6 that ensure that
the right hand side of (18) maps E4 into Fy.

Proposition 4.6. Let 1 < p < 00, d < ¢ < 00 satisfy 1/p+d/(2q) < 3/4 and § € (0,1/2)
there exists a constant C' > 0 such that

1 lle, < Cllullg,
forallu e B4 and j = 2,3.
Proof. We recall the mixed derivative theorem

WP(0,T; LUQ)) N LP(0, T; W>4(Q)) € [ WP(0,T; W2=209(Q)).

0<0<1

By the continuous embedding W¢(Q) C B2 (Q), Hélder’s inequality and the mixed
derivative theorem, we obtain for j € {2,3}

”uj”LP(O,T;DA(QP)) < C“u”JLJ'p(o,T;WI,jq(Q)) < C“u”{}Va,p(()yT;WZ(l—-a‘),q(Q))'



provided o € [0, 1] satisfies

oc—1/p=-1/(jp), and 2(1-o0)—d/q>1-d/(jg).
The condition 1/p 4 d/(2q) < 3/4 guarantees the existence of o for j € {2,3}. O

For the bidomain equations with FitzHugh-Nagumo model, we can apply the theorem
4.4 since we have already checked the assumptions of the theorem and (N). Therefore we
have the following theorem.

Theorem 4.7. Let Q@ C R%, d > 2, be a bounded C?-domain and suppose that assump-
tions (1) and (2) hold true. Then there ezist constants R > 0 and C(R) > 0 such that if
lIsllr, < C(R), the equation (ABDE) with

flw,w)=uw—a)(u—1)+w=v®— (a+ 1) + au+w,

g(u, w) = bw — cu,

for some 0 < a <1 andb, c >0, admits a unique T-periodic strong solution (u,w) with
(uv w)((O»T) € IB]E((O7 0)> R)

5 Bibliographical remarks

In the last section, we give some bibliographical remarks. In this paper we prove that
the bidomain operator generates an analytic semigroup on L? spaces for 1 < p < oo.
Recently, Hieber-Priiss in [14] proved that the the bidomain operator A, in L,(f2) for
1 < ¢ < oo admits a bounded H* calculus with H* angle 0. This property is stronger
property than the maximal LP-L? regularity. Moreover the same authors in [13] proved the
global existence and uniqueness of the L,-L, strong solution for the bidomain equations
with FitzHugh-Nagumo nonlinearities when s = 0. For the inhomogeneous case of s # 0
will be considered in [16].

To get the time-periodic solutions for the bidomain equations, we had to assume the
smallness conditions since we use Banach’s fixed point theorem. By using Galerkin
method, Brower’s fixed point theorem and weak-strong uniqueness method based on the
result [16], existence of the time-periodic solutions for arbitrary large forces s will be
considered in [10].
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