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1. INTRODUCTION

We study the Cauchy problem for the nongauge invariant nonlinear Schrödinger
equations of the form

i\partial_{t}u+\triangle u=\lambda|u|^{p},  (t, x)\in[0, T)\cross\Gamma^{n} (NLS)

and the derivative nonlinear Schrödinger equations of the form

 i\partial_{t}u+\partial^{2}u=\lambda\partial(|u|^{p-1}u) ,  (t, x)\in[0, T)\cross\Gamma , (DNLS)

where  \Gamma=\mathbb{R}/2\pi \mathbb{Z},  \lambda\in \mathbb{C}\backslash \{0\},  \partial=\partial/\partial x,  p>1 , and  T>0 . The purpose of this
note is to present some explicit upperbounds for the lifespan of periodic solutions to
(NLS) and (DNLS) in terms of the Cauchy data and to examine their optimality by
exact solutions. Part of the contents of this note is devoted to a detailed description
of the argument of our recent papers [4, 5].

2. NONGAUGE INVARIANT NLS

In this section, we study (NLS) in  [0, T)  \cross\Gamma^{n} with  T>0 and  n\geq 1 . The Cauchy
problem for (NLS) is proved to be locally well‐posed in the Sobolev space  H^{s}(\Gamma^{n})
with  s>n/2 and  p\in 2\mathbb{N}\cup(s, \infty) , where

 H^{S}( \Gamma^{n})=\{u\in L^{2}(\Gamma^{n});\sum_{k\in \mathbb{Z}^{n}}(l+
|k|^{2})^{s}|\hat{u}(k)|^{2}<\infty\}
and û(k) is the Fourier coefficient

  \^{u}(k)=(2\pi)^{-n}\int_{\Gamma^{n}}e^{-ik\cdot x}u(x)dx, k\in \mathbb{Z}^{n}
in the Fourier series expansion

 u(x)= \sum_{k\in \mathbb{Z}^{n}}\hat{u}(k)e^{ix\cdot k}, x\in\Gamma^{n}.
The blowup problem for (NLS) has been studied in [13] (see also [14]), where

the Cauchy data  u_{0}=u(0) is supposed to satisfy

 ({\rm Re} \lambda){\rm Im}\int_{\Gamma^{n}}u_{0}<0 or  ({\rm Im} \lambda){\rm Re}\int_{\Gamma^{n}}u_{0}>0 . (AO)

The argument in [13] depends on a test function method [1, 20, 21], originally
introduced for nonlinear heat and damped wave equations. In the argument based
on a test function method, however, the condition (AO) arises in a rather implicit
setting, so that it is unlikely that (AO) provides a simple and direct description
of the blowup mechanism. In this section, we introduce a twisted total signed
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density of wavefunctions over  \mathbb{T}^{n} and prove its finite time blowup by differential
inequalities. Our argument clarifies how the blowup phenomena occur by ODE
mechanism on the basis of monotonicity. Moreover, a clear picture is given on how
necessary conditions on the Cauchy data come into play in the proof of blowup in
a rather general framework. Furthermore, an explicit and optimal upperbound of
the lifespan of solution is naturally introduced in our argument.

The main result is this section is the following:

Theorem 1. Let  u\in C([0, T_{m}) ; (H^{2}\cap L^{p})(\Gamma^{n}))\cap C{\imath}  ([0, T_{m}) ; L^{2}(\Gamma^{n})) be the

maximal solution of (NLS) with  u_{0}=u(0)\in H^{2}(\Gamma^{n})\backslash \{0\} . Assume that :

 {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})\leq 0  or  {\rm Re}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})\neq 0 . (A1)

Then,   T_{m}<+\infty . Moreover:

(1) If  {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})<0 , then  T_{m} is estimated as

 T_{m} \leq\frac{(2\pi)^{n(p-1)}}{(p-{\imath})|\lambda|}|{\rm Im}
(\frac{\overline{\lambda}}{|\lambda|}\int_{\Gamma^{n}}u_{0})|^{1-p} (2.1)

(2) If  {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})=0 , then there exists  t_{0}\in(0, T_{m}) such that  {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u(t_{0}))<0
and  T_{m} is estimated as

 T_{m} \leq t_{0}+\frac{(2\pi)^{n(p-1)}}{(p-1)|\lambda|}|{\rm Im}
(\frac{\overline{\lambda}}{|\lambda|}\int_{\Gamma^{n}}u(t_{0}))|^{{\imath}-p} (2.2)

(3) If  {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})>0 and  {\rm Re}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})\neq 0 , then  T_{m} is estimated as

 T_{m} \leq\frac{(2\pi)^{n(p-{\imath})}}{(p-1)|\lambda|}  ( ı  + 4  ( \frac{{\rm Im}(\overline{\lambda}\int_{\Gamma^{n}}u_{0})}{{\rm Re}(\overline{
\lambda}\int_{\Gamma^{n}}u_{0})})^{2})^{p/2}|{\rm Im}(\frac{\overline{\lambda}}
{|\lambda|}\int_{\Gamma^{n}}u_{0})|^{{\imath}-p} (2.3)

Proof of Theorem 1. First, we prove that   T_{7n}<+\infty , provided that there exists
 \alpha\in \mathbb{C}\backslash \{0\} such that

 {\rm Re}( \alpha\lambda)>0\geq{\rm Im}(\alpha\int_{\Gamma^{n}}u_{0}) . (2.4)

For that purpose, we assume   T_{m}=+\infty and derive a contradiction. We define

 M(t)=-{\rm Im}( \alpha\int_{\Gamma^{n}}u(t)) , t\geq 0.
Then

 M(0)=-{\rm Im}( \alpha\int_{\Gamma^{n}}u_{0})\geq 0 . (2.5)

Differentiating  M in  t and using (NLS), we have

 M'(t)=-{\rm Im}( \alpha\int_{\Gamma^{n}}\partial_{t}u)
 ={\rm Re}( \alpha\int_{\Gamma^{n}}i\partial_{t}u)
 ={\rm Re}( \alpha\int_{\Gamma^{n}}(-\triangle u+\lambda|u|^{p}))={\rm Re}
(\alpha\lambda)\Vert u(t)\Vert_{p}^{p} , (2.6)
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where we have used

  \int_{\Gamma^{n}}\triangle u(t)=-\sum_{k\in \mathbb{Z}^{n}}|k|^{2}\hat{u}(t, 
k)\int_{\Gamma^{n}}e^{ik\cdot x}=-\sum_{k\in \mathbb{Z}^{n}}|k|^{2}\hat{u}(t, k)
\delta_{0k}=0
with Kronecker’s delta  \delta_{jk} in  \mathbb{Z}^{n} . By (2.5) and (2.6),  M(t) is nonnegative for all
 t\geq 0 . By the Hölder inequality,  M(t) is bounded by

 0 \leq M(t)\leq|a|\int_{\Gamma^{n}}|u(t)|\leq|\alpha|(2\pi)^{n(p-1)/p}\Vert 
u(t)\Vert_{p} . (2.7)

By (2.6) and (2.7), we have

 M'(t)\geq{\rm Re}(\alpha\lambda)|\alpha|^{-p}(2\pi)^{n(1-p)}M(t)^{p} . (2.8)

We now distinguish two cases: (i)  M(0)>0 . (ii)  M(0)=0.

(i) If  M(0)>0 , then by (2.6),  M(t) is strictly positive for all  t\geq 0 and (2.8) implies

  \frac{d}{dt}(M(t)^{1-p})=-(p-1)M(t)^{-p}M'(t)
 \leq-(p-1){\rm Re}(\alpha\lambda)|\alpha|^{-\prime}(2\pi)^{n(1-p)} , (2.9)

which in turn implies

 M(t)\geq(M(0)^{{\imath}-p}-(p-1){\rm Re}(\alpha\lambda)|\alpha|^{-p}(2\pi)^{n(1
-p)}t)^{-1/(p-1)} (2.10)

for all  t\geq 0 . This is a contradiction to   T_{m}=+\infty since  M(t) tends to infinity in a
finite time.

(ii) Let  M(0)=0 . We prove that there exists  t_{0}>0 such that  M(t_{0})>0.
Otherwise,  M(t) vanishes identically and so does  M'(t) . By (2.6), this shows that
 \Vert u(t)\Vert_{p}=0 for all  t\geq 0 . In particular,  u_{0}=0 , which is a contradiction.

Again by (2.6),  M(t) is strictly positive for all  t\geq t_{0} and (2.9) holds on  [t_{0}, \infty ).
Integrating (2.9) on  [t_{0}, t] , we obtain

 M(t)\geq(M(t_{0})^{1-p} —(p—ı)Re(  \alpha\lambda )l  \alpha l  (2\pi)^{n(1-p)}(t-t_{0}))^{-{\imath}/(p-1)} (2.11)
for all  t\geq t_{0} . This is a contradiction to   T_{m}=+\infty as above.

(1) If  {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})<0 , we set  \alpha=\overline{\lambda} . Then (2.4) holds and  M(0)>0 . Moreover,
(2.1) follows from (2.10).
(2) If  {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})=0 , we set  \alpha=\overline{\lambda} . Then (2.4) holds and  M(0)=0 . Moreover,
(2.2) follows from (2.11).
(3) If  {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})>0 and  {\rm Re}( \overline{A}\int_{\Gamma^{n}}u_{0})\neq 0 , we set  \alpha=\overline{\lambda}(1-ia) with

 a=2 \frac{{\rm Im}(\overline{\lambda}\int_{\Gamma^{n}}u_{0})}{{\rm Re}
(\overline{\lambda}\int_{\Gamma^{n}}u_{0})}.
Then,  {\rm Re}(\alpha\lambda)=|\lambda|^{2}{\rm Re}(1-ia)=|\lambda|^{2}>0 and

 M(0)=-{\rm Im}( \overline{\lambda}(1-ia)\int_{\Gamma^{n}}u_{0})
 =-{\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})+a{\rm Re}
(\overline{\lambda}\int_{\Gamma^{n}}u_{0})={\rm Im}(\overline{\lambda}
\int_{\Gamma^{n}}u_{0}) .

Therefore, (2.4) holds and  M(0)>0 . Moreover, (2.3) follows from (2.10) since
 |\alpha|^{2}=|\lambda|^{2}(1+a^{2}) .

 \square 
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Remark 1. The condition (A1) is optimal in the sense that there exist global
solutions if (A1) fails. For instance, let  c\in \mathbb{C}\backslash \{0\} satisfy  c=i \frac{\lambda}{|\lambda|}|c| . Then

 u(t, x)=c(1+(p-1)|\lambda||c|^{p-1}t)^{-1/(p-1)}
is a global solution with  u_{0}(x)=c . In this case,

 {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})=(2\pi)^{n}{\rm Im}
(\overline{\lambda}c)=(2\pi)^{n}|\lambda||c|>0,
 {\rm Re}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})=(2\pi)^{n}{\rm Re}
(\overline{A}c)=(2\pi)^{n}{\rm Re}(i|\lambda||c|)=0.

Remark 2. The lifespan estimate (2.1) is optimal. Let  c\in \mathbb{C}\backslash \{0\} satisfy  c=

 -i \frac{\lambda}{|\lambda|}|c| . Then

 u(t, x)=c(1-(p-1)|\lambda||c|^{p-1}t)^{-1/(p-1)}
is a blowup solution with  u_{0}(x)=c . The blowup time is given by

 T= \frac{1}{(p-1)|\lambda||c|p-1}=\frac{1}{(p-1)|\lambda|}|{\rm Im}
(\frac{\overline{\lambda}}{|\lambda|}c)|^{1-p}
 = \frac{(2\pi)^{n(p-1)}}{(p-1)|\lambda|}|{\rm Im}(\frac{\overline{\lambda}}
{|\lambda|}\int_{\Gamma^{n}}u_{0})|^{1-p}

which is exactly the same as the right hand of (2.1). In this case,

 {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})=-(2\pi)^{n}|\lambda||c|<0,
 {\rm Re}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})=0.

A characterization of (A1) is shown to be given by (2.4). In fact, we have the
following proposition.

Proposition 1. Let  \lambda\in \mathbb{C}\backslash \{0\} and let  u_{0}\in L^{1}(\Gamma^{n}) . Then the following statements
are equivalent.

(A 1)  {\rm Im}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})\leq 0 or  {\rm Re}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})\neq 0.
(A2) There exists  a\in \mathbb{R} such that  a{\rm Re}( \overline{\lambda}\int_{\Gamma^{n}}u_{0})\leq-{\rm Im}
(\overline{\lambda}\int_{\Gamma^{n}}u_{0}) .

(A3) There exists  \alpha\in \mathbb{C} such that  {\rm Re}( \alpha\lambda)>0\geq{\rm Im}(\alpha\int_{\Gamma^{n}}u_{0}) .

Proposition 1 is reduced to the following elementary proposition.

Proposition 2. Let  \lambda\in \mathbb{C}\backslash \{0\} and let  \mu\in \mathbb{C} . Then the following statements are
equivalent.

(i)  {\rm Im}(\overline{\lambda}\mu)\leq 0 or  {\rm Re}(\overline{\lambda}_{l^{L})}\neq 0.
(ii) There exists  a\in \mathbb{R} such that  a{\rm Re}(\overline{\lambda}\mu)\leq-{\rm Im}(\overline{\lambda}\mu) .
(iii) There exists  \alpha\in \mathbb{C} such that  {\rm Re}(\alpha\lambda)>0\geq{\rm Im}(\alpha\mu) .

Remark 3.  (A\theta) is regarded as a special case of (A3). Indeed, if  \alpha={\rm Re}\lambda\neq 0,
then (A 3) becomes

 ({\rm Re} \lambda)^{2}>0\geq({\rm Re}\lambda){\rm Im}\int_{\Gamma^{n}}u_{0}
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and if  \alpha=-i{\rm Im}\lambda\neq 0 , then (A3) becomes

 ({\rm Im} \lambda)^{2}>0\geq-({\rm Im}\lambda){\rm Re}\int_{\Gamma^{n}}u_{0}.
(A1) is recovered by a specific choice of  \alpha in (A3). Indeed, if  \alpha=\overline{\lambda} , then (A3)
becomes

 | \lambda|^{2}>0\geq{\rm Im}(\overline{\lambda}\int_{\Gamma^{n}}u_{0})
and if  \alpha=\pm\overline{\int_{\Gamma^{n}}u_{0}} , then (A3) becomes

  \pm{\rm Re}(\overline{\lambda}\int_{\Gamma^{n}}u_{0})>0={\rm Im}(\pm\overline{
\int_{\Gamma^{n}}u_{0}}\int_{\Gamma^{n}}u_{0}) .

Proof of Proposition 2. (i)  \Rightarrow (ii): If  {\rm Im}(\overline{\lambda}\mu)\geq 0 , then we take  a=0 . If
 {\rm Im}(\overline{\lambda}\mu)<0 , then (i) implies  {\rm Re}(\overline{A}\mu)\neq 0 and we take

 a=-({\rm Im}(\overline{\lambda}\mu)+1){\rm Re}(\overline{\lambda}\mu)/|{\rm Re}
(\overline{A}\mu)|^{2},

which yields

 a{\rm Re}(\overline{\lambda}\mu)=-({\rm Im}(\overline{\lambda}\mu)+1)<-{\rm Im}
(\overline{\lambda}\mu) .

(ii)  \Rightarrow (iii): Let  \alpha=(1+ia)\overline{\lambda} . Then

 {\rm Re}(\alpha\lambda)=|\lambda|^{2}>0
and

 {\rm Im}(\alpha\mu)={\rm Im}(\overline{\lambda}\mu)+a{\rm Re}(\overline{A}\mu)
\leq 0.

(iii)  \Rightarrow(i) : Assume that  {\rm Im}(\overline{\lambda}\mu)>0 and  {\rm Re}(\overline{A}\mu)=0 . Then for any  \alpha\in \mathbb{C},

 {\rm Im}( \alpha\mu)={\rm Im}(\frac{\alpha\lambda}{|\lambda|^{2}}\cdot\overline
{\lambda}\mu)=\frac{1}{|\lambda|^{2}}{\rm Re}(\alpha\lambda)\cdot{\rm Im}
(\overline{\lambda}\mu) .

If  {\rm Im}(\alpha\mu)=0 , then  {\rm Re}(\alpha\lambda)=0 , which contradicts (iii). If  {\rm Im}(\alpha\mu)\neq 0 , then
 {\rm Im}(\alpha\mu) and  {\rm Re}(\alpha\lambda) have the same sign, which is also a contradiction to (iii).  \square 

3. DERIVATIVE NLS

In this section, we study (DNLS) in  [0, T )  \cross\Gamma with  T>0 and  p>1 . The
original derivative nonlinear Schrödinger equation takes the form

 i\partial_{t}u+\partial^{2}u=\pm i\partial(|u|^{2}u) ,

namely, (DNLS) with  {\rm Re}\lambda=0 and  p=3 . There is a large literature on the Cauchy
problem for (DNLS). We refer the reader to [3, 6, 7, 8, 9, 10, 11, 12, 15, 18, 19] for
instance. The blowup problem for DNLS is still open, however (see [2, 16, 17] for
related results).

In this section, we consider the maximal solution

 u\in C([0, T_{m});H^{2}(\Gamma))\cap C^{1}([0, T_{m});L^{2}(\Gamma))

with Cauchy data  u_{0}=u(0)\in H^{2}(\Gamma)\backslash \{0\} . The periodic boundary condition is
explicitly given by

 u(t, 0)=u(t, 2\pi) , \partial_{t}u(t, 0)=\partial_{t}u(t, 2\pi) (3.1)
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for all  t\in[0, T_{m} ). We note that constants are global solutions to (DNLS). To study
blowup problem for (DNLS), we impose the following renormalization excluding
constant solutions:

  \int_{0}^{2\pi}u_{0}=0 . (3.2)

The renormalization condition is shown to be preserved in time. Indeed, by (3.1)
and (3.2), we have

  \int_{0}^{2\pi}u(t)=\int_{0}^{2\pi}(u_{0}+\int_{0}^{t}\partial_{s}u(s)ds)
 =-i \int_{0}^{t}(\int_{0}^{2\pi}i\partial_{s}u(s))ds
 =-i \int_{0}^{t}(\int_{0}^{2\pi}\partial(-\partial u+\lambda|u|^{p-{\imath}}u)
(s))ds=0 (3.3)

for all  t\in[0, T_{7n} ).
We introduce the positive and negative momentum of integrated wavefunctions

by

 M \pm(t)=\pm{\rm Im}\int_{0}^{2\pi}u(t)(\int_{0}\overline{u(t)})
 = \pm{\rm Im}\int_{0}^{2\pi}u(t, x)(\int_{0}^{x}\overline{u(t,y)}dy)dx.

The main result in this section is the following:

Theorem 2. Let  u\in C([0, T_{m});H^{2}(\Gamma))\cap C{\imath}  ([0, T_{7n});L^{2}(\Gamma)) be the maximal solu‐

tion of (DNLS) with  u_{0}=u(0)\in H^{2}(\Gamma)\backslash \{0\} . Assume:
 e Sign condition  I:  {\rm Re}\lambda\neq 0.

 \bullet Sign condition  E:  ({\rm Re} \lambda){\rm Im}\int_{0}^{2\pi}u_{0}(x)(\int_{0}^{x}\overline{u_{0}
(y)}dy)dx\geq 0.
 e Renormalization condition:   \int_{0}^{2\pi}u_{0}(x)dx=0.

Then,   T_{m}<+\infty . Moreover:
(1) If  M\pm(0)>0 , then  T_{m} is estimated as

 T_{m} \leq\frac{2^{p-1}\pi^{p}}{(p-1)|{\rm Re}\lambda|}M\pm(0)^{\frac{1-p}{2}} (3.4)

(2) If  M\pm(0)=0 , then there exists  t_{0}\in(0, T_{7n}) such that  M\pm(t_{0})>0 and  T_{m} is
estimated as

 T_{m} \leq t_{0}+\frac{2^{p-1}\pi^{p}}{(p-1)|{\rm Re}\lambda|}M\pm(t_{0})
^{\underline{1}-A}2 (3.5)

Remark 4. The original derivative NLS does not satisfy sign condition  I.

Remark 5. Sign condition II is understood to assume that

 M_{+}(0)\geq 0 if  {\rm Re}\lambda>0

and that

 M_{-}(0)\leq 0 if  {\rm Re}\lambda<0.
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Proof of Theorem 2. Let  \lambda satisfy  {\rm Re}\lambda>0 [respectively,  {\rm Re}\lambda<0 ] and let  u_{0} satisfy
 M_{+}(0)\geq 0 [respectively,  M_{-}(0)\leq 0]. We denote both cases by  \pm{\rm Re}\lambda>0 and
 \pm M\pm(0)\geq 0 . We assume   T_{m}=+\infty and derive a contradiction. Differentiating
  M\pm in  t and using (DNLS), (3.1), (3.3), and integration by parts, we have

 M_{\pm}'(t)= \pm{\rm Im}[\int_{0}^{2\pi}\partial_{t}u(\int_{0}\overline{u})+
\int_{0}^{2\pi}u(\int_{0}\overline{\partial_{t}u})]
 = \pm{\rm Re}[-\int_{0}^{2\pi}i\partial_{t}u(\int_{0}\overline{u})+\int_{0}
^{2\pi}u(\int_{0}\overline{i\partial_{t}u})]
 = \pm{\rm Re}[-\int_{0}^{2\pi}(-\partial(\partial u-\lambda|u|^{p-{\imath}}u))(
\int_{0}.\overline{u})+\int_{0}^{2\pi}u(\int_{0}. \partial(-\overline{\partial 
u}+\lambda|u|^{p-1}\overline{u}))]
 = \pm{\rm Re}[-\int_{0}^{2\pi}(\partial u-\lambda|u|^{p-1}u)\overline{u}+
\int_{0}^{2\pi}u(-\overline{\partial u}+\lambda|u|^{p-1}\overline{u})]
 = \pm 2{\rm Re}\lambda\int_{0}^{2\pi}|u|^{p+1}\geq 0 . (3.6)

By (3.6) and the sign condition I,  M\pm(t) are nonnegative for all  t\geq 0 . By the
Hölder inequality,  M\pm(t) are bounded by

 0 \leq M\pm(t)\leq\int_{0}^{2\pi}|u(t, x)|(\int_{0}^{x}|u(t, y)|dy)dx
 = \frac{1}{2}\int_{0}^{2\pi}\frac{d}{dx}(\int_{0}^{x}|u(t, y)|dy)^{2}dx
 = \frac{1}{2}(\int_{0}^{2\pi}|u(t, y)|dy)^{2}
  \leq\frac{1}{2}((2\pi)^{\frac{p}{p+1}}\Vert u(t)\Vert_{p+1})^{2} (3.7)

By (3.6) and (3.7), we obtain

 0\leq M\pm(t)^{\frac{p+1}{2}}\leq 2^{\mapsto-1}2\pi^{p}\Vert u(t)\Vert_{p+1}^{p
+1}

 =2^{\frac{p-1}{2}} \pi^{p}\cdot\frac{1}{2|{\rm Re}\lambda|}M_{\pm}'(t) . (3.8)

We now distinguish two cases: (1)  M_{\pm}(0)>0 . (2)  M\pm(0)=0.
(1) If  M\pm(0)>0 , then by (3.6),  M\pm(t) are strictly positive for all  t\geq 0 and (3.8)
implies

  \frac{d}{dt}(M\pm(t)^{-\frac{p-1}{2}})=-\frac{p-}{2}
ı

 M\pm(t)^{-\frac{p+1}{2}M_{\pm}'}(t)

  \leq-\frac{p-1}{2}\frac{2|{\rm Re}\lambda|}{2^{\frac{p-1}{2}}\pi^{p}}=-
\frac{1}{c_{0}} , (3.9)

where

 c_{0}= \frac{2^{\frac{p-1}{2}}\pi^{p}}{(p-1)|{\rm Re}\lambda|}.
Integrating both hand sides of (3.9), we have

 M_{\pm}(t)^{-\frac{p-1}{2}}-M_{\pm}(0)^{-\frac{p-1}{2}} \leq-\frac{{\imath}}{c_
{0}}t,
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which are equivalent to

 M \pm(t)\geq(M\pm(0)^{-\frac{p-1}{2}}-\frac{1}{c_{0}}t)^{-\frac{2}{p-1}} (3.10)

for all  t\geq 0 . This is a contradiction to   T_{m}=+\infty since  M\pm(t) tend to infinity in a
finite time. Moreover, (3.4) follows from (3.ı0) which holds for all  t\in[0, T_{7r\iota} ).

(2) Let  M\pm(0)=0 . For definiteness, we consider  M+ only. The other case may
be treated similarly. We prove that there exists  t_{0}>0 such that  M_{+}(t_{0})>0.
Otherwise,  M_{+}(t) vanishes identically and so does  M_{+}'(t) . By (3.6), this shows
that  \Vert u(t)\Vert_{p+{\imath}}=0 for all  t\geq 0 . In particular,  u_{0}=0 , which is a contradiction.

Again by (3.6),  M+(t) is strictly positive for all  t\geq t_{0} . Integrating (3.9) on
 [t_{0}, t] , we obtain

 M_{+}(t) \geq(M_{+}(t_{0})^{-\frac{p-1}{2}}-\frac{1}{c_{0}}(t-t_{0}))^{-
\frac{2}{p-1}} (3.11)

for all  t\geq t_{0} . This is a contradiction to   T_{m}=+\infty as above. Moreover, (3.5) follows
from (3.11) which holds for all  t\in[0, T_{m} ).  \square 

Remark 6. The sign condition II is optimal in the sense that there exist global
solutions if it fails. For any  \lambda\in \mathbb{R} with  \mp\lambda>0 and any  c\in \mathbb{C}\backslash \{0\} , functions
 u^{\pm} :  [0, \infty)\cross\Gammaarrow \mathbb{C} given by

 u^{\pm}(t, x)=ce^{-it\pm ix}(1\mp\lambda(p-1)|c|^{p-}{\imath} t)^{-1/(p-1)}
are global solutions to (DNLS) with  u^{\pm}(0, x)=ce^{\pm ix} In this case,

  \int_{0}^{2\pi}u^{\pm}(0, x)dx=0
and  M_{\pm}(0)=2\pi|c|^{2} , so  that\pm\lambda M\pm(0)<0 , violating sign condition  E.

Remark 7.  Let\pm\lambda>0 and let  c\in \mathbb{C}\backslash \{0\} . Functions   u\pm :  [0, T_{m} )  \cross\Gammaarrow \mathbb{C} given
 by

 u_{\pm}(t, x)=ce^{-it\pm ix}(1- \frac{t}{T_{m}})^{-1/(p-1)}
are solutions to (DNLS) if and only if

 T_{\gamma n}= \frac{1}{(p-1)|\lambda||c|p-{\imath}}.
The upperbound given by the right hand side of (3.4) is greater than  T_{m} since

  \frac{2^{L_{2}^{-\underline{1}}}\pi^{p}}{(p-1)|{\rm Re}\lambda|}M\pm(0)^{\frac
{1-}{2}2}=\frac{\pi^{\varepsilon_{\frac{+1}{2}}}}{(p-1)|{\rm Re}\lambda||c|p-1}.
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