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THE GINZBURG-LANDAU MODEL WITH A VANISHING EXTERIOR
MAGNETIC FIELD

BERNARD HELFFER AND AYMAN KACHMAR

ABsTRACT. This is a survey on various results on the Ginzburg-Landau functional with an
exterior magnetic field changing sign along a smooth curve. This affects the distribution of bulk
superconductivity in the large Ginzburg-Landau parameter regime. Furthermore, it features a
concentration of the minimizing order parameter on the magnetic zero set.

1. THE GINZBURG-LANDAU MODEL

1.1. Physical background. Superconductors enjoy the property of loosing electrical resistance
when cooled below a critical temperature. At the same time, when placed in an applied magnetic
field (whose intensity is not too large), they repel the applied magnetic field. In 1950, Ginzburg
and Landau proposed their phenomenological model on superconductors placed in an applied
magnetic field. This theory allows for the classification of superconductors into two classes, Type I
and Type II materials, based on their response to the applied magnetic field. Type I materials
may have two states, the pure superconducting (Meissner state) or the pure normal state. Type II
materials may have one more state, the mixed state where normal and superconducting regions
coexist in the sample.

We will describe the Ginzburg-Landau model for a superconducting sample having the fol-
lowing typical geometry: A long cylinder with a vertical axis and a horizontal cross section
Q C R?, placed in a vertical applied magnetic field (the magnetic field can be homogeneous
or non-homogeneous). A characteristic scale of the sample is the Ginzburg-Landau parameter,
k > 0. For high temperature type Il materials, this parameter is very large compared to the
sample’s size, so we will focus on the extreme asymptotic regime K — +o00.

The applied magnetic field is of the form H Byé, where & = (0,0,1), By : @ — R is a given
function (the profile of the magnetic field) and H > 0 is a parameter measuring the intensity of
the magnetic field.

We assume that the sample’s cross section 2 is open, bounded, simply connected and with a
smooth boundary. For a given (k, H), the state of the material is described by the configuration
(¥, A)x.H, where ¥ : @ — C is the (complex-valued) order parameter and the vector field
A : Q — R? is the magnetic potential. At equilibrium, this configuration has to minimize the
Ginzburg-Landau free energy, given in non-dimensional form as follows,

Ex () A) = /ﬂ ex 111, A) da (L1)
where
2
et (0, A) = |(V — ik HA)W[? — s2|y|? + %W + (kH)?| curl A — Bo|?

is the Ginzburg-Landau energy density. We sometimes omit in the notation the dependence on
(k, H) for the energy and write £(¢, A) for simplicity.
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The configuration (1, A) is a solution of the following Ginzburg-Landau equations (v is the
unit inward normal on the boundary)

—(V—ikHA) Y =r2(1- [p2)y inf,
—Vl(curlA = Bo) = (nH)_llm(J (V- i"HA)'/)) in 2, (1.2)
v-(V—icHA)Y =0 on 092,
curlA = By on 0N,

and it is interpreted as follows: |¢)|?> measures the density of superconducting electrons; curl A
measures the induced magnetic field in the sample; and j = Im (w (V- inHA)z[)) measures the
induced electric (super)-current. The order parameter v satisfies the celebrated universal bound

(see [13, Prop. 10.3.1])
[¥lloo < 1. (1.3)
Then we can describe the various states of the sample as follows:

e The pure superconducting state: [¢)| > 0 everywhere.
e The pure normal state: 1» =0 and curl A = By
e The mixed state: || # 0 and curl A # 0.

1.2. The constant magnetic field case. In the case of a homogeneous applied magnetic
field (which correponds simply to taking By = 1 in (1.1)) there exists a huge mathematical
literature devoted to the analysis of the Ginzburg-Landau functional in (1.1). We refer to the
two monographs [13] and [31] and the references therein. In the asymptotic regime x — +oo,
the existing results distinguish between three phase transitions related to three threshold values
of the applied magnetic field (these are the critical fields H¢,, He, and Hg,). These phase
transitions can be described as follows (in terms of the variations of the parameter H measuring
the intensity of the applied magnetic field) :

For H < Hc,, the sample is in the pure superconducting states ;

For Hg, < H < Hg, the sample is in the mixed state ;

For Hg, < H < Hg,, the bulk of the sample is in the normal state, while the surface of
the sample is in the superconducting state ;

e For H > Hc,, the sample is in the pure normal state (i.e. ) =0 and curl A = 0).

The foregoing discussion of the phase transitions can be seen through the variations of the
following ground state energy with respect to the parameter H (as k — +00)

Eg(k, H) = inf{€(¢, A) : (¥, A) € H(Q;C) x H(Q;R?)}, (1.4)

where £(1), A) is the energy introduced in (1.1).

The regime Hg, < H < Hg, is of particular interest because the mixed state is associated
with a lattice structure in the following sense (this happens when H is very close to Hc,). The
function ¢ measuring the density of superconductivity is evenly distributed in the sample with
isolated zeros arranged along a lattice (these zeros are called vortices). That has been discovered
by Abrikosov in [1]. Many mathematical contributions are devoted to the proof of this property
[2, 3, 16, 23, 29|, which is still a celebrated open problem in this field.

1.3. The non-degenerately vanishing magnetic field case. In this survey, we will focus on
the situation where the applied magnetic field is allowed to vanish along a smooth curve. That
is, we assume that the function By (appearing in (1.1)) satisfies the following assumptions:

|Bo| +|VBo| >0 in(; (1.5)

I'={zx€Q : By(x) =0} consists of a finite number of simple smooth curves (1.6)
I'NoN is a finite set; (1.7)

I intersects 02 transversally . (1.8)
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Our assumptions in (1.5)-(1.8) force the function By to change sign. In physical terms, the set
I" splits the domain € into two parts 0 = {By(z) > 0} and Q2 = {By(x) < 0} such that the
magnetic field applied on € is along the opposite direction of the magnetic field applied on Q.
The assumptions in (1.5)-(1.8) on the function By are discussed in various contexts involving
magnetic fields:
e The spectral analysis of the magnetic Schrodinger operator [11, 18, 22, 26];
e The time-dependent Ginzburg-Landau equations with an applied electric currents [4, 5];
e Superconducting surfaces placed in a constant magnetic field [9].
Many papers are devoted to the analysis of the Ginzburg-Landau functional in (1.1) with the
magnetic field satisfying the assumptions in (1.5)-(1.8); see [6, 7, 8, 19, 20, 21, 25, 28|. We will
review these results in the next sections. Compared with the existing results on the constant
magnetic field case (Byg = 1), we record the following features:
e When the mixed state exists, the order parameter is no more evenly distributed in the
domain Q2 and (vortex) lattices do not show up.
e Superconductivity persists up to magnetic fields of order 2, much more than for samples
placed in a uniform magnetic field.
e There exists a regime where the order parameter concentrates on the magnetic zero set
I', which is the analogue of the surface superconductivity regime for samples placed in a
uniform magnetic field.

2. THE BREAKDOWN OF SUPERCONDUCTIVITY

In the constant magnetic field case (i.e. Bgp = 1 in (1.1)), Giorgi-Phillips [12] prove that for
sufficiently large values of H, the only critical points of (1.1) are the pure normal states, i.e.
1 = 0 and curlA = By. The same result holds in the case of a non-degenerately vanishing
magnetic field (i.e. By satisfying (1.5)-(1.8)). We will present this result here.

2.1. Auxiliary operators.

2.1.1. The Montgomery operator. We will introduce the constant A\g > 0 in (2.2) below. This is
the ground state energy of the following self-adjoint operator in L?(R?),

a2\?
P== (8,1 = 172) - 82,; (2.1)
that is
Ao = info(P). (2.2)
We can compute the constant Ao using the family of Montgomery one-dimensional operators as
follows. For 7 € R, let A(7) be the ground state energy of the operator

2 2
P(r) = _dd_xg + (% -{—-7‘)2 in L2(R). (2.3)

Then, by separation of variables, A9 = inf;cg A(7). By [17], there exists a unique 79 < 0 such
that

Ao = A7), (2.4)
and this minimum is non degenerate.

2.1.2. The half-plane operator. Here we will consider the analogue of the operator in (2.1) in the
half-plane R? = {(z1,22) € R? : x5 > 0}. For # € [0,7/2], define the magnetic potential

2
Ay(x) = —|—?2|—(c039, sinf) (z = (z1,22)),
which generates the following magnetic field

curl Ag(z) = g cosf — x1sin b,
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which vanishes along the line xgcosf = z1sinfl. Note that # is the angle between the line
{curl Ay = 0} and the boundary of R%.
We introduce the following positive constant
¢(9) = info(L(8)), (2.5)
where £(6) is the self-adjoint operator in L?(R?%),
L(0) = —(V —iAg)?,

with Neumann boundary condition on OR% = {zy = 0}.

2.2. Extension of the Giorgi-Phillips theorem. The Giorgi-Phillips theorem is essentially
a consequence of bounds on the principal eigenvalue of the magnetic Schrédinger operator in the
domain 2 (see [13, Sec. 10.4]).

Let A be the unique vector field in €2 such that curl Ag = By, divAg = 0 and v - Ag = 0,
where v is the unit inward normal vector of 9§2. The function By satisfies the assumptions in
(1.5)-(1.8).

For b > 0, let A(b) be the ground state energy of the self-adjoint operator in L?(€2)

—(V —ibAg)?

with the Neumann boundary condition on 0.
Pan-Kwek [28] computed the leading order term of A(b) as b — +oo. The precise result is:

Theorem 2.1. If By satisfies (1.5)-(1.8), then
. )\(b) e 3/2 . . 3/2
i i = min (i, 9B _int, (00 9B ).
where

e \o is the constant in (2.2);
e I' is the magnetic zero set introduced in (1.6) ;
e O(x) is the acute angle between 02 and I at x .

As a consequence of Theorem 2.1 and standard a priori estimates of solutions of (1.2), Attar
[8, Thm. 8.5] obtains the following generalization of the Giorgi-Phillips theorem.

Theorem 2.2. Assume that By satisfies (1.5)-(1.8). There exists a constant C > 0 such that,
for all s > 0 and H > C max(x?,1), every solution (1, A)xu of (1.2) satisfies

Y»=0 and curl A= By.
With Theorem 2.2 in hand, we can define the critical field
He, (k) =sup{H >0 : if (¢, A). u is a solution of (1.2) then ¢ = 0& curl A = By}. (2.6)
Theorem 2.1 then yields the following asymptotics for the critical field [28, 8]

lim M = max (A;W sup |VBo(z)|™!, sup (g(o(z))*3/2|v30(z)|—1)> . @)
k=t+o0 K zel'NQ z€lNAN
Other reasonable definitions of the critical field He, (k) are discussed in {13, Ch. 13| and [8], all
of them satisfying the asymptotics in (2.7). Attar [8] discussed the equality between the various
definitions of Hg,, following the investigations by Fournais-Helffer on the same question in the
constant magnetic field case |13, Ch. 13].

3. REFERENCE ENERGIES

In the forthcoming Sections 4 and 5, we will present the asymptotics of the ground state energy
Egs(k, H) in (1.4) for various values of H when k — +o00. These asymptotics are displayed via
simplified quantities, the reference energies, which we present now.
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3.1. The bulk energy. We recall the construction of a celebrated function that describes the
energy of the Ginzburg-Landau model with constant magnetic field [2, 15, 32].
Forbe (0,00),7 >0, and Q, = (—7/2,7/2) x (—r/2,7/2), define the functional,

Frg,fu) = /Q <b|(V —ing)ul? — Jul? + %|u|4) dz, forue H'(Q,). (3.1)

Here, ag is the magnetic potential,

a0(z) = 5(~a2,m), (2 = (a1, ) € BY), (32)

which generates the constant unit magnetic field, curlag = 1.
Define the Dirichlet and Neumann ground state energies as follows

ep(b,r) = inf{Fyq,(v) : u€ Hi(Qr)}, (3.3)
en(b,r) = inf{Fyq (u) : ue H(Q,)}. (3.4)

It is known [7, 15, 32| that the following two limits exist and are equal

CD(bwr) — 1 eN(b’T)

m =
r—o0  |Qy r—00 |Qr| :

where |Q,| denotes the area of the square Q, (|Q,| = r?).
Thus, we define the function g(-) as follows (this is the bulk energy)
ep(b,r) . en(br)

Vb>0, g(b)=rli)r{.1o N =T11)n°1o o (3.5)

The function g(-) has the following properties. First, there exists a constant C such that, for all
r>1andb>0,

eD(b,T) \/_

\/B < eN(b: T') < g(b) + CTb ; (36)

g(b)—CT < <

Q- ~ Q]

see [7, 15]. Furthermore, the function g is continuous, monotone increasing and satisfies [15, 32]

g(0) = —% and g(b) =0 when b> 1. (3.7)

The asymptotic behavior of the function g(b) as b — 1_ was obtained in [2, 15|, namely the
following limit exists
g(b)
= E P .

ol (b—1)2 AP (3.8)
where Epy, € [—%, 0). However, an estimate of the remainder term in (3.8) is not available yet.
The constant Epp, is related to the work of Abrikosov [1], hence called the Abrikosov constant
[23]. It can be evaluated through a simplified energy defined on a lattice domain [2, 15].

Finally, we present the asymptotics of the function g(b) as b — 04,

1 1 il

1
o el =), .
g(b) 2+2bnb+o(bnb) (3.9)

This formula was proved in [24]. It provides a link between the works [31] and [32].

3.2. The magnetic zero line energy.
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3.2.1. Definition of the energy.

We now present a second reference energy, F(-), which involves a simplified Ginzburg-Landau
functional with a magnetic field vanishing along a line. We introduce the following magnetic
potential

F(z) = (— %%,0) : (a: = (z1,22) € ]RQ) . (3.10)

This magnetic potential generates the magnetic field curl F = x5 which vanishes along the line
29 = 0. For L > 0 and R > 0, we introduce the domain Sg = (=R, R) x R and the following
functional

-2/3
ELr(u) = / (;(v —iF)ul? = L7231 + LT|U|4) de, (3.11)
i SR
with the ground state energy
egs(L; R) = inf{€ r(uv) : (V —iF)u € L*(Sg), u € L*(Sg), and u = 0 on 8Sg}. (3.12)
The magnetic zero line energy E(-) is defined through the following theorem.

Theorem 3.1. ([19, Thm. 3.8|)
(1) For all L > 0, there exists E(L) < 0 such that

: egS(lGR)_
Am g D).

(2) The function (0,00) 3 L+ E(L) € (—oc,0] is continuous, monotone increasing and
E(L)=0 if and only if L > /\53/2,
where Ag is the eigenvalue introduced in (2.2).
(3) There ezists a constant C > 0 such that

L.
YR>2,VL>0, E(L)< % <E(L)+C (1 +L*2/3) o L
3.2.2. Relation with the bulk energy.
The asymptotic behavior of E(L) as L — 04 has been obtained in [20]; it is related to the bulk

energy g(-).

Theorem 3.2. ([20, Thm. 1.2])
Let E(-) be as in Theorem 8.1. It holds

1
E(L) = 2L‘4/3/ g(b)db+ o(L™%3) (L —0,),
0
where g(-) is the bulk energy introduced in (3.5).

3.2.3. Relation with a 1D functional.

The existing literature on the Ginzburg-Landau functional with a constant magnetic field [4, 10]
indicates a simpler approach to define the reference energy E(-) in Theorem 3.1. Namely, it
would be desirable to define it starting from a one-dimensional energy functional. The natural
candidate is defined as follows. For L > 0 and o € R, we introduce the energy functional
(compare with the 2D functional in (3.11))

o 2 2 -2/3
- [ (If’(t)|2 +(5+a) rop -2 s+ S !f(t)l4> at, (319

defined over configurations in the space
BY(R) = {f € H'(R;R) : t*f € L*(R)}.
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We introduce the ground state energy of the functional in (3.13)
b(a, L) = inf{E(f) : f e BYR)}. (3.14)

We anticipate a relationship between the reference energy E(-) in Theorem 3.1 and the following
one-dimensional energy
E'V(L) = inf b(a, L).
a€R

Conjecture 3.3. For all L € (0, /\53/2), E(L) = E'®(L).

A similar statement to Conjecture 3.3 has been conjectured in [27], but for the following
one-dimensional energy

PR = [ (1FOF + €+ 0P IO - UrOP + §ir0OF) &t (319

where an affirmative answer was given for particular regimes in the papers [4, 14], and eventually
for the full regime in [10].
Recently, inspired by the contribution of Almog-Helffer [4], Conjecture 3.3 was proved in [25]

when L is close to A, 32, Essentially, that is a consequence of the following asymptotics of the
energy E(L) as L / )\0_3/2.
Theorem 3.4. (|25, Thm. 1.1])

Let E(-) be the energy defined in (3.1). As L 2 A\y>/?, it holds

L2/3 (L—Q/B _ )\0)2
it R . W
7wl LToW)

where ug is the L*-normalized ground state of the Montgomery operator P(7y) introduced in (2.3)
and Ty is defined in (2.4).

E(L)=

Note that Theorem 3.4 is complementary to Theorems 3.2 and 3.1.

4. THE DISTRIBUTION OF BULK SUPERCONDUCTIVITY

In this section, we return to the analysis of the full Ginzburg-Landau functional in (1.1) and
its ground state energy Egs(k, H) in (1.4). We will present the results obtained by Attar [6, 7]
and the authors [21].

Recall that we work under the assumption that the function By appearing in (1.1) satisfies
(1.5)-(1.8). The presented results here are valid in the large k regime and when the parameter H
varies in the following manner. If 0 < A; < Ay are given constants and H = H(k) is a function
of k such that

V>0, Ak <H< Ak, (4.1)
then we have the following result on the ground state energy Eg(x, H).
Theorem 4.1. ([6, Thm. 1.1] and [7, Thm. 1.1])
If (4.1) holds, then the ground state energy in (1.4) satisfies
H H
Egs(s, H) = KZ/ g (—|B0(x)l> dr +o (Iﬂ?H ( ln—‘ + 1)) ,
Q K K
where g(-) is the bulk energy introduced in (3.5).
Remark 4.2.
(1) Under the additional assumption ¢k < H < Agk, Theorem 1.1 in [6] gives an explicit
(uniform with respect to H) estimate of the remainder term o (xH (|In £| + 1)), namely
it is of order k™ with 7 any constant in the interval (1,2). Even under the relaxed
assumption in (4.1), the remainder term in Theorem 4.1 above can be controlled uniformly
with respect to H.
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(2) Under the restricted condition A1x'/3 < H < o(k), the asymptotics in Theorem 4.1 reads
as follows (this is a consequence of the formula (3.6)):

K2 1 K

Furthermore, Attar proves that the minimizing order parameter ¢ has isolated zeros
filling up all the domain Q except the magnetic zero set I (see [7, Thm. 1.6]). This is a
generalization of the result by Sandier-Serfaty [30] devoted to the constant magnetic field
case, By = 1. However, the result of Sandier-Serfaty holds under the relaxed assumption
1—",{—” & H < k. The restrictive assumption in the non-constant magnetic field case seems
to be of technical nature (see [7, Rem. 1.2]).

(3) Since the function g(b) vanishes for b > 1, Theorem 4.1 indicates that superconductivity
is confined in the region {%Bg(z) < 1}. We will measure this confinement more precisely
in Theorem 4.3 below.

For all b > 0, let us introduce the following set
1
wbd)={z € : |Bo(z)| > E}
Note that w(b) # 0 if and only if b > [30_1, where

Bo = sup | Bo(z)| .
z€eQ
Theorem 4.3. ([21, Thm 1.3]) _

Given b > By Y and an open set O such that O C w(b), there exist positive constants ko and o
such that, if K > ko and (Y, A)k m is a solution of (1.2) for H = bk, then the following inequality
holds

¥l 0) < Ce™ % (4.3)

Since w(b) expands to Q\I" as b — +o0, Theorem 4.3 states that superconductivity is confined
near the magnetic zero set I' = {By(z) = 0} if the intensity of the applied magnetic field is
sufficiently large.

Note that Theorems 4.1 and 4.3 do not describe what happens on the boundary of the domain
Q. The reason is that the bulk function g(-) is not adequate for capturing the boundary contri-
butions. In order to understand the influence of the boundary, we need another surface energy,
introduced first by Pan [27], then elaborated by Almog-Helffer [4], Fournais-Helffer-Persson [14]
and Correggi-Rougerie [10]. All these contributions deal with the constant magnetic field case
(i.e. Bp=11in (1.1)). In the non-constant magnetic field case, we refer to [21, Thms. 1.5 & 1.6]
for results concerning surface superconductivity.

5. CONCENTRATION OF SUPERCONDUCTIVITY ON THE MAGNETIC ZERO SET

The results presented in Section 4, in particular Theorem 4.1, are valid when the parameter
measuring the intensity of the applied magnetic field satisfies H = O(k). However, in light of
Theorem 2.2, one should understand what happens for the minimizers of the Ginzburg-Landau
functional up to H of order O(k?). That has been the subject of the paper [19], whose main
result is now presented.

Coming back to the full Ginzburg-Landau functional in (1.1), we assume that the function
By satisfies (1.5)-(1.8). We assume that the parameter H in (1.1) depends on « in the following
manner

H =b(r)k, (5.1)
where b : Ry — R, is a function satisfying
lim b(k)=+oco and limsups™tb(k) < +00. (5.2)
K—+00

K—400
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Note that, with the new assumption on H, we cover a regime complementary to the one in (4.1).
In this regime, superconductivity is confined on the magnetic zero set I

Theorem 5.1. ([19, Thm. 6.3]) There ezist constants C > 0, mg > 0 and Ko > 0 such that, for
all & > ko and if (5.1) and (5.2) hold for H, then every solution (v, A)x u of the G-L equations
(1.2) satisfies

/exp <2m0£t(m)> (i?w —ikHAYW® + |1/)(m)|2) g 2 c/ ()2 dz,
o K K ()=o)

where t(z) = dist(z,T).

Remark 5.2. As a consequence of Theorem 5.1 and the uniform bound |[%] s < 1, we observe
that for all 0 € (0,1), the order parameter ¥ satisfies (for H = b(k)x and & sufficiently large)

lllL2r, 5 < exp (—mob(ﬁ)ﬁé) ;

where I'ys = {z € Q : dist(z,I') > b(k)~'*°}. This bound is the analogue of the one in
Theorem 4.3 (in the limiting case b = +00).

In light of Theorem 5.1, it is natural to understand the behavior of the minimizers of the
Ginzburg-Landau functional near the magnetic zero set I'. We do this by estimating the ground
state energy, Eqq(x, H) in (1.4).

In a first regime, the leading order term in the expression of Eg(x, H) is the same as the one
in Theorem 4.1 (it involves the bulk energy ¢(-) introduced in (3.5)).

Theorem 5.3. ([19, Thm. 1.1])
Assume that (5.1)-(5.2) hold with the additional condition limsup k~/2b(k) < 40c0. Then, as

K—r—+00
Kk — 400, the ground state energy in (1.4) satisfies

Bes(k, H) = ,8/99 (g|30(x)|> dx+o (g) . (5.3)

Remark 5.4. Note that the leading order term in (5.3) is of order x3/H, thanks to the fact
that g (£|By(z)|) vanishes for £|By(z)| > 1 and the assumption on the zero set of By in (1.5)-
(1.8). Consequently, we notice a difference between Theorems 4.1 and 5.3; the remainder term
in Theorem 4.1 is of order o(kH ), which is not negligible compared to the principal term.

In the second regime (complementary to Theorem 5.3), the bulk energy g(-) is not enough
to capture the leading order term in the expression of E4s(x, H), but we need in this case the
reference energy E(-) introduced in Theorem 3.1.

Theorem 5.5. (|19, Thm. 1.1])
Assume that (5.1)-(5.2) hold with the additional condition ET &~Y2b(k) = +00. Then, as
K o0

Kk — 400, the ground state energy in (1.4) satisfies

Egs(r, H) = K (/F <|v30(x)gg)l/3 E (|v30(1-)|g> ds(a:)) +o (%3) . (5.4)

where ds denotes the arc-length measure on T.

Remark 5.6. In light of Theorem 3.2, we can bridge the results in Theorems 5.3 and 5.5 and state
them in the single statement [20, Thm. 1.4] as follows. If (5.1)-(5.2) hold, then as k — +o0,

Eg(k, H) = & (/F (fVBg(z)|g—)l/3‘E (|VB0(1)|§> ds(m)) +o (%3) .
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Remark 5.7. Since F(L) vanishes for L > /\63/2 (see Theorem 3.1 and (2.2)), we see that the
principal term in (5.6) vanishes for H > H¢, (k) where

Hey(k) == Ay ¥ %cg k2 with co = min |V Bo(a)| .
TE

In [25, Thm. 1.5], the principal term of the ground state energy Eg(k,H) is computed as
H * Hg,(k) under a non-optimal assumption on the magnitude of the term Hg,(k) — H.
Essentially, that was a consequence of Theorem 3.4.

Remark 5.8. We refer to [19, Thm. 1.6] for results concerning the convergence of the minimizing
order parameter 1.
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