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A note on some martingale spaces
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1 Introduction

In this paper, we point out that a convexity inequality holds on martingale Morrey
spaces. To do this, we introduce a modification of the notion of Banach function
spaces. We show that martingale Morrey spaces are not necessarily Banach function
spaces, but the modified notion can be applied to martingale Morrey spaces. This

paper is an announcement of the author’s recent results [10].

2 B-Banach function space

In this section, we introduce the notion of B-Banach function spaces. It is a modifi-
cation of the notion of Banach function spaces in the sense of Bennett and Sharpley
[1].

Let (2, F,u) be a o-finite measure space. Let M™ be the set of all [0, cc]-
valued measurable functions on Q. We denote by L, the set of all complex valued
measurable functions on .

Let B = {B,} be a countable family of mutually disjoint measurable sets in 2.
We say B = {B,} is a measurable partition if x(B,) < oo for all n and |J,, B, = Q.

Definition 2.1. Let p : M* — [0,00]. Let B = {B,} be a measurable partition.

We say p is a B-function norm if
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(B.1) Foreacha >0, f,g € M", p(af) = ap(f), p(f +g) < p(f) + p(g). Moreover,
p(f) =0if and only if f =0 p-a.e.

(B.2) 1If g < f, then p(g) < p(f).

(B.3) It fu 1 f, then p(fn) T p(f):

(B.4) For each B € B, p(xg) < .

(B.5) For each B € B, there exists Cp € (0,00) such that
[ 1)) < Copls) (5 € M)

For a B-function norm p, define

X =A{f € Lo; p(|[f]) < o0}

and
[ fllx = p(IfD) (f € Lo).

By the same way as in [1], we see that || - ||x is a norm on X and (X, |- ||x) is a
Banach space. We call such X a B-Banach function space.

Remark 2.1. On R? Hakim and Sawano introduced the notion of Ball Banach

function spaces in [2]. Our definition is a measure theoretic version of it.

Below, we see that B-Banach function spaces satisfy the same fundamental

properties of Banach function spaces. We first introduce the norm associate to p.

Proposition 2.1. Let B = {B,} be a measurable partition. Let p be a B-function
norm. For p, we define p' : Mt — [0, 00| by

plo) = sup [ flu)gle) due).
p(HL1JQ
Then, p' is also a B-function norm.

The proof of Proposition 2.1 is obtained by a modification of the one in [1,
Theorem 2.2].

We say p’ defined above the associate norm of p. Further, let X' = {f €
Lo; /(| f]) < oo} and let || f|lx: = ¢'(|f]). We call X’ the associate space of X.
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Proposition 2.2. Let B = {B,} be a measurable partition. Let X be a B-Banach
function space and let X' be the associate space of X. Then, X" = X.

The proof of Proposition 2.2 is also obtained by a modification of the one in [1,
Theorem 2.7).
For a Banach space X, we denote by X* the dual space of X. The following

proposition is proved by a similar way in [1, Theorem 3.12]

Proposition 2.3. Let B = {B,} be a measurable partition. Let X be a B-Banach
function space. Let Xy be the closure of the set of all bounded functions in X

supported on finitely many B in B. Then, X, is a norm fundamental subspace of
(X")*, that is,

[fllx = sup
9EXs,|lgllx <1

/ f(w)g(w)dmm\.

We apply this framework to obtain a convexity inequality for martingales. To
explain this application, we introduce some notation.

Let (Q,F, P) be a probability space and let {F,},>0 be a nondecreasing se-
quence of sub-g-algebras of F such that F = o(|J, Fn). We suppose that every
o-algebra F, is generated by countable atoms, where B € F, is called an atom
(more precisely a (F,, P)-atom), if any A C B with A € F,, satisfies P(A) = P(B)
or P(A) = 0. Denote by A(F,) the set of all atoms in F,,. We also suppose that
(Q, F, P) is non-atomic.

The expectation operator is denoted by E. Let L, .. be the set of all measur-
able functions such that |f|Pxp is integrable for all B € A(F). If Fy = {Q, 0},
then L,oc = L,. An F,-measurable function g € Ly is called the conditional
expectation of f € Ly 0. relative to F, if

Elgxsxc) = E|fxBxc] forall Be A(Fy) and G € F,.

We denote by E,f the conditional expectation of f relative to F,. We say a
sequence (fn)n>0 in Lyjec is a martingale relative to {F,},>0 if it is adapted to
{Fn}tn>o and satisfies E,[f] = fn for every n < m.

For a martingale f = (f)n>0, define maximal functions by

Mypf = sup |fm], Mf=Sgl§|fn|-

0<m<n



For f € Lo, define sharp functions by
Mﬁf:SgIgEan_fn~1|] (f S L1,10C7f—1 :O)

Let X be a A(Fp)-Banach function space. Then, it is easy to see that X C
Ly joc- Hence, by considering f € X as a martingale by (E, f)n>0, we define M f =

SUp,>q |Enfl.
We now state our main result.

Theorem 2.4. Let X be a A(Fy)-Banach function space. Suppose that there exists
C > 0 such that

[Mfllx <Clflx  forall feX

and that
Ifllx < C|[IM*f|lx forall fe€X.

Then, there exists C' > 0 such that

Z E, h,

n>0

S

n>0

<
X

X

for all sequence (hy)n>0 of non-negative measurable functions.

The proof of Theorem 2.4 will be given in [10].

3 Application to martingale Morrey spaces.

In this section, we see that the notion of B-Banach function spaces can be applied
to martingale Morrey spaces. First, we explain notations.

We now recall the definition of martingale Morrey spaces.

Definition 3.1. Let p € [1,00) and A € (=00, 00). For f € Ly, let

i1 oo (L ypar)”
= Ssu ey —— )
Lo =500 S Bren (B S, )

and define
Lpx={f € Lpjoc : || fllL,, < o0}
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It is easy to see that L, are A(Fp)-Banach function spaces. However, mar-
tingale Morrey spaces are not necessarily Banach function spaces in the sense of

Bennett-Sharpley. We show this fact by giving an example.

Proposition 3.1. Let (Q, F,u) = ((0,1], £, m) be the Lebesgue space. Let A(Fy) =

{(ﬁi,%] c k> 1} and let A(F,) = {(m,é—%} ck>1,1 <1 <2} Let f =

Y orey kx(ﬁ—p%}‘ Then, f belongs to Ly 1 but does not belong to Ly. In particular,
Ly,_1 is not a Banach function space in the sense of Bennett-Sharpley.

To state our application, we recall two theorems. One is the boundedness of M

on martingale Morrey spaces.

Theorem 3.2 ([6, 7]). Let 1 < p < oo and A < 0. Then M is bounded from Ly
to itself.

The other is an inequality on sharp maximal functions. We say {F,}n>0 is

regular if there exists a constant R > 2 such that
(31) fn S an—l
holds for all nonnegative martingales (f,)n>0-

Theorem 3.3 ([8]). Assume that {Fp}n>0 is reqular. Let f € Ly joc. Let 1 < p < oo
and X\ < 0. If M*f € Ly, then f € L,y and

(3.2) 1]z, < CIMH S|, 4
where the constant C' is independent of f.
Now we state our application of Theorem 2.4 to martingale Morrey spaces.

Theorem 3.4. Assume that {Fn}n>o is regular and that lim sup P(B) = 0.
- "0 BEA(Fn)

Let p € (1,00) and —=1/p < X < 0. Then, there ezists C' > 0 such that

Z E,.h, Z o

n>0 n>0

<C
Lp,,\

Lp,A

for all sequence (hn)n>0 of non-negative measurable functions.
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