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ON LINEAR RELATIONS BETWEEN L-VALUES AND
ARITHMETIC FUNCTIONS

REN-HE SU

1. RESULTS FROM SIEGEL

Let F = Q(v/D) be a quadratic field with discriminant D > 0, ring
of integers o and different 0. For integer £ > 2 and B an ideal class of
F, we define the Eisenstein series

Exp(z) = —CaB (1-k Z ok-1,8(£0)q

geot
£-0

of weight k and level SLy(0), where z € h? and ¢¢ = exp(27v/—1Tx(£2)).
If we let

REp(T) = Ex (1, 7)
for 7 € b, then REy p € My (SL2(Z)). It is easy to see that

1 oo
REks(m) = 7G5(1 — k) + S D o0& | g7
n=1 geo!
£-0
Tr(§)=n
where ¢" = exp(2mv/—1n7). Thus by comparing the Fourier coeffi-
cients, we have the following results.

Theorem 1 (Siegel). If k = 2,4, then
B
G(l—k)=-=2 " or_15(6).

ceot
&0
Tr(§)=1

Corollary 1. We have

CF(—l):% Y. o (D;m2>

mEZ
m2<D
m?=D mod 4
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and

Cr(=3) = % >, o (D _4m2) :

meZ
m2<D
m?=D mod 4

Today, we want to use the same technique on the Hilbert forms of
half-integral weight.

2. MAIN RESULTS

Consider the same F as in the last section. Put

YD i D=1 mod 4,
w =
@ otherwise.

Then 0 = Z + wZ. For any two ideals b and ¢ of F such that bc C o,

" T[b,d = {(‘Z Z) € SLy(F)

and put I' = I'[0 1, 40].

a,deo,beb,cec}

Definition 1. For any z € b2, we put
()= ¢ (z€¥b’)
13
The factor of automorphy of weight 1/2 is given by

jv,2) = 90(222))

where y € .

Let £ > 0. A Hilbert modular form of parallel weight k + 1/2 and

level T is a holomorphic function f on h? which satisfies
Flvz) = (7,2 f(2)

for any v € I'. The space of all such forms is denoted by Mj1/2(I)
and the subspace consisting cusp forms in it is denoted by Sy /2(T).

Now suggest that the different d has a totally positive generator 6.
Put I'" = I'[o, 40]. A Hilbert modular form of parallel weight k + 1/2
and level I" is a function with the form

folz) = f(67'2)

where f € My;1/2("). It satisfies the automorphic condition

fo(vz) = jo(v, 2)** fo(2)
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where v € IV and j, comes from 6 as for j. The space of all such forms
and cusp forms are dentoed by M 11/2(I") and Sir1/2(17), respectively.
Note that the congruence subgroup I'g(4) C SLs(Z) can be embedded

a b

into I'" diagonally. One can show that if v = (c d) € I'y(4), we have

Jo (7, (r, 7)) = (7 + d)x—4(d)

where 7 € . Thus if we put

Rf(7) = fo (T, 7))
where f € Myy1/2(I') and 7 € b, then

Rf € Magy1(To(4), X—4)-
We write 4 in the form

8 = (a+ pw)VD

with o+ fBw > 0 a unit of norm —1. Then if f has the Fourier expansion

J(2)=> & (z€p?),

¢co

we can write down the Fourier expansion of R f explicitly as

o0

RO =D Y clattw)|q (reb).

n=0 (a,b)eZ?
aff—ba=n

If we apply the mapping R on 02, we get the following result.
Corollary 2. For m > 0 and number field K we set

TK,’HL(I) = # {(:Clax'b .. 7xm) € 0?

x§+---+xfn=:c} (z € K).
Then with the notations given above, we have

Z TEm(a 4+ bw) = rgam(n).

(a,b)ezZ?

afB—ba=n

From now let us consider the case for Kohnen plus space. The specific
spaces were first defined by Kohnen [3] in 1980 and generalized to the
case for Hilbert modular forms by Hiraga and Ikeda [2] in 2013. For
any £ € F, we denote by

(=0 mod4
if there exists A € o such that £ — \? € 4o.
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Definition 2. The Kohnen plus space is a subspace of Miey12(T) de-
fined as

My ()

{ (2) = Z ()¢ € Myy1/o(T) | c(€) = 0 unless (—1)*¢ =0 mod 4} :
€

Also we put S, ,(I) = My o(T) 0 Skyaye(T). Their images in

Myi1/2(I") under the isomorphism f v+ fo are denoted by ]\f,;:l/Q(F’)

and Sk+1/2( "), respectively.

We also define the plus spaces contained in Mg 1(To(4), x_4) and
Sor+1(Lo(4), x—4a)-

Definition 3. We put
MQZ+1 (F0(4)a X—4)

= {h(Z) = d(n)q" € Mo 1(To(4), X ) | d(n) = 0 if x_a(n) = (—1)'““}

n=0
and S5 1(To(4), x—4) = Mg 1(To(4), x=a) N Sas1(To(4), X—a)-

For k > 0 being odd, the space S5, (Fo(4), x—4) was defined by
Kojima [4] in 1982 and shown to be isomorphic to My, o(T'2(O)), the
space of Hermitian modular forms of weight 2k + 2 and degree 2. The
plus spaces of odd weights can be described exactly in the sense taking
certain linear combinations of the normalized Hecke eigenforms of the
whole space as a basis.

Theorem 2. Let k > 0. We have

R (Mljﬂ/z(r)) C M2'2+1(F0(4),XW4)
and

R (110(1)) € Sy (To(4), x-4)

This theorem can be proved in an elementary way, but can also be
proved in a representation theoretical way, which reflects the nature of
both plus spaces of half-integral and integral weights more.

As an application, we apply R on the Eisenstein series in Mk+1/2(F)
which was introduced in [5]. Let x be a character of the ideal class

group CI(F) of F'. The Eisenstein series in Mk+1/2(P) with respect to

17
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X s given by
=2
Epi12x(2) = Le(1 — 2k, X*) + > Hi(€,X)4°

(-1)*¢=0 mod 4
&0

where

Hi(€.x) = X(D(—ng)LF(l - qu(_l)ng)

X Z (@)X —1yke (@) x (@) Npyg(a)* o mar—1 2 (Fopyeea ™).
ClH( 1)k§

Here D, and x, are the relative discriminant and the quadratic char-
acter associated to F'(y/z)/F, respectvely, and f, is the integral ideal
such that §,°D, = (z). Further more, pr is the Mobius function with
respect to F' and

Trmae(0) = > Npjg(t)™x'(v).
t|b
The Eisenstein series given above is a generalization of the one given by
Cohen in [1], whose Fourier coeflicients are called generalized Hurwitz
class numbers.
The two Eisenstein series in Magy1(I'0(4), x_4) are given by

2 > .
Fogiixa(1) =1+ T2k x 0 nz:; Tokx_s(M)G

and
o]

Fopi1x_o(T) = m U/Qk,x%(")q
YA 1

n=

Oopona () = D T xa(n/r).

rln

where

The series Fhy1y_, is the normalized image of Eory1,_, under the
Fricke involution. By comparison of the constant term at the cusps of
['0(4), we have the following result.

Theorem 3. For k > 0, we have
RGk+1/2,x_LF(1_2k’552)(E2k+1,x_4+(_1)kF2k+1,x74) € 52k+1(F0<4>>X74)'

In particular, since S3(Lo(4), x_4) = 0, we have

Y. Hilatbw,x) = —4Le(l = 2k, 1) (0254 (n) = 0, (n))-

(a,b)€Z?
aff—ba=n
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For example, let F = Q(v/5) and § = wv/5 where w = (1 4+ v/5)/2.
Then by applying the theorem on Ej/5; and Fsjs; we may get

Le(0,x-2s) =~ 15 (2 (2) = by, (2),
2Lp(0, X 5) + 2Lp(0,x-s10) = o (02 4(8) — 5, (3))
2L(0,x-4) = ~1= (o2 4 (4) = o, (4)),
2Lp(0,x5) + 2Li(0, X 6-) =~ (02 4(6) — o} (6)).
2r(=1) = 25 (oaca (1) + 0y, (1) +35(1)),
AGr(=1) + 2L (L x10) = 75 (o0 (5) + T, (5) + 35(5))

and so on. Here

3. REPRESENTATION THEORETIC VIEW OF THE THEOREM

Let ¢o = []pyco0 Yoo be the additive character of Ap/F such that
for v | oo it satisfies

Yoo (2) = exp(2ry/~I(~1)2) (z € R).

Put ¢ = 1o(6'+). We denote the metaplectic double covering of SLj
by Mp,, which is with respect to the I{ubota 2-cocycle. There exists
an irreducible representation £y of [],, Mp,(0,) associated to 9. This
representation is a subquotient of the restricted Weil representation as-
sociated to ¥ and is of 4-dimension. Note that a modular form of weight
k+1/2 can be lifted to an automorphic form on SLy(F)\Mp,(Af). Hi-
raga and Ikeda [?] showed the following theorem

Theorem 4 (Hiraga, Tkeda). Let fo € Myi1/2(I") and Wafo be its
mmage under the fricke involution with respect to z — ~4—12. A sufficient
necessary condition for fo to be in the plus space is

<p(MWafo | v € [[Mpylo.) > = Q.

v|2
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Regardless of the choice of I, SLy(Z) can be embedded into [, , Mp,(0)
and the restriction of Qy to SLy(Z,) remains the same. One can show

Qw = Tk Do k
SLy(Zs)
where 7 and oy are irreducible representations of dimension 3 and
1, respectively. They only depend on the parity of k. The following
theorem was shown by Kojima [4] (for odd k, but the proof can be
easily extended to general positive integer k).

Theorem 5 (Kojima). Let h € Moy, 1(To(4),x_4). A sufficient neces-
sary condition for h to be in the plus space is ’

< [)(”)/)W4h | VAS SLQ(ZQ) > = om.

By Theorem 4, it is easy to see that if f € M,jH/Q(F) then WyR f

generates a irreducible representation of SLy(Z,) equivalent to m. Thus
we get Rf € My, 1(Do(4), x-4)-
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