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1 Introduction

The hyperbolic Eisenstein series is the Eisenstein series associated to hyper-
bolic fixed points, or equivalently a primitive hyperbolic element of Fuchsian
groups of the first kind. It was first introduced by S. S. Kudla and J. J.
Millson [7] in 1979 as an analogue of the ordinary Eisenstein series associ-
ated to a parabolic fixed point. They established an explicit construction
of the harmonic 1-form dual to an oriented closed geodesic on an oriented
Riemann surface M of genus greater than 1. Furthermore, they proved the
meromorphic continuation of the hyperbolic Eisenstein series to all of C and
gave the location of the possible poles when M is compact. After that, they
generalized the results of [7] to compact n-dimensional hyperbolic manifold
and its totally geodesic hyperbolic (n — k)-manifolds. In [7, 8], they con-
structed the hyperbolic Eisenstein series by averaging certain smooth closed
k-form.

Following Kudla and Millson’s point of view, the scalar-valued analogue
of the hyperbolic Eisenstein series is defined in [1, 2], and [6]. It is defined as
follows. Let H? := {z = z+iy € C | z,y € R, y > 0} be the upper-half plane
and I' C PSL(2,R) a Fuchsian group of the first kind acting on H? by the
fractional linear transformations. Then the quotient T'\H? is a hyperbolic
Riemann surface of finite volume. Let v € I' be a primitive hyperbolic
element and I';, = () be its centralizer group in I'. Consider the coordinates
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x = e cosf and y = e”sinf. In this setting, the hyperbolic Eisenstein series
associated to 7y is defined by the series

Ehypq(2,8) 1= Z (sin6(Anz))®, (1)

nELL\T

where s € C with sufficiently large Re(s) and A is an element in PSL(2,R)

such that AyA~! = (“(07) a(,yo)_l) for some a(y) € R with |a(y)| > 1. The

hyperbolic Eisenstein series (1) converges for any z € H? and s € C with
Re(s) > 1 and defines a I-invariant function where it converges. Further-
more, it is known that the hyperbolic Eisenstein series Eyyp (2, s) satisfies
the following differential equation

(—A+ (s —1))Enyp~(2,s) = 52Ehyp,7(z, s+ 2),

where A is the hyperbolic Laplace-Beltrami operator.

J. Jorgenson, J. Kramer and A.-M. v. Pippich [6], in 2010, proved
that the hyperbolic Eisenstein series is a square integrable function on I'\H?
and obtained the spectral expansion associated to the hyperbolic Laplace-
Beltrami operator —A precisely. It is given as follows. Let

O=X <A <A<

be the eigenvalues of —A and e,, the eigenfunction corresponding to \,,. Let
® C N be an index set for a complete orthogonal system of eigenfunctions
{€m}men. We denote a cusp of I'\H? by v and the ordinary Eisenstein series
associated to the cusp v by FE,(z,s). Then the spectral expansion of the
hyperbolic Eisenstein series Ey, (2, s) is given by

Ehyp,.,(z,s) = Z amﬁ(s)em(z)

meD
1 o0 |
- Eygs/m a1/24inny (8) Ey(2,1/2 +ip)dp. (2)

Then this series converges absolutely and locally uniformly. The coefficients
am(5) and ay/44,,(s) are given by

_ = DG = 1/2 4 ) [2)T (5 = 1/2 = pin) /2)
Umy(8) = VT I(s/2)2




and

= D5 = 1/2+ip)/2)T((s — 1/2 — in)/2)
@124, (8) = VT - [(s/2)?

></~ E,(z,1/2 4 ip)do, (4)
L

~

where p?, = i_/\m and EA, is the closed geodesic corresponding to . Further-
emore, they proved the meromorphic continuation of Eyyy (2, s) to the whole
complex plane C. They also derived the location of the possible poles and
residues from the spectral expansion (2) and the meromorphic continuation.

In our previous paper [3], we defined the hyperbolic Eisenstein series for
a loxodromic element of the cofinite Kleinian groups acting on 3-dimensional
hyperbolic space and proved the results analogous to [6]. We also in [4]
consider the asymptotic behavior of the hyperbolic Eisenstein series for the
degeneration of 3-dimensional hyperbolic manifolds and obtain the results
corresponding to [1].

Our purpose in this article is to define a generalization of the hyperbolic
Eisenstein series (1) for the n-dimensional hyperbolic spaces and prove the
spectral expansion of it.

2 Preliminaries

2.1 The hyperboloid model of the hyperbolic n-space

Let R™*! be the (n+ 1)-dimensional real vector space and e; (1 < i < n 4 1)
be the standard basis of R**!. For any vector x € R"! we write the
coordinate representation in standard basis of R"! as

X = (l’l, Zo, --->xn+1)‘

We consider the Lorentzian inner product (, ) on R™*!. It is defined for any
two vectors x and y in R™™! as follows.

(x,¥) =211 + Toyo + o + TnYn — Ty 1Ynit-

The inner product space R"*! together with the Lorentzian inner product
(', )is called Lorentzian (n+ 1)-space and is also denoted by R™!. The norm
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in R™! associated with ( , ) is defined to be the complex number
1
x| = (x,%)2,

where ||x|| is either positive real number, zero, or positive imaginary. This
norm is also called the Lorentzian norm. A function ¢ : R**1 — R ig a
Lorentz transformation if and only if

(¢(x),9(y)) = (x,¥)

for all x, y € R+,
We define the hyperbolic n-space as the hyperboloid model. Let F* C
R"*! be the sphere of unit imaginary radius, i.e.

Fri={xeR" ||x||=-1}.

Then F" is disconnected. The subset of all x € F" such that z,,,; > 0 (resp.
Tnt1 < 0) is called the positive (resp. negative) sheet of F™. The hyperboloid
model of hyperbolic n-space is defined as the positive sheet of 7. We denote
it by F¢. Then, for two vectors x,y € F7}, the hyperbolic distance between
x and y is written as follows.

cosh d;i(x,y) =—(x,¥),

where (, ) is the Lorentzian inner product. This hyperbolic distance function
defines a hyperbolic metric on F7.

2.2 The upper-half space model

We introduce another model of hyperbolic n-space, namely upper-half space
model. Let U™ be the upper-half space of R" i.e.

Ut={xeR"|z,>0}.

The hyperbolic line element and the hyperbolic volume element of U™ asso-
ciated to dyn are given as

d
|| and

T x,"

dxy---dx,

Then the hyperbolic Laplace-Beltrami operator associated with the hyper-
bolic line element is given by

0 0* 0
P 2 —_— ... —_ p— —_—
A=z (ax% +- 4 8962) (n 2)%8:1:”'

n




2.3 Orthogonal group O(n,1)

A real (n 4 1) x (n + 1) matrix A is said to be Lorentzian if and only if
the corresponding linear transformation A : R™*1 — R"*! is Lorentzian.
The set of all Lorentzian matrices forms a group with the ordinary matrix

multiplication. We let
¢ (1n _(1n

be the orthogonal group of signature (n,1). Here 1,, denotes the n x n unit
matrix. Then any element of (G is a Lorentzian matrix and G is naturally
isomorphic to the group of all Lorentz transformations of R**!. Immediately,
G acts F" transitively and preserves the Lorentz inner product so that we
can naturally identify G with the isometry group of F™.

Let K be the stabilizer of e, in G. Then K is a maximal compact
subgroup of G. By definition, the determinant of g € G is equal to +1 or
—1. We denote the connected component of G (resp. K ) containing the unit
element by Gy (resp. Ky ). Then Gy acts on F7? transitively and naturally
identifies the orientation preserving isometries on F7. Kj is the stabilizer of
en41 in Gy and a maximal compact subgroup of Gy. Then the quotient space
Go/ Ky is naturally identified with F7.

G=0(n,1):= { g€ GL(n+1,R)

2.4 Eisenstein series associated to cusps

Let I' C Gy be a cofinite discrete subgroup of G and ¢ € R™! U {cc} be a
cusp. We define the stabilizer-group of ¢ by

Fe:={MeTl|M¢={_}
Choose A € Gy such that A = oo. For any x € U™, we write its coordinates
X = (T1y..., Tn).

Then, for any x € U™ and s € C with sufficiently large Re(s), the Eisenstein
series associated to ( is defined as

Ee(x,s) := Z T (AMx)®.
MET AT
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The Eisenstein series E(x, s) converges absolutely and locally uniformly for
any x € U™ and s € C with Re(s) > n — 1 and it defines a [-invariant func-
tion where it converges. Furthermore, It satisfies the following differential
equation

(—A—=s(n—1-3))E,(x,s) =0,

if s is not a pole of E¢(x, s).

The Eisenstein series F¢(x,s) has no poles in {s € C | Re(s) > %1}
except possibly finitely many points in the semi-open interval (”—;—1, n—1] on
the real line.

2.5 Domain of Laplace-Beltrami operator

Let I' C G be a cofinite subgroup of Gy. We denote by L? (I'\U") the set
of all I'-invariant measurable functions f : U™ — C which satisfy

|f|* dv < o0,
Jr

where 71 denotes a fundamental domain of I'. For f,g € L?(I'\U"), the
function fg is [-invariant. Hence the definition

(f,9):= [ fgdv (5)
Fr
makes sense and (-, -) is an inner product on L? (I'\U™). The space L? (I'\U™)
is a Hilbert space through the inner product (-,-). For any f € L?(T'\U"),
we have the following proposition.

Proposition 2.1. Every f € L? (I'\U") has the following spectral expansion
associated to —A

+$ 3 /Z<f,EV<-,";1+z‘t>>-Eu<x,”T_l+it) dt, (6)

v:cusps ”

where ©® C N is an index set for a complete orthonormal set of eigen-
functions (en)pep for —A in L*(T\U") and (f, E,(-, %5 +it)) is defined



by [r f(y)E.(y, 25+ +it)du(y). The series of the right hand side of (6)
converges in the norm of the L2(I'\U™).

Besides, if f € C(I\U™) N L3(I'\U") for a positive integer Iy > 0
such that lp > % and —A'f € L*(T\U") for any 0 < [ < [%H| + 1, the
spectral expansion (6) of f converges uniformly and locally uniformly on

I'\U™. Especially, if f and —A'f are smooth and bounded on I'\U™ for any
0 <1< [™1] +1, the spectral expansion (6) of f converges uniformly and
locally uniformly on T'\U™.

Proof. See [10]. O

3 Hyperbolic Eisenstein series

Let V. C R™™! be a vector subspace of dimV = k such that (x,x) > 0 for
any x € V. We denote by V* the orthogonal complement space of V. The
dimension of V+is n — k + 1. Then 77 N V* is a hyperbolic (n — k)-plane.
Let 0 = oy € O(n + 1) be the involution such that

-1 on V
7= 1 on V&

Then F1 N V't is the fixed point set of o in F1. Let G, be the centralizer of
o in Gy i.e.

G,={9g€Gylogo=g}.

Let I' C G be a cofinite discrete subgroup i.e. the quotient I'\ 7} has finite
volume and ', be the intersection of I" with G,. We assume that cl'c =T
and I'\(F? N'V*) is compact.
Without loss of generality, we may assume the vector subspace V and V+
in R as follows.
V. = {xeR"|2,=0, k+1<i<n+1}
Vi = {xeR"™ |z;=0, 1<i<k}.

Then the intersection F7 N V1L is identified with

DU:{XEUn‘X:(Ov”'aO’xk+lu"'7xn)> ‘T‘n.>0}
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We introduce the partial polar coordinate on U™. It is defined as follows.
f2<k<n-1,

/ .
x1 = €’ cos pq sin @y,
x; =€’ cospg---cosp; ysing;, 2<i<k-—1,

\ Tk = €” cospy - - - COS Pf_3 COS Pk_1, (7)

Tk+1 = Tk+1,

Tp—1 = Tp—1, and

x, = efsin g,

where
pzlog\/x%+---+xi+xg,
0< Yo < g7
—E<<pi<z, 1<i<k—2, and
2 2
0< Yr—1 < 2.
Ifk=1,
(21 = e cos gy,
To = Ta,
(8)
Tpn-1 = Tp-1, and
L T, = €’ sin ¢y,
where

p=logy/z} + 22,

0<L,00<7T.

Under above coordinates, we define the generalized hyperbolic Eisenstein
series associated to o as follows.



Definition 3.1. Let x € U™ and s € C with sufficiently large Re(s). Then
the hyperbolic Eisenstein series associated to the involution o is defined as
follows.

Fo(x,s)i= Y (sin o) 9)

ne€ls\I'
Let dpyp(x, D,) be the hyperbolic distance from x to D,. Then we have
sin ¢o(x) - cosh(dnyp(x, Dy)) = 1

for any x € U™ Using this formula, we can write the Eisenstein series
associated to o as

E,(x,s) = Y cosh(dny, (1%, Dy))~". (10)

ne€le\I'

Definition 3.2. Let T" > 0 be a positive real number. Then we define the
counting function associated to o as follows.

No(T;x,D,) = 8{n € T,\I' | dnyp(nx, D,) < T}, (11)
where { is the cardinality of the set.

By using the counting function defined above, we can write the hyperbolic
Eisenstein series associated to o as the Stieltjes integrals, namely

E,(x,8) = /000 cosh(u) *dN,(u;x, D,). (12)

Proposition 3.3. The hyperbolic Eisenstein series associated to o converges
absolutely and locally uniformly for any x € U™ and s € C with Re(s) > n—1.
It satisfies the following differential shift equation

(A+s(s—n+1)Es(x,s) =s(s—n+k+1)E,(x,s+2). (13)

4 Spectral expansion

Lemma 4.1. For any s € C with Re(s) > n — 1, the hyperbolic Eisenstein
series Fy(x, s) is bounded as a function of x € I'\U™. If I is not cocompact
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and v is a cusp such that v = A(z,00) for some A € @, then we have the
estimate

| Eo (%, 5)| = O(@n (A 1x) 7)) (14)
as P — v.

Lemma 4.2. Let (-,-) be the inner product in L*(T'\U™) and 1 be the real-
valued, smooth, bounded function on Fr = T'\U". Assume ¢ > 0 to be the
sufficiently small. Then we have the following estimate

(Ex(x,s),1)
_.lvo -1y . x)dv _F((S_n+1)/2)r(k/2>
= Fvol(s*) </FU\D0¢( )d +O(5)> I'((s—n+k+1)/2)

as s — OQ.

Let 0 = Ag < Ay < Ag--- be the eigenvalues of —A and e, the eigen-
function corresponding to A,,. Let ©® C N be an index set for a complete

orthogonal system of eigenfunctions {e,;, }men. Then the following theorem
holds.

Theorem 4.3. For any s € C with Re(s) > n — 1, the hyperbolic Eisenstein

series F,(x,s) admits the following spectral expansion.

EO-(X, S) = Z am,a(s)em(x)

meD
1 * n—1
+ Ar Z /ooa"Twm,a(S)Eu (X, 5 + w) du, (15)

v:cusps ¥ T

where F, is the ordinary Eisenstein series associated to the cusp v. Then
this series converges absolutely and locally uniformly. The coefficients a,, ,(s)

and an_1;,,(s) are given by

_ 1 k-1 k
Ao = 2Vol(S )-T (2>

P ((s =25 +pm) /2) T ((s = 25 = pim) /2)
T(s/2)T((s—n+k+1)/2)

X / emdvy  (16)
Fo\Do'




161
and

1 _ k
e s (4

D((s =25t +ip) 2T ((s = 25+ —in) /2)
I'(s/2)T((s—n+k+1)/2)

1
x/ E, <x,"—+w) dvs, (17)
T'o\Dy 2
n-1

where p2, = (%51)* — A\, and dv, is the hyperbolic volume element restricted
on I',\D,. In addition, vol(S¥~1) denotes the Euclidean volume of the unit
(k — 1)-dimensional sphere

X

Shi={x = (21, a) €RF | 2 = a4 2} = 1},

Proof. The hyperbolic Eisenstein series E,(x,s) is a bounded and smooth
function on I'\U™ by Definition 3.1 and Lemma 4.1. Since the hyperbolic
Eisenstein series F, (x, s) satisfies the differential sift equation (13), —A'E,(x, s)
is bounded and smooth on I'\U™ for any 0 < [ < L"T“J + 1. Hence, from
Proposition 2.1, the hyperbolic Eisenstein series has the spectral expansion
(15) and it converges absolutely and locally uniformly.

In order to give the coefficients a,,.(s) and anTﬂ+iu’7(s), we calculate

the inner product (E,, e,,), which converges by asymptotic bound proved in
Lemma 4.2. From the differential equation (13), we have

Amam,a(s) = /\m<Ehyp,Ua em) = <Ehyp,07 )\mem> = <—AEhyp> g, em)
=—s(s—n+1an.(s)+s(s—n+k+1an.(s+2).

It implies the relation

s(s—=n+1)+ A\,
s(s—=n+k+1)

Umo(s+2)= Ao (8).

n—1 )2

For M with :U‘?n = ( 5

— Am, we set the function g(s) by

D((s = 251 + pm) [2)D((s = 252 — i) /2)
I'(s/2)T((s—n+k+1)/2)

g(s) =
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Then g(s) satisfies the relation

s(s=n+1)+ Ay
s(s—n+k+1)

g9(s+2) = 9(s)-

The quotient a,,,(s)/g(s) is invariant under s +— s + 2. It is bounded in a
vertical strip. Therefore the quotient a,, ,(s)/g(s) is constant. We obtain this
constant by comparing the order of a,,,(s) as s — oo with that of g(s) using
Lemma 4.2 and Stirling’s asymptotic formula for the gamma function. O

We derive the meromorphic continuation of E,(x, s) to all complex plane
C and the possible poles and residues from the spectral expansion.

Theorem 4.4. The hyperbolic Eisenstein series F,(x, s) has a meromorphic
continuation to all s € C. The possible poles of the continued function are
located at the following points.

(a) s = 2L + p,, — 20/, where n’ € N and 2, = ("—;l)z — A, for the

eigenvalue )\,,, with residues

RCSS:_T_L_E_}_i#m_zn/ |:E0’ (X) S):|
(~1)" T{o/2)T (e — )
’)”Ll! . F(('n—g‘l‘ + K, — Zn/)/2>2

X / em(X)dvy - ey (X).
FO\DU

= %VOI(S’“_I) :

(b) s =p,—2n', where n’ € N and w = p, is a pole of the Eisenstein series
E,(x,w) with Re(p,) < 25+, with residues
Ress—p, —on’ [Eg(x, s)}

D1 S (CDIT(/T(o, — 20 4 — (0~ 1)/2)
= 5% ) D G, oy By 2+ E T 1))

J=0

X Z |:CTw:p,,—2n’+2jEu(X;w) / Resw:p,,-2n’+2jEu(X7w)dv2

v:cusps JTo\Dg

- Resw:pV—Qn’—{-ZjEl/(X?w) ’ /

CTw:p,,—Zn’-l—Qj E, (Xa w)dUQ} )
FU\DU



where CT,, E,(x,w) denotes the constant term of the Laurent expansion
of the Eisenstein series F, at w and m € N is the real number such
that 9;—1 —2—=2m+2n' < Re(p,) < 2211 —2m + 2n/.

(¢) s=n—1—p,—2n', where n’ € N and w = p, is a pole of the Eisenstein
series E,(x,w) with Re(p,) € (%5*,n — 1], with residues
1 k-1
Ressmn—1-p, —2n/ [Eg(x,s)} = —2—vol(S )

5 (—1YD(k/2)T((n — 1)/2 = p, — 20/ + )
FT((n — 1= p, — 20)2)0((—p, — 20 + k)/2)

X
j=m—|27t]

h
X Z \iCTwsz*_Qn/AQjEV(X’w) : / y Resw:py+2n’—2jEu(Xa (.d)dl)g
v=1 Fa DU

+ Resw:py+2n'—2jEll(Xa LU) : / CTw:p,,+2n/—2jEV(X7 w)d’ljzjl )

Ls\Do

where CT,, F,(x,w) denotes the constant term of the Laurent expansion
of the Eisenstein series F, at w and m € N is the real number such
that ”T_l +2m — 2n' < Re(p,) < "T_l +2m — 2n' + 2.

Remark 4.5. The poles given in (a), (b), and (c¢) might coincide in parts.
If it is in the case, the corresponding residues have to be the sum added the
each residue.
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