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An attempt to compute holonomic systems for
Feynman integrals in two-dimensional space-time

By

TOSHINORI OAKU*

Abstract

We present some examples of holonomic systems for Feynman integrals associated with
Feynman diagrams by using integration algorithms for D-modules.

§1. Introduction

We consider Feynman integrals associated with Feynman diagrams (see e.g., [1]).
Microlocal analysis of Feynman integrals was initiated by M. Sato, T. Kawai, H.P. Stapp,
M. Kashiwara, T. Oshima, and others in the 1970’s. See e.g., [13], [7], [5], [6]. In their
investigation, the theory of microfunctions and (holonomic systems of ) microdifferential
equations played a decisive role.

Recently, N. Honda and T. Kawai studied the geometry of Landau-Nakanishi surfaces
systematically and discovered interesting phenomena in the 2-dimensional space-time
in a series of papers, e.g., [2], [3], [4]. Inspired by their work, we will report on actual
computation of holonomic systems for Feynman integrals associated with very simple
Feynman diagrams by computer.

Let G be a connected Feynman graph (diagram); i.e., G consists of

e vertices Vp, -+, Vi,
e oriented line segments L1, ..., Ly called internal lines,
e oriented half-lines L, ..., L¢ called external lines.

The end-points of each internal line L; are two distinct vertices, and each external line
has only one end-point, which coincides with one of the vertices.
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We associate v-dimensional vector p, = (pr.o,Pr1,.-.,Prv—1) to each external line
Ly (1 <r < n'); a v-dimensional vector k; = (ki.0,k1.1,-..,k1,-1) and a positive real

number m; to each internal line L; (1 <1 < N). For a vertex V; and an internal or
external line L;, the incidence number [j : [] is defined as follows:

[7:1] =1if L; ends at Vj,
[j : 1] = —1if L; starts from Vj,
[7 : {] = 0 otherwise.

The Feynman integral associated with G is defined to be

I o (S0l rlpe + 0 1) &
R S e T G

Here 0¥ denotes the v-dimensional delta function,
k12 = klz,o - klz,l - kl2,u—1

is the Minkowski norm of k; = (ki 0,k11, -+ ,kib—1), and d"k; is the v-dimensional
volume element.

However, the Feynman integral is not necessarily well-defined since it involves the
product and the integral of generalized functions. In order to bypass this difficulty
without what is called renormalization or compactification of the domain of integration,
we consider it as a microfunction defined on a certain subset of the cotangent space
following the work by M. Sato and others mentioned above. This point of view has a
close connection with what is called the Landau-Nakanishi variety associated with G as
is explained in [6].

Our purpose is to compute a holonomic system which the Feynman integral satisfies,
in the two-dimensional space-time, by using algorithms and computer programs for
D-modules. We also compute the Landau-Nakanishi variety for comparison with the
holonomic system.

I would like to thank Professors Takahiro Kawai and Naofumi Honda for helpful sug-
gestions and comments. In actual computation, I made use of a computer algebra system
Risa/Asir [8] developed by Masayuki Noro, originally at Fujitsu Laboratories Limited.
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In particular, the integration of a D-module was computed by using a Risa/Asir library
file ‘nk_restriction.rr’ coded by Hiromasa Nakayama; decomposition of a variety into

irreducible components was done by using a library file noro_pd.rr coded by Noro.

§2. A recipe for computing a holonomic system for the Feynman integral

In what follows, we assume that for each vertex V;, there exists a unique external
line, which we may assume to be L%, that ends at V; and that no external line starts
from V;. Then n = n’ holds and the Feynman integral is given by

[, (s + S50 s k)

(2.1) Fg(pl,...,pn)z/ Ukl
RvN Hi\il(kl2 —m? 4+ /—10) 11;[1

§2.1. Rewriting the Feynman integral

The delta factors of the integrand of the Feynman integral (2.1) correspond to the

linear equations (momentum preservation)

N
pi+ > k=0 (1<j<n)
=1

for indeterminates p; and k; which correspond to the vectors p; and k;. These equations
define an N-dimensional linear subspace of R"*/ | which is contained in the hyperplane
p1+ -+ pn =0since 37 [j:1] =0.

Lemma 2.1. Let A be the n x N matriz whose (j,1)-element is [j : []. Then the
rank of A isn — 1.

In view of this lemma, we can choose a set of indices

Jz{ll,...,lN,n+1} C {l,N}

and integers a;- and b;; so that the system

N
pi+Y i:llki=0 (1<j<n)
=1
of linear equations is equivalent to

n

ZpJZO kl_wl(pla--'apn——lvklla'"7klN_n+1):0 (leJ(')

=1
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with
N—-n+1

n—1
UViPrs- s Pty ktys kg ) = Zal'rpr + Z bijki,
r=1 j=1
and that the (n —1) x (n — 1)-matrix (a;,) is non-singular. These data can be computed
by row operations on the matrix A augmented by *(p1, ..., p,), which produce a matrix
with a row (0,...,0,p1 + -+ pn).
Then the Feynman integral is written in the form

FG(pla-"7pn) :_/'\ (5(p1++pn) H 6(kl_wl(plw'-7pn—17klla-"7kl1v_n+1))
R leJe

N N
x [t = mi +v=10)"* ] dk
=1 =1

= 5(p1 + -+ p‘n)FG(p17 7pn‘l)

with the amplitude function

FG(pl5"'7pn~1):/<N ) H(k?_m?—" v _10)_1
R(N=n+1)v

leJ
X H (wl(plv- <. 7pn—17k117' "7klN—n+x)2 - mlz + \/—10)71 Hdkl

leJe leJ

Note that the functions Fi and Fg; are invariant under the action of the Lorentz
group: Let T be a v X v matrix such that

10 -0 10--0
‘T{o-1--- 0 |T=]0-1--- 0
00 - -1 00 - —1

Then one has

FG(TPI; e 7Tp'n.—l7Tpn) = FG(pla e 7pn717pn)7
FG(TPI .- 7Tpn—l) = FG(pla cee >pn71)-

§2.2. Holonomic systems for integrands

In general, since dk; (I € J) and dy; (I € J€) are linearly independent, the integrand

(P(plw . . 7pnA17k117' B ,klN_"‘ 1)
= I—[(kl2 — le + vV —10)_1 H (wl(pl: ce 7pnﬁl,kll,. .. ,k[,\,_n+1)2 - mlz + \/—10)_1

leJ leJe
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of the amplitude Fg is well-defined as a hyperfunction on RY, represented as the bound-

ary value of the rational function

‘I’(Ph e ,Pn—17k11a~ . ’klN—nJrl)

= H(klz - mlz)_l H (¢1(p17 .- 7pn~17k117' .- 7klN_n+1)2 - mlz)_l
leJ leJe

defined on

{(p1,- -, Pn-1. ki1, ki yy) €CN | Imk} >0 (1 € J),
Im¢l(P17~--»Pn—l»kllw---,kl,v‘nﬂ)z >0 (l € JC)},

whose closure contains R¥Y in view of the linear independence above; here the assump-
tion m; > 0 is essential.
Let D,y be the ring of differential operators with polynomial coefficients in py,
<oy Pn1, ki, ..., kg, and Bgen the sheaf of hyperfunctions on R*V. Then the
annihilator (left ideal of D, x)

Annp,,® ={P € D,y | P® =0 in Bg.~ (R"V)}
of ® coincides with the annihilator
ADHDVN&’ ={Pe€ D,y | P® = 0 as rational function}

of ® by virtue of the injectivity of the boundary map in the theory of hyperfunctions.

There exists a general algorithm to compute the annihilator of an arbitrary rational
function. However, since the denominator of & is the product of polynomials whose
differentials are linearly independent at each point, the annihilator of ® is generated by
first order differential operators, which are much easier to compute.

§2.3. Landau-Nakanishi varieties for amplitudes

Let u; = (ur,0,Ur 1. .., Urp—1) be a v-dimensional vector and set

A(G):{(plv'~'7p’VLAl-,kll7'"akl‘N4n+1;u17'-'vun—l;alv---vaf\")
e RN x RV~ x RV |
a, (ki —m;)=0(1<j<N-n+1), aWf-mf) =0(elJ°),
apky, + > bt =0 (1<j<N—n+1).
leJe

u=> map (1<r<n-1), a>0(1<I<N))
leJe
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and
A (G)={(pP1. - Pn-1. Kty kg, Ui, an)
e RNV x RV~ « RV |
a,(k —m?) =0 (1<j<SN—n+1), a(f—m})=0(eJ)
ap ki, + Z by =0(1<j<N-n+1),
leJge
u= Y aapy (1<r<n—1), a>0(1<I<N)}
leJe
Let

VTRV = {(p1,...,pno1; V—1uydpy + -+ + vV—1u,_1dp,_1)}

be the (purely imaginary) cotangent bundle of R¥(»~1) and let @ be the natural pro-
jection of A(G) to /—IT*R*(*~1). Here we set

u;dp; = ujodpjo — uj1dpj1 — - — Uj,_1dp; L1

in accordance with the Minkowski norm.
The amplitude Fg is well-defined as a microfunction on the set

VTR ™D\ m(A(G) \ A4 ()

and its support is contained in w(A4(G)). This fact follows from the theory of integra-
tion of microfunctions (see e.g., Chapter 3 of [6]) and the non-singularity of the matrix
(alr).

In practice, we can compute the complexifications A“(G) and A$(G) of A(G) and
A (G) respectively allowing k;; and a; to be complex and replacing the condition oy > 0
by a; # 0. This can be done by using Grobner bases in the polynomial ring.

§2.4. Holonomic systems for amplitudes

Let M = D,n/Annp,, ® be the holonomic system for the integrand ® of the Feyn-
man integral (2.1). Let us denote by D,(,_1y the ring of differential operators with
polynomial coefficients in the variables py,....pn—1. Then the integral wa M of M
along the fibers of the projection we : C*N — C¥(*~1) is defined to be the left Dy—1)-
module

/ = M/ (D, M + - + M)

IN-nt1
with the notation
O M = Ok, M + O, (M + -+ + 0k, ,_ M

This is a holonomic D, ,_1)-module since M is holonomic. Moreover, there is an
algorithm for computing fwn AI given a presentation of M (see [11], [12], [9]).
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Theorem 2.2. The Feynman amplitude Fg satisfies the system fwrM of linear

partial differential equations as a microfunction on the set
V=IT"RY DN\ = (A(G) \ A4 (G)).

In order to prove this theorem, we change the notation in the sequel and set x =
(z',2") with 2’ = (z1,...,2n—q) and 2" = (Tp_g41,...,2,) for the coordinate of the
base space R", and likewise £ = (¢’,¢”) for the cotangential coordinate. Let Cg- be the
sheaf on /=1T*R™ of microfunctions (see [14], [6]). Let

@ V-1T"R" 3 (z,v/—1¢dz) —> (2',/=1€'dz") € V—1T*R" ¢

be the projection and W be an open set of /—1T*R" %, Let us denote by Fyy the set

of the microfunctions u on w~!(W) such that the restriction of @ to the set
suppuNw (W) N{(z,vV/—1&dz’) | ¢ € RY}

is proper.
Then for any u € Fy, the integral [, u(z)dz” is well-defined as a microfunction on

W. We adopt a concrete definition by using defining functions following the arguments
in Chapter 3 of [6].

Proposition 2.3. Let u be an element of Fw. Then the integral [;, 0y u(z)dz”
vanishes as a microfunction on W for any j such thatn —d+1<j <n.

Proof. Let p’ = (z{,+v/—1&)dx’) be a point of W. We may assume that W is a
sufficiently small neighborhood of p’. If the support of an element of Fyy is disjoint
from {(z,v/=1¢dz’) | ¢ € R?}, then its integral vanishes on W in view of the theory
of integration of microfunctions. Hence we may assume that u is the spectrum of the
hyperfunction defined as the boundary value F(z + +/—1V0) of a holomorphic function
F(z) on (U x R?) +v/=1V0, where U is an open neighborhood of z}, and V is an open
convex cone of R™ with vertex at the origin such that V' = V' n (R4 x {0}) is not
empty. By the assumption, there exists R > 0 such that F(z) continues analytically to
U x (RT\ (=R/2, R/2)%) if we take U to be small enough.

Then [g, 0z, u(x)dz" is the spectrum of the boundary value G(z’ + /~1V’0) of

G(Z) = / 0., F(2'.2") dz"
[-R.R]4

'_/ P F(z/amn—d-i-la"wx‘nfl,_R) dIn—d+1"'dIn—1-
[-R,R]d-1
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Hence G(2') is real analytic on U. This implies that u(z) = sp(F(z +/—1V0)) = 0 on
a neighborhood of p'. O

Now let D,, and D,,_4 be the rings of differential operators with polynomial coeffi-
cients in z and in 2’ respectively. Theorem 2.2 is a special case of the following theorem,
which follows immediately from the proposition above:

Theorem 2.4. Let u be an element of Fyw and let I be a left ideal of D,, such that
Pu =0 as microfunction on w Y (W) for any P € I. Let Q be an element of

(On—usDn 4+ 0z, Dp + 1) N Dyy_g.

Then Q annihilates [, _,u(x)dz" as microfunction on W. More generally, the inte-
gration induces a linear map

Homp, (M, Fw) — Homp, ,(M',T(W,Cgn-a))

with M = Dy /T and M’ = M/ (8, _,,, M + -+ + 8,, M).

§3. Some examples in the two-dimensional space-time

In the sequel, we set v = 2 and consider Feynman integrals associated with some
simple Feynman diagrams. In general, for a two-dimensional vector p = (pg,p1), we
denote p? = p — p? for the Minkowski norm and dp = dpydp; for the volume element.

In actual computation in the sequel, we used a library file nk_restriction.rr of
Risa/Asir [8] for integration of D-modules, and noro_pd.rr for decomposition of char-
acteristic varieties into irreducible components.

We remark that holonomic systems for Cutkosky-type phase space integrals associ-
ated with the following Feynman diagrams are presented in [10].

Example 3.1. Let us study the Feynman diagram G below:

ki
P1 P2

ko

The associated Feynman integral is written in the form

Fe(p1,p2) = /4 0(p1 — k1 —ko)d(—p2 + ki1 + ko)
R

x (k} —m} + v=10)"(k3 — m% + v/—10) "' dkidk,
=4(p1— pz)FG(Pl)
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with the amplitude
Fo(p1) = / (kI —m]+vV-10)"((p1 — k1)*> — m3 + vV/—10) " dk;.
]R2

The amplitude Fg(p;) is well-defined as a microfunction on /—17*R2 \ R, i..,
the whole cotangent bundle with the zero section removed. In other words, FG(pl) is
well-defined as a section of the sheaf Bgz/Ag2 on R? with Ag: being the sheaf of real
analytic functions.

By the integration algorithm for D-modules, we know that Fg(p;) satisfies a holo-
nomic system M = D, /I with the left ideal I generated by three operators

P110p,0 + P100p,,
(P10 — m1 — m2)(pro — M1 +mz)(pro + M1 — m2)(pro + M1 + m2)0p,,

+ p1p10 (20T — piy — 2mi — 2m3)dp,, + 2p3, + (—2p7; — 2mF — 2m3)p1o,
(Plo — Pty — (ma1 +m2)*) (o — pTy — (M1 — m2)?)dy,,

— 2pupiy + 2%, + (2m} + 2m3)p1.

The characteristic variety of M is

Char(M) = {(p10, p11; V—1(u10dp1o + ui1dp11) | uio = uin = 0}
U {pio —ph — (m1 +m2)? = ui1p1o + wrop11 = 0}

U{plo — Pl — (m1 — m2)® = u11p10 + ur0p11 = 0}
with each component of multiplicity one if m; # my and
Char(M) = {(plo,Pu: A% —1(u10d;010 + ulldpll) | Ujp = U1 = 0}
U{plo — pi1 — 4m® = u11p1o + wiop11 = 0}
U{p1o — p11 = w10 + u11 = 0} U {p1o + p11 = u1o — u11 = 0}

U {p10 = p11 = 0}

with each component of multiplicity one if m; = my = m.
In view of the invariance under Lorentz transformations, let us set p; = (z,0) with
x # 0. Then Fg(z,0) satisfies

{(z = m1 —ma)(z — my1 + ma)(z+my —ma)(x + my +my)d,

+ 2z(z? — m? — m2)}Fg(z,0) = 0.
Hence the support of the microfunction Fg(z,0) is contained in the set

{(z;v/~1udz) | = +(m1 + ma), £(m1 —ma)}
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and one has, for example

Fo((2,0)) = Oz — my +ma) Y2 (z + my — my) /2
X (z +m1 +ma) Y2 (& —my — mg + V/—10)" /2
with a constant C' as a microfunction at (my + ma;+/—1dz) if my # mo.

If m; = my = m, then the support of Fg((z,0)) is contained in {z = 0,+2m} and
one has

Fo((x,0)) = Cx Yz + 2m) " V23 (x — 2m + vV/—10) /2
at (2m,/—1dz).

Example 3.2. The Feynman integral associated with the graph G below

k,
P1 k

kN m
N

k3

is given by

Fa(p1,p2) = 6(p1 — P2)Fa(p1)
with

Folpr) = /Wac% —m? 4 VI10)" (0 — m2 + v=T0)!

x ((p1 — k1 — k)? — m?2 + v/—10) " dk, dk,.

We can confirm that Fg(p;) is well-defined as a microfunction on /—1T*R? \ R2
and its support (singularity spectrum) is contained in

{plo — Ph — (=m1 + ma + m3)* = u11p10 + wr0p11 = 0}
U{plo — P11 — (m1— ma + m3)® = up1pro + urop11 = 0}
U {ply — pl1 — (m1 + ma — m3)* = ur1p1o + usop11 = 0}
U{po — Pi1 — (m1 4+ mz + m3)* = ui1p1o + urop1y = 0}

for generic my,mg, ms3.

We compute holonomic systems for FG((IZ, 0)) by assigning some special values to

m1, Mg, mg since the computation for general mq, mo, ms (as parameters) is intractable.
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First let us set my = 1, my = 2, m3 = 4 so that (—my +ma+m3)?, (m; —ma+ms3)?,
(m14+my—mg3)? are distinct. Then F(,((I 0)) is annihilated by the differential operator

P =30x(z — 1)(z + 1)(z = 3)(z + 3)(z — 5)(z + 5)(z — 7)(z + 7)02
+ (22 + 1912 — 53402° + 3595425 + 273082z* — 207130522 + 661500)>
+ (=102 + 6752° — 1210827 + 1545425 + 9364622° — 26926652)0,
— 82" + 3722% — 33002° — 36028z* + 45793222 — 356760.

The singular points x = 0,£1,+3, 45, £7 of P are all regular and the indicial equations
are all s?(s — 1). This implies, e.g., Fg((x,0)) = Ulog(z + i0) at (1,/—1dz) with a
microdifferential operator U of order zero by virtue of Lemma 4.2.6 (p. 425) of Sato-
Kawai-Kashiwara [14].

Next set m; = my = m3 = 1. Then Fg((x,0)) is annihilated by
Q=z(z—1)(z +1)(z - 3)(x +3)02 + (52* — 3022 + 9)0, + 4z° — 12z.
The points 0, £1, £3 are regular singular points of @) and its indicial equations at these
points are all s2. This implies F((x.0)) = Ulog(z — 1 +i0) e.g., at (1,/—1dz) with a

microdifferential operator U of order zero.

Example 3.3. The Feynman integral associated with the graph G = T below

P1 k,y P2

k3
ky
P3

is given by

Fa(p1,p2,P3) = 0(p1 — P2 — P3)Fa(P1, P2)
with
Fo(p1,p2) = /2(k% —m3++v/—=10)"!
R
x ((p1 —k1)? =m3 +vV=10)"1) " ((p2 — k1)? — m3 + vV—10) " dk;.

Computation for general mq,msy, m3 is intractable. So let us set m; = mo = ms =
1 in the sequel. In this situation, the Landau-Nakanishi variety was investigated by
N. Honda and T. Kawai ([2],[3]) in detail.
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The amplitude Fe((x,0). (y,z)) is well-defined on
{(z,y,z; V—1(udz + vdy + wdz) | (u,v,w) # (0,0,0)}
\({(I—y)z—z2—4=wx—wy+vz:u+v=0}
U{z—y=z=u+tv=0}U{y? - 22 —4=wy —vz=u=0}
U{x2—4:v:w:O}U{x:v:sz}U{yzzzuzO})
as a microfunction and its support is contained in
VAT gy RO UVIT] Ly ) REUV=IT] e 2y R
with
F=W-2)+2)2" 20— 2)(y+2)yr + (y - 2)*(y +2)* +42%,
where we denote by T¢R? the closure of the conormal bundle of the regular part of a
real analytic set S of R3.
We can compute a holonomic system M = D3/I for Fg((x,0),(y, z)), which is too
complicated to show here. The characteristic variety of M is

C T o0y C U T o) O U Ty om0y €0 U T o 2 4y CP U T,y o) C?
UT (o yi2=0yCP U Ty ey CP U T 40y CP U Ty CP U T, 50y CP U T}, 5, C°
UT e ypmsr-0) € U Ty 20y O U Ty € U Ty € U Ty C
U T{*z:y:z:()}(cs7

where we denote by T5C? the closure of the conormal bundle of the regular part of an
analytic set Z of C3.

In order to guess the multiplicity and the exponent (order) of F¢ along the conormal
bundle of f = 0 at a non-singular point, we compute the restriction of the holonomic
system M to a generic line. For example, we can take L = {(z,y.2) | y = 1,2 = 2}.
The restriction of f to L is —3z%+6x+25 = — (322 — 62 — 25), which have two real roots
a and 2 — a. Then F(z) := Fg((x,0), (1,2)) is annihilated by a 5th order differential
operator

P =147316552073926635122538062595769976812320x (z — 3)
x (z—2)(z+ 1)(z +2)(2® — 22 — 7) (322 — 62 — 25)0°
+ (28714328339643720403451679982822435087112° + - )92 4 ... .

The indicial polynomial at « is s(s — 1)(s — 2)(s — 3)(s + 1). Hence we have
Fo((2,0),(1,2)) =U(z — a+ v-10)*

at (a,v/—1dzr) with a microdifferential operator U of order 0.
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§4. Landau-Nakanishi surface associated with 7; for general m;, my, ms

Let F5((z,0), (y, 2)) be the amplitude function associated with the triangle diagram
T, with general m;, mg, ms. As a microfunction, the support of I:’G((x.,O). (y,2)) is
contained in, outside of = 0, the conormal bundle of the (Landau-Nakanishi) surface
f(z,y,2) =0 with
f = -2z + (=24 + (222 —2m? + 2m3)y)x?
+ (y* + (=22% + 4m3 — 2m3 — 2m?2)y® + 2*
+ (2m3 + 2m2)22 + m} — 2mim? + m3)z?
+ ((=2mf +2m3)y® + ((2m] — 2m3)z* — 2m]
+ (2m3 + 2m3)m? — 2mim?)y)x
+ (m1 — 2mami + ma)y® + (—mi + 2mimi —m3)2”.
By the coordinate transformation (y + z,y — z) — (y, ), f becomes
f=zyz® = (y + 2)(zy + m} — m3)z®
+{(z* + my? + 2(m] —m3 — mi)zy + mi2® + (m] - m3)*}a?
= (m1 —ma)(my + ma)(y + 2)(2y + mi — m3)z + (m1 —ma)*(my1 +ms)?2y.

The set of the singular points of f = 0 is given by
{(f=fo=fy=F =0} ={y—z=—z2® + (2 + mI - mi)z + (-m] + m3)z = 0}
U{r:ml—mg :0}

For example, if m; = 1, my = 2, mg = 3 (probably a generic case), then the local
b-function by ,(s) of f at

p==%(1,1.1), £(1,-2,-2), £(3,-1,-1), £(3,2,2)

is (s + 1)%(2s + 3), which is the same as that of the Whitney umbrella 2% — 3?2 = 0.

On the other hand, if m; = 2, my = m3 = 1, then the local b-function by ,(s) of f at
p = £(V/3,v3/2,v/3/2) is (s +1)3(2s + 3) in contrast to the b-function (s + 1)2(2s + 3)
of the Whitney umbrella. This implies that the singularity at p of f is not analytically
equivalent to the Whitney umbrella. The local b-functions above were computed by
using a library file nn_ndbf.rr of Risa/Asir [8].
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