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Relative Dolbeault cohomology
and Sato hyperfunctions

Tatsuo Suwa*
Department of Mathematics
Hokkaido University

This is a slightly extended version of the talk I gave at the RIMS Joint Research
“Microlocal analysis and asymptotic analysis”. The contents are taken from [7] and [16]
and we refer to these for details and more material. See also [6] and [18] for further
development and applications.

1 Introduction

Cech-de Rham cohomology together with its integration theory has been effectively used
in various problems related to localization of characteristic classes. Likewise we may
develop the Cech-Dolbeault cohomology theory and on the way we naturally come up with
the notion of relative Dolbeault cohomology. This cohomology turns out to be canonically
isomorphic with the local (relative) cohomology of A. Grothendieck and M. Sato with
coefficients in the sheaf of holomorphic forms so that it provides a handy way of expressing
the latter.

In this article we present the theory of relative Dolbeault cohomology and give, as
applications, simple explicit expressions of Sato hyperfunctions, some fundamental oper-
ations on them and related local duality theorems. Particularly noteworthy is that the
integration of hyperfunctions in our framework, which is a descendant of the integration
theory on the Cech-de Rham cohomology, is simply given as the usual integration of dif-
ferential forms. Also the Thom class in relative de Rham cohomology plays an essential
role in the scene of interaction between topology and analysis.

2 Relative Dolbeault cohomology

2.1 Relative cohomology

Let . be a sheaf of Abelian groups on a topological space X. For an open set V in
X, we denote by .#(V) the group of sections on V. Also for an open subset V' C V
we denote by #(V.V’) the group of sections on V that vanish on V’. As reference
cohomology theory we adopt the one via flabby resolution (cf. [2], [9]). Thus for an open

set X' in X, HY(X,X';.””) denotes the g-the cohomology of the complex .#*(X, X')
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with 0 — ¥ — Z* a flabby resolution. It is uniquely determined modulo canonical
isomorphisms, independently of the flabby resolution. Setting S = X ~\ X', it will also
be denoted by H%(X;.%). This cohomology in the first expression is referred to as the
relative cohomology of ¥ on (X, X') (cf. [11]) and in the second expression the local
cohomology of . on X with support in S (cf. [4]).

2.2 Cech-Dolbeault cohomology

Let X be a complex manifold of dimension n. We denote by é"}((p’q) and ﬁ’)(f) the sheaves

of C* (p, q)-forms and holomorphic p-forms on X. We denote ﬁf) by Ox. We also omit
the suffix X if there is no fear of confusion. Recall that the Dolbeault complex (&®*), 9)
gives a fine resolution of & :

0 — o® 5 20 i> &Pl _99 _5_> glen)

Dolbeault cohomology: The Dolbeault cohomology HE“(X) of X of type (p,q) is
the g-th cohomology of the complex (£®*)(X),d). The Dolbeault theorem says that
there is an isomorphism

HP(X) ~ HI(X; 0V). (2.1)

Note that among the isomorphisms, there is a canonical one (cf. [16], [17]).

Cech-Dolbeault cohomology: The Cech-Dolbeault cohomology may be defined for
an arbitrary covering of a complex manifold. Here we recall the case of coverings con-
sisting of two open sets and refer to [15] and [16] for the general case and details.

Let V = {V, Vi} be an open covering of X and set Vo; = Vo N V. We set

o@(p,q)(v) _ éﬂ(pq)(%) P g(p,q)(vl) D g(p-,qfl)(vm).

Thus an element in &®9 (V) is expressed by a triple £ = (&.£1,&:). We define the
differential

9: EPD(V) — EPTVV) by D(&. &1, €or) = (9o, r, &1 — & — Dénm).-
Then we see that 9 o9 = 0.

Definition 2.2 The Cech-Dolbeault cohomology H24(V) of V of type (p,q) is the g-th
cohomology of the complex (&£*)(V),9).

Theorem 2.3 The inclusion &®9(X) — &PD(V) given by w — (wly,,w|w;,0) induces
an isomorphism

HPI(X) 5 HPO(V).

Note that the inverse is given by assigning to the class of (. &1,€n) the class of
oo + pr1&1 — Opo A Eo1, where {pg, p1} is a C* partition of unity subordinate to V.
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2.3 Relative Dolbeault cohomology

Let X be as above and S a closed set in X. Letting Vo = X\ S and V; a neighborhood
of S'in X, we consider the coverings V = {V,, V1} and V' = {V} of X and X~\.S. We set

EPDY V) ={eec EPIV) & =0} =&EPD(V) 2 EPID (V).
Then we see that (&®*)(V, V'), V) is a subcomplex of (&P (V). 9).

Definition 2.4 The relative Dolbeault cohomology HE?(V, V') of (V,V') of type (p,q) is
the g-th cohomology of the complex (&) (V. V'), 9).

From the exact sequence of complexes
0 — EP(V.V) L5 gre (V) 2 6P (1) — 0,

where 7*(£1.&01) = (0,&1,&01) and *(£0,&1,801) = &o, we have the following exact se-
quence:

e HPTN (V) s HEO(W, V) L HEU(V) s HEY(V) s (2.5)

where 0* assigns to the class of 0 the class of (0, —6). From the above and Theorem 2.3,
we have:

Proposition 2.6 The cohomology HE*(V.V') is determined uniquely modulo canonical
isomorphisms, independently of the choice of V;.

In view of the above we denote HY?(V,V") also by HL(X, X\ 5).
Proposition 2.7 (Excision) For any open set V' containing S, there is a canonical

isomorphism

HPY(X, X\ S) = HPY(V.V . S),

The relative Dolbeault cohomology share all the fundamental properties with the
relative (local) cohomology of X with coefficients in ¢®. In fact we have (cf. [16]):

Theorem 2.8 (Relative Dolbeault theorem) There is a cononical isomorphism
HP(X,X\S) ~ HY(X;0W).

We have the cup product and integration theory in Cech-Dolbeault cohomology, for
which we come back in a special case.



122

3 Sato hyperfunctions

3.1 Hyperfunctions and hyperforms

Let M be a real analytic manifold of dimension n and X its complexification. For a sheaf
& on X, we denote by J#7(.#) the sheaf defined by the presheaf V — H{, .. (V, ). In
fact it is supported on M and may be thought of as a sheaf on M. We recall (cf. [§],
[12]) that the sheaf of Sato hyperfunctions on M is defined by

B = H01(Ox) &z, OTM/X

where ory; x = J6;(Zx) is the relative orientation sheaf, i.e., the orientation sheaf of
the normal bundle T, X. More generally we introduce the following :

Definition 3.1 The sheaf of p-hyperforms on M is defined by
BY) = A5(00) 2, oruyx.

It is what is referred to as the sheaf of p-forms with coefficients in hyperfunctions.
Since X is a complex manifold, it is always orientable. However the orientation we
consider is not necessarily the “usual one”. Here we say an orientation of X is usual if
(T1,Y1,.-.,Zn, yn) is a positive coordinate system when (21,...,2,), 2z = 2; + V/—1ly;, is
a coordinate system on X. If M is orientable, so is Tjy X . Thus in this case, for any open
set U C M, we have

B ) = Hy(V; 08 2, . HH(V;Zx), (3.2)

Zp (U

where V' is an open set in X containing U as a close set. We refer to such a V' a complex
neighborhood of U in X.

Remark 3.3 In the above we used the fact that A/ is purely n-codimensional in X with
respect to ﬁ;f) and Zx. For the latter, this can be seen from the Thom isomorphism (cf.
Subsection 5.1 below).

When we specify various orientations, we adopt the convention that the orientation
of Ty X followed by that of M gives the orientation of X. Thus if we specify orientations
of X and M, the orientation of T); X is determined and we have a canonical isomorphism
orayx =~ Zx so that we have canonical isomorphisms

B ~ AL OP) and BT (U) ~ HE(V,6P)) for any openset U C M.  (3.4)
In the sequel. at some point the cohomology H{}(V;Zx) is embedded in HZ(V;Cy),

which is expressed by the relative de Rham cohomology, while H(V; 6’)(? >) will be ex-
pressed by the relative Dolbeault cohomology.



3.2 Hyperforms via relative Dolbeault cohomology

coordinate system in the normal direction. Then for an open set U C R™ the space of
p-hyperforms is given by (3.4). On the other hand, by Theorem 2.8 there is a canonical
isomorphism
ZP/(U) = HE™(V,V\U).

In the sequel we identify 2% (U) with HE™(V, V\U) by the above isomorphism and give
explicit expressions of hyperforms and some of the fundamental operations on them.

Letting Vo = V\U and V] a neighborhood of U in V| we consider the open coverings
V = {Vo,Va} and V' = {Vp} of V and VN U. Then H"(V.V\U) = HZ"(V,V')
and a p-hyperfom is represented by a pair (£, &) with & a (p.n)-form on V;, which is

automatically d-closed, and o1 a (p.n — 1)-form on Vy; such that & = 01 on V. We
have the exact sequence (cf. (2.5))

HE" (V) — H3"H(VNU) =5 HE(V.VNU) 2 HE"(V).

By a theorem of Grauert [3], we may take as V' a Stein open set and, if we do this, we have
HE™(V) ~ H™(V,6®) = 0. Thus 6" is surjective and every element in HE™(V.V\U) is
represented by a cocycle of the form (0, —6) with 6 a 0-closed (p,n — 1)-form on V\U.

In the case n > 1, Hg’”_l(V) ~ H*Y(V,6®) = 0 and 6* is an isomorphism. In the
case n = 1, we have the exact sequence

HY(V) — H2O(VAU) 5 HPY(V,VNU) — 0,
where Hg’D(V\ U) ~ HY(V\U,6®) and HE®(V) ~ H°(V, 60'P). Thus, for p = 0, we

recover the original expression of hyperfunctions by Sato in one dimensional case.

Remark 3.5 Although a hyperform may be represented by a single differential form in
most of the cases, it is important to keep in mind that it is represented by a pair (&1, &p1)
in general.

4 Some fundamental operations

Let U be an open set in R™ and V' a complex neighborhood of U in C", as in Subsection 3.2.

Multiplication by real analytic functions: Let &/ (U) denote the space of real
analytic functions on U. We define the multiplication

A(U) x HE™(V,V\U) — HE™(V,V\U)

by assigning to (f.[£]) the class of (fé.. f§01) with f a holomorphic extension of f. Then
the following diagram is commutative :
A (U) x HY"(V,V\U) — HE"(V,V\U)

| |

o (U) x HE(V, 69)) — HL(V, 6).
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Partial derivatives: We define the partial derivative
0
81'1'

LHY"(V,VNU) — HY"(V.V\U)

as follows. Let (&, &n) represent a hyperfunction on U. We write £, = fdz; A --- A dZ,
and {1 =37, gjdz1 A+ Adz; A+ Adz,. Then 6%[5] is represented by the cocycle
0 "L g, —
(82 dzlA"'/\di"’ZaZZ dzy A ANz A - A dE,).

J=1

With this the following diagram is commutative :

a

0,n oz; 0.n

HZ"(V,.V\U) —= H;"(V,V\U)
K |2

HE (V. 0) — 2 Hy (V. 0),

Q)lm

Thus for a differential operator P(x, D), P(x, D) : Hg’"(V, V\U)— Hg'”(V, V\U)
is well-defined.

Differential: We define the differential (cf. [16], here we denote 9 by d)
. N +1,n
d: HE"(V,.VN\U) — HE " (V.VNU) (4.1)

by assigning to the class of (£;1,&1) the class of (—1)"(9&;, —0&;). Then the following
diagram is commutative :
n d +1,n
HEM(V.VNU) —— HET " (V.VNU)
| |2
HR(V, 0°)) —L s Hr(V, 0t D),
We will see that this leads to the de Rham complex for hyperforms (cf. Subsection 5.3).

Integration of hyperforms: We take orientations of R™ and C" as in Subsection 3.2.
Let K be a compact set in U. We define the space of p-hyperforms on U with support
in K by the exact sequence

0— BYU) — BPU) — BP(UNK) — 0.
Then we have:
Proposition 4.2 For any open set V in X containing K, there is a canonical isomor-

phism
B (U) ~ HP"(V,V\K).



Let V' be a complex neighborhood of U and consider the coverings Vi = {Vp, V1 } and
Vi = {Vo}, with V; = VK and V; a neighborhood of K in V. Then we have a canonical

identification %?(U} = Hg’n(VK,V}(). Let R; be a real 2n-dimensional submanifold of
V1 with C* boundary OR; and set Ry = —9R;. We define the integration
/ - BV — C
U
as follows. Noting that u € %ﬁ?)(U) = Hy(Vk,V)) is represented by

€= (&.6m) € EM Vi, Vi) = 6TV (Vi) © 60 (Vy),

/U:/ &1+ &o1-
U Ry Ro1

It is not difficult to see that the definition does not depend on the choice of €.

we define

Local duality pairing: Let K, V and V; be as above. We have a pairing

HEA(V, VN K) x HIP™9(V) = BN (V.V S K) s ¢,

where the first arrow denotes the cup product. On the cocycle level, it is given by
((&1.€01).m) = (&1 A, &1 A ). If we set

HP9[K] = lim HPY(V;),

Vl_D)K
the above pairing induces a morphism
A HEY(V,VNK) — HZ P 9[K]" = lim Hy """ 9(Vp)7, (4.3)

VIO K

which we call the - Alezander morphism. In the above we considered the algebraic duals,
however in order to have the duality, we need to take topological duals.

A theorem of Martineau: The following theorem of A. Martineau [10] (also [5],[9])
may naturally be interpreted in our framework as one of the cases where the 9 - Alexander
morphism is an isomorphism with topological duals so that the duality pairing is given

by the cup product followed by integration as described above.
Theorem 4.4 Let K be a compact set in C* such that HI(K,0?)) = 0 for ¢ > 1. Then

for any open set V in C" containing K, HY*(V,V\K) and H; """ K] admits natural
structures of F'S and DF'S spaces, respectively, and we have:

A HP(V,VNK) = HEPeafiy = a7 n
o PK] q=n.

where ' denotes the strong dual.
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The theorem is originally stated in terms of local cohomology for p = 0. In our
framework the duality (in the case ¢ = n) is described as follows. Let V5 = VN K and V}
a neighborhood of K in V' and consider the coverings Vx = {Vp, V1} and Vi = {V;} of
V and VK. Letting R, and Rq; be as before, the duality pairing is given, for a cocycle
(€1,&01) in &P (Vy, V5 ) and a holomorphic (n — p)-form 7 near K, by

S AN+ o1 A . (4.5)
Ry Ro1

Note that the hypothesis HI(K, 6®) = 0, for q > 1, is fulfilled if K is a subset of R"
by the theorem of Grauert.
Suppose K C R" and denote by &) the sheaf of real analytic p-forms on R™. Then
we have
ﬁ(ﬂ)[K] — li_n} ﬁ(p)(vl) ~ li_n? %(p)(Ul) — sz(”)[K],

ViDK UDK

where V) runs through neighborhoods of K in C* and U; = V; N R™.
Corollary 4.6 For any open set U C R™ containing K, the pairing

BOU) x /" P[K] — H™(V,V~K) -5 C
18 topologically non-degenerate so that

BLU) = o " K]

d-function: We consider the case K = {0} C R™. We set
D(z) =dzy A+~ ANdz, and D;(2) = (=1)" " tzydzy A+ A c?z\, A Ndzy,.
The 0-Bochner-Martinelli form on C*~ {0} is defined as

0 _ ol Z?:ldsi(z) O =

nn-1) (n—1)!
8- oy ( )

; n=(=1) et
B ENET
so that
Bn = Bu N O(2)
is the Bochner-Martinelli form on C*~ {0}.
Definition 4.7 The d-function is the element in
Bioy(R™) = HY"(C",C"~\{0})

which is represented by
n(nt1)

(0, ~(~1)*530).
Recall the isomorphism in Corollary 4.6 in this case:
Bloy(R") = (™)',
where szfo(n) denotes the stalk of o/ at 0.

Proposition 4.8 The d-function is the hyperfunction that assigns the value h(0) to a
representative w = h(x)P(x) of a germ in t%(n).



d-form: We again consider the case K = {0} C R™.
Definition 4.9 The §-form is the element in

%(”)

MR = HI™(C", C"~{0})

which is represented by

n(n+1)

(0,—(-1)
Recall the isomorphism in Corollary 4.6 in this case:

Bio) (R") ~ ()’

Br).

Proposition 4.10 The 0-form is the n-hyperfom that assigns the value h(0) to a repre-
sentative h(zx) of a germ in <.

Remark 4.11 If we orient C" so that the usual coordinate system (z1,y1,...,Zn, Yn)
is positive, the delta function () is represented by (0, —3°). Also, the delta form is
represented by (0, —3,). Incidentally, it has the same expression as the Thom class of
the trivial complex vector bundle of rank n (cf. [13, Ch.III, Remark 4.6]).

5 Embedding of real analytic functions

Let M be a real analytic manifold and X its complexification. The embedding of the sheaf
&/ of real analytic functions into the sheaf % of hyperfunctions on M comes from the
natural identification of 1 as a hyperfunction. Namely, from the canonical identification
Zyr = oryyx ® orygx and the canonical morphism oryyx = S} (Zx) — 543 (Ox), we
have a canonical morphism

Zag = orayx @oryyx — By = Hyp(Ox) @ orpyx.

In fact it is injective and the image of 1 is the corresponding hyperfunction. In the sequel
we try to find it explicitly in our framework. For this we consider the complexification
oryyx = IG5 (C x) of orprx. Then the above morphism is extended to

C‘,W = OT}:”/X X OTMm/x — %M (51)

We analyze the morphism 5#3;(Cx) — 5;(Ox) by making use of relative de Rham
and relative Dolbeault cohomologies.

5.1 Relative de Rham cohomology

We refer to [1] and [13] for details on Cech-de Rham cohomology. For relative de Rham
cohomology and the Thom class in this context, see [13].

Let X be a C*° manifold of dimension m. We denote by éa)((q) the sheaf of C*° g-forms
on X. Recall that the de Rham complex (&*), d) gives a fine resolution of the constant
sheaf C = Cx :

0—C—&0 L om 4y 4, pom g
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The g-th de Rham cohomology H(X) is the g-th cohomology of (&*)(X),d). The
de Rham theorem says that there is an isomorphism

Hi(X) ~ HYX;Cx).

Note that among the isomorphisms, there is a canonical one (cf. [17]).

The Cech-de Rham cohomology is defined as in the case of Cech-Dolbeault cohomol-
ogy, replacing the Dolbeault complex by the de Rham complex. The differential 9 is now
denoted by D. Likewise we may define the relative de Rham cohomology. Thus let S be
a closed set in X. Letting V; = X\ S and V; a neighborhood of S in X, we consider the
coverings V = {Vp, Vi} and V' = {Vj} of X and X \ S, as before. We set

éa(")(V.V’) — g(q)(vl) @ g(q—l)(vm)
and define
D: &YW V) — VWYYV by D(oy.oa) = (doy, o1 — dog).

Definition 5.2 The g-th relative de Rham cohomology H}(V, V') is the g-th cohomology
of the complex (& (V, V'), D).

We may again show that it does not depend on the choice of V; and we denote it
by H5(X, X \S). We have the relative de Rham theorem which says that there is a
canonical isomorphism (cf. [14], [17]):

HI(X, X~ S)~ HY(X,X~S:;Cx). (5.3)

Remark 5.4 The sheaf cohomology H?(X;Zx) is canonically isomorphic with the sin-
gular cohomology H(X;Z) of X with Z-coeflicients on finite chains and H?(X, X~\.S;Zx)
is isomorphic with the relative singular cohomology H4(X, X \ S;Z).

Thom class: Let m: E — M be an oriented C* real vector bundle of rank [ on a C*
manifold M. We identify M with the image of the zero section. Then we have the Thom
isomorphism
T:H"YM;Z) = HY(E,EN\M;7).
The Thom class Vg € H'(E, E~M;Z) of E is the image of [1] € H*(M;Z) by T.
The Thom isomorphism with C-coefficients is expressed in terms of de Rham and
relative de Rham cohomologies :

T:HI Y (M) =5 HL(E. E~ M).
Its inverse in given by the integration along the fibers of 7 (cf. [13, Ch.II, Theorem 5.3]).
Let Wy = EXM and W; = E and consider the coverings W = {Wp, W1} and W' = {W,}
of E and EX M. Then, HL(E. ENM) = HL,(W,W') and we have:
Proposition 5.5 For the trivial bundle E = R' x M, Uy is represented by the cocycle

(0, =) in EOWW).



In the above vy is the angular form on R, which is given by

Y &ilx)

T ®;(r) = (=1)"'z;dr; /\..,/\@A...Adz,. (5.6)

U = C

The constant C) is given by (k=D! if | = 2k and by 20 if | = 2k + 1. The important

27k 2lmkk!

fact is that it is closed and f3171 ¥ = 1 for a usually oriented (I — 1)-sphere in RIS {0}.

Let X be a C° manifold of dimension m and M C X a closed submanifold of
dimension n. Set [ = m — n. If we denote by T);X the normal bundle of M in X, by the
tubular neighborhood theorem and excision, we have a canonical isomorphism

HYX, X~\M;Z)~ H(TyX,TuX \M;Z).

Suppose X and M are oriented. Then Tj,X is orientable as a bundle. We orient it so
that its orientation followed by that of M gives the orientation of X. In this case the
Thom class ¥y; € H(X, X~ M;Z) of M in X is defined to be the class corresponding to
the Thom class of T3y X under the above isomorphism for ¢ = [. We also have the Thom
isomorphism

T:H7YM;Z) = HY(X, X\ M;7). (5.7)

From this we see that M is purely [-codimensional in X with respect to Zx and that
the Thom class ¥); may be thought of as the global section of ory;/x ~ Z); that gives
the canonical generator at each point of M. Also for the complexification of the relative
orientation sheaf or§,  and any open set U in M, we have by (5.3),

or§yyx(U) = Hy(V;Cx) = Hp(V.V\U). (5.8)

where V' is an open set in X containing U as a closed set.

5.2 Relative de Rham and relative Dolbeault cohomologies

Let X be a complex manifold of dimension n. We define p? : &9 — £09 by assigning to
a g-form w its (0, g)-component w(®9. Then p?*!(dw) = J(p?w) and we have a morphism
of complexes

0 C 0 _4d oy _d . _d . plg__d
lL lpo lpl iﬁ“
0 o £00) _9 , p01) 0, 9, e0g 9,

Thus, for any open set X’ in X, there is a morphism p? : HL (X, X') — Hg’q(X, X,
which makes the following diagram commutative :

HE(X, X') —Z— H29(X, X) (5.9)

E |
HI(X,X':C)—— HY(X,X"; 0).
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5.3 1 as a hyperfunction

Let M and X be as in the beginning of this section. We now try to find the image of
1 by the morphism (5.1). For simplicity we assume that M is orientable. Let U be a
coordinate neighborhood in M and V' a complex neighborhood of U in X. We orient X
and M so that the orientations give the ones for V' and U as in Subsection 3.2. Then we
have canonical isomorphisms

Cu(U) = 245(Cx)(U) = Hj(V;C) and By (U) = H#5;(0x)(U) ~ H(V; 0).

Note that the first isomorphism above is the Thom isomorphism (5.7) with C-coefficients
for the pair (V.U). Suppose U is connected and let V and V' be coverings as in Subsec-
tion 3.2. Then we have the commutative diagram (cf. (5.8), (5.9)):

(C:HO(U;(C)%)HZ}(V;C)—L—%H{}(V;ﬁ)
o
HE(V. V') = HY" (V, V).

The image of 1 by 7' is the Thom class ¥y which is represented by 7 = (0, Un(y)) i
EM(V, V') with ¢, (y) the angular form on R} (cf. (5.6)). Since p(7) = (0, - PO 1)),
we have :

Theorem 5.10 As a hyperfunction, 1 is locally represented by the cocycle (0, —w,(lo’”_l))
in O (V. V'), where v Y is the (0,n — 1)-component of ¥n(y).

Using y; = 1/(2/—1)(z; — Z;), we see that

/(On 1)_(\/_)nC Z (‘1)2(21—Zi)dfl/\"'/\dzi/\“-/\din.

Iz =2l

In particular, if n = 1,

Embedding of real analytic forms into hyperforms: Let U and V be as above.
We define
P (U) — BP(U) = HE*(V,V\U)

by assigning to w(z) in & ) (U) the class [(0, "™V Aw(2))], where """ is as above
and w(z) denotes the complexification of w(x). Then it induces a sheaf monomorphism
1P o7®) 5 BP) which is compatible with the differentials d of 7(*) and Z(®

de Rham complex for hyperforms: Let X be a complex manifold. Then we have
the analytic de Rham complex

0—C-5e-LHoeh L. Lo



and the diagram (5.9) is extended to an isomorphism of complexes

0—s HLH (X, X") 5 HO(X, X') —s HM(X, X') s~ HM(X, X') —— 0

| | K E
0— HY(X,X';C) % HY(X,X"; 0) -5 HI(X, X'; 6W) L5 ... 4 g9(X, X" 6™)) — 0.

Let M and X be as above. Then from the fact that M is purely n-codimensional in
X with respect to to Cx and &), we see that the above complex for X’ = X ~ M leads
to the following exact sequence of sheaves on M :
0—C— 2520 L. .. L g0
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