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Abstract

We have presented the GPGCD algorithm, which is an iterative algorithm for calculating approxi-
mate greatest common divisor (GCD) of univariate polynomials with real or complex coefficients. For
a given pair of polynomials and a degree of the approximate GCD, our algorithm finds a pair of poly-
nomials which has the GCD of the given degree, and makes the perturbations of whose coefficients
from those in given polynomials as small as possible. We transfer the approximate GCD problem
to a constrained minimization problem with the Sylvester matrix, then solve it with so-called the
modified Newton method. In this paper, in place of the Sylvester matrix, we present an algorithm
which uses the Bezout matrix to transfer the problem.
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BRI T (GOD) FHEIRSRILELIZ 5\ Tl SRR O BRGSO D TH b, L GCD A5
B - BUERA I [16) DR THH < M SR INTWAE T —ID—2TH 5. M GCD FEIIE, %I
AFAS (PRS) ([11], [10]), (%) $AERITHIORRMAM (SVD) [4], QR 5 [5], LU 4k [1], Hed

{b7e & ([14], [3], [12], [17])), T ETERT Tu—Fnb 5.

ARTIE, Bl biEic3Eo <EMl GCD 7L IV XL D —DTH S Sylvester DFEIHERITH % FI
72 GPGCD G5 7V T ) X L (BUFIE Sylvester £ &\ 9)[14] & £ &2, Bezout OFHKENITH % F\\ 7z

GPGCD G557 VT X4 (BT Bezout #52 \\5) 2353 5.

2 ELGCD R OFIFT E RBEEEENDRE
ARITHE, JEM GCD & T ORI 2 R < B THZ 5.

fEIRE 1
RO m REHRX f(x), n IREIHEKX g(v) LR L IZHL,

f(z) = f(x) + Af(z) = h(x)f(:
deg(h(x)) =k, ged(f(z),g(x)) =1,
deg(Af(x)) < deg(f(x)), deg(Ag(x)) < deg(g(x)),

iU, |JAf(@)]? + |Ag)]? 2 HR/IMET B f(z), §lz), h(z) &R k.

(z), G(z)=g(z)+ Ag(z) = h(z)j(z),

ARTE, FERAD VL 22/ Vb ||l 2T 5.
525N SHER f(2), g(z) %

f@) = fma™ 4+ foz°, g(x) = gax" + - + goa”
&L, kK BEMLEN f(2), §(z) %

f(:z;) = fnz™ + - + fox°, G(x) = Gna" + - - + Gox®

e —EERS 2, m>n ERET S, BUFTIE, g(z) 2 m IREIEHX gpa™ + -+

Im = " = 0nt+1 = 0& bfj’&'i
Bezout O#AERITHDEF L B %2 LIRS,

EF 1 (Bezout D#HERITI [2])
m IRZ A
f(@) = fma™+ -+ for°, g(x) = gma™+ - + goa’

WL,

Bez(f, 9) = (bij)ij=1,....m>

mij

bij = Z fivk—19i—k = fickGjrk—1,mi; = min{i,m +1 - j},
k=1

& i 729175 Bez(f,9) & f & g © Bezout OF&FERATH & IF5.

+ goz®,
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78 2 (Bezout DFEXITIIDOME [2])
miIRZH f, g 23U, Bez(f, 9) 1& m IRIEA{THIDDXFRTFITH D, LAFOBRER9. 22z, 7
5 A D8 rank(A) THT.

m — rank(Bez(f, g)) = deg(ged(f, 9))- (4)

LR T, B =Bez(f,j) £5<.
MIE 1 D4R (1) & b
deg(f,§) = deg(h(x)) = k (5)
e, ZorE, K (B) @2 L,

rank(B) = m — k, (6)

MDD,
B = (b)) DREMNM[7) % B=USVT & U, BRRZ MLTHBTHV = (61, ,0m) OHS k
DHIRY MVTHEIRE NBITHNE V! = Byl - Om) £ B L. #lEH 2 L ERESROVEE L D,

0 - 0
BV = | : (7)
0 0
MEsND. Ko7, FIERHEE
Gij = bty + -+ bimm; =0, i<m, m—-d+1<j<m (8)

e HL.
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ZHRMET S, i1 £ Y Bezout {THIINFMTHTHBDT, BOEHKZL LT LELEZADOELZDHRE ENE
L. ko, BMEHE

_ 7 2 ~ 2
F=3% (by—by)*+ > (i —vy) )
1<j i<m
m—dfl<j<m
i SE
LRz D,
T = (-'1/'11 T2y ey a"7n(m+1)/2+md>
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T2 G(z) =0 Db 2T, HIWME F(z) &MY 5 @ 25k X, O
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AT, 2 2IE1E Newton ¥ [13] 12 & - THEL.
{EIE Newton {EIZ5-2 %5 md x (m(m +1)/2 + md) DV 2 C17H] Jg(x) DREELE LATFICRT.

J; B
Ja(x)=| ;
Jg B
Z 2T, mx (m(m+1)/2) D175 J5 1%
771 Q72 e e f)m
f)l 7~)2 oo oo ﬂm
]B = 773 ljm
7777171 77m
171 172 173 e 'DmAl f)m

THd. GRoNLHR f(z) & g(x) D Bezout {751% B = (b;) & U, RSl B = USVT DR
RIMVV = (vy) & 5. PHEE 2o = (11, -, bims b2z -« -, bamy - - -
binms V1,m—dt1s - -« s Umnym—dt1s Vlm—d+2s - - - » Umnym—d42s - - -y Umm) & F A, 1EIE Newton {512 & - THIRE 2
Zfif <.

EIE Newton HEDFEHER £ 25 (bi1,..., bmm) 213522 T, B %1585,

T, BH o kIRDIER GCD ged(f, §) k5.
@ 3 (Barnett D E® [6])

frgEmREHEAXNE T 5. k% deg(ged(f,9)) £ 5. Bez(f,g) = (b1, -+ ,by) OHINS (m — k) 5
by, by E—HNITH Y, BADPS k] g, .. by DHID (m — k) T

m—k
bi:Z]‘=1 cijbj, i=m-—-k+1,...,m (10)

DESIHELSND. THIT, f, g DEZ Y ZRBEARANT ged(f,g) RO XS ickIh b,

k-1

ng(f) g) = xk + Cm—k+4+1,m—kT +- Cm,m—k- (11)

O

RDFELL GCD & hz) = hya® + -+ ho £ 5. (m — k) KREF f(z) & (n— k) RRETF g(z) &
ThTh

F@) = fnoka™ F 4+ fo02°,  §(z) = Gnoga™ F + - + Goa°

LBE, EBZHER BT BB (| f — FI? = |If — hfl? = (fi = X% Fn—ihi)? ZHMET B ARKT
FakDB. ZOMBIEN - REEETH S /20, “WREHHEE (9] TH<. Rk g HRD5. 2 LTE
WEHENfL g% f=hfg=hj L bRKDB.
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AFETIE, 100 HlOEM GCD 2F DL IHADOMEHWT, 24 FE Tk X7z Bezout D FERFEHRIZOW
TikR 5,
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B 5N AL RET I
ZIHA GCD
fl@) = hla) f@) +  Af@)
gz) = h(=) fl@) +  Agla)
10 ¥X 51X 51X HEhE: 0.1

1: 7 A M HZEA DR

100 IO ZIHROM f(2) & §(x) &, IR BEMAAIZE 2 72 5IRD GCD h(z) 2R 10 IROLER h(z) f(z)
B L h(x)g(x) iz, REEEERIZE 27 EHE 0.1 D 10 IREEHN Af(z) BELU Ag(z) 2FNFNIAZ 7=
HOTH5 (M1 %2BR). AFERIZHAVWSNEE=ZY 7 5L EANOH f(x) & g(x) 1&, Sylvester i [14] D
B [15) TH-A 72, f(z) & §(z) TNERD ) VAR 1IZLESD, Thbb f(o) = f(o)/|f@)], 9(=z) =
g(x)/]|9(z)|| THB. FElE, CPU Intel(R) Core(TM) i5-6600 @3.30GHz, A E Y 8.00GB, Windows 10,
HLEL Y 2 F 4 Maple 2018 % fIWT, EHERET -7, EREREE 1IORT.
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<, Sylvester £z LB F & IKIKT 2L, 10FREOREITHS.
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IE 5% DMEIBCTH 5.

5 &

ARTlE, Bezout DF&FERITHE V2 GPGCD 7LV TY AL RBEL, EERETWV, 7LVITYX
LOTEEREND . EFFER LD, BIFED Bezout ki, #HBjRE X OFHHEIF & £ Sylvester L DFEH
LTV,

SH#IE, SELLGCD OREM KR E WS, 52 56NELIEHADBRELKEWES, X o HERAK
SWEERE, FRA RGN 2R EZ T\, Bezout IEDIMGEEETTD. F£7z, Sylvester iEIZXT U, Bezout
EOEB S KOG QMM LB 7T XAOWREOWEE HiE S

Z E X W

(1] D. A. Bini, and P. Boito. Structured Matrix-Based Methods for Polynomial e-Ged. In Proc. ISSAC
07, 9-16. ACM Press, 2007.

(2] W.S. Burnside and A. W. Panton. The Theory of Equations, Vol. II. Dublin University Press, 75-80,
1901.



B3]

(4]

1)
12

(13]

(14]

(15]

[16]

(17]

P. Chin, R. M. Corless, and G. F. Corliss. Optimization Strategies for the Approximate GCD Prob-
lem. In Proc. ISSAC 98, 228-235, ACM Press, 1998.

R. M. Corless, P. Gianni, B. M. Trager, and S. M. Watt. 1995. The Singular Value Decomposition
for Polynomial Systems. In Proc. ISSAC ’95, 195-207. ACM Press, 1995.

R. M. Corless, S. M. Watt, and L. Zhi. QR Factoring to Compute the GCD of Univariate Approximate
Polynomials. IEEE Transactions on Signal Processing, 52 (12): 3394-3402, 2004.

G. M. Diaz-Toca, L. Gonzalez-Vega. Barnett’s Theorems About the Greatest Common Divisor of
Several Univariate Polynomials Through Bezout-like Matrices, Journal of Symbolic Computation
(2002) 34, 59-81, 2002.

G. H. Golub and C. F. van Loan. Matrix Computations (4th Edition). Johns Hopkins University
Press, 2013.

J. Grabmeie, E. Kaltofen and V. Weispfenning (Eds.) , Computer Algebra Handbook, Springer-
Verlag Berlin Heidelberg New York, 2003.

J. Norcedal and S. J. Wright, Numerical Optimization (2nd Ed.), Springer, 2006.

T. Sasaki and M-T. Noda. Approximate Square-Free Decomposition and Root-Finding of III-
Conditioned Algebraic Equations. Journal of Information Processing, 12 (2): 159-168, 1989.

A. Schonhage. Quasi-GCD Computations. Journal of Complexity, 1 (1): 118-137, 1985.

E. Schost, and P.-J. Spaenlehauer. 2016. A Quadratically Convergent Algorithm for Structured Low-
Rank Approximation. Foundations of Computational Mathematics 16 (2), 457-492, 2016.

K. Tanabe. A geometric method in nonlinear programming. J. Optim. Theory Appl., Vol. 30, No. 2,
pp. 181-210, 1980.

A. Terui. GPGCD: An iterative method for calculating approximate GCD of univariate polynomials.
Theoretical Computer Science, 479, 127-149, 2013.

A. Terui. Dataset for the GPGCD Algorithm. https://github.com/atelieraterui/
tcs-snc2011-data, (£ 2018-02-13).

S. M. Watt, J. Verschelde, L. Zhi (eds). Proceedings of the 2014 Symposium on Symbolic-Numeric
Computation (Shanghai, China, 2014), ACM, New York, 2014.

Z. Zeng. The Numerical Greatest Common Divisor of Univariate Polynomials. In Randomization,
Relazation, and Complexity in Polynomial Equation, Contemporary Mathematics, 556, 187-217,
AMS, 2011.

13



