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Abstract
sign definite condition (SDC) IXHlfHRERF DO F I Ml M LR TcE D720, TEERI T A
OB TH L. ARTIE, SDC WHRE TN ED D EMIHELT 272912, Sturm-Habicht 51 O HUH
EERBUTED 2 > 0ICB D EMOBA EITERET 5.
Abstract

A number of important problems in engineering have been reduced to sign definite conditions
(SDCs) and a special quantifier elimination (QE) method is proposed [8]. In this paper, to simplify
formulas for special quantifier elimination for SDCs we propose a real root count method in z > 0 by
using the constant terms and the principal coefficients of the Sturm-Habicht sequence.

1 FLC®HIC

Bt FiH 9% (Quantifier Elimination: QE) [9, 2, 13] lEBREF 23Dz —Bb G2 A& LT,
THEEMTHRREFORVHRERZENTE27 VT AL THS. QE L DOISHAND ZEE LTIV T
JALT, MDD DREA IR eI TS, Lal, WA QE &, BEFREO NEARET
DEROBUIK L, BB THEZ L 4] BWREINTED, BHEMSNTWAHRERDOVVWTETH D
cylindrical algebraic decomposition (CAD) [3] TH, %< &b 5 LKL X TOMBEL »RIT 2. 20D
728, AJNTHIRZMA S Z & TRRAZRBE LU AHA QE BMEEINTWD. FIlZIE, fIEP 2 kes
FAGL DRI TIBR 2 I 2 72— BSA FEER BTN % virtual substitution [10, 11], Z D EEVED S
Va(f(z) > 0) (2§ % Sturm-Habicht %1% i\ 72 QE [6], (B8 D) XK % R D854 12 SR B E
THURNI L 7 F—BEREMMA LK QE [12,5] RENH 5.

AFETIE, sign definite condition (SDC) & M:EN 5 M Va(z > 0 — f(z)) WX LT, Sturm-Habicht
FlEFAWZ QE [1, 8] 2 5. SDCIZ& D, FIMRZEO S I 0l GkME2iRcE 5728, SDC I
W95 QE OREFEHETH D, TOHNMPMHETHNIE, BILHL & 7252 D FA7 ] HEFFIL O Hijl 72 & D &)
AAHIRETE 5. (8] T, Sturm-Habicht #|D T X TOFEEEHWVTAREHEL TV, ARITIE,
—HORED B E AT AAEMET D720, FHAD 2> 0128 2 EROKX LT OB OWTH
nNes.
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2 HEE

AFETIE, sign definite condition (SDC) DEFE, [13] TRESNTWAEMD QE 7LIY ZAILD
WTRR S,

2.1 Sturm-Habicht FiC & 2B D2 LIS
ANz, FEROZ EWFIZRIF T % Sturm-Habicht 512 DWW TEHH 5.

EF 1 (Sturm-Habicht 7)
nIRDLHERA f(z) € Q] 1T LT, LARDZIHAS SH(F) := {SHL(f),...,SHo(f)} % Sturm-Habicht
e kA

SHa(f) = £,
SHnAl(f) = g{'u
. - df .
SH](f) = (5,1__]'_1 Sl’eSj(‘]‘,%) (]:0,...771,—2).

TIT, Sres;(f,g) X f & g D jUEHEER [13, p. 129] T, ;= (-1)"7 TH 5.
X7, SH;(f) ® j IROFEEE j IR Sturm-Habicht 5 ERE 2\ 5.

TH 2 (FSTLOK)
FIDHIII A = {apn, ..., a0} B BBHESELOE V(A) 12, U FOBRANEVER 5.

o ROWEHE 1 &AL {— +}{+, -} {-0,+}{+0,~},{-0,0,4+},{+,0,0, -}
o MDFZHE 2 £8x 5 {+,0,0,+},{-,0,0,—}

T oI, EBREOAREDOL AL S(z) = {Sn(z), Sn1(z),...,So(z)} LEEB a IZH LT, V,(S) T
{Sn(a), Sn-1(c),...,So(a)} DHBEADEV({Sn(a), Sn_i(a),...,So(a)}) LT

IROFEIZ £ D Sturm-Habicht 5% W TEH X SN KEIZ BT D HE R B EROMEEE KD B Z &n
TE 5.

EIE 3 (Sturm-Habicht FIC & 2 RBOEH A EIF [7])
£IR f(z) € Qa], a,b e R (a < b) XU fa)f(h) £0 £ L, H(f) % SH(f) SIS 0 125 5%
2O RWizbD e T 5.
IOYE, V(H(S) - H(S)) BEM [0,b] KBTS f(r) DR 3 EROMERI—KT 5.
T 4
deg(SH;(f)) = j D& &, SH,(f) RERITH S &105.

Sturm-Habicht 512 U TR DEBA KL T 5.

EH# 5 (Sturm-Habicht Structure Theorem [7])
FAENE n (>2) DFHRE TS, SHy o (f) BEMATTO jIHLT, degSH;(f)) =r<j &5 5
&E, IRMRRALT 5.

(A) r<j-—1 DL E, SHj_l(f>= :SH7-+1(f) =0,
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(B) r<jD&E, he(SH;1(f))7"SH.(f) = d;-he(SH;(f))?SH;,
(C) r<j DEE, he(SHjw () H2SH,1(f) = 6 2Prem(SHy1(f), SH; (/).
ZZT, he(g) 1 g DEMRIET, Prem(g,h) &, MFTEHINIEHARE TS,
Prem(g, h) = remainder(hc(h)e8(9)—deg(h)+1g p)
# 1 IFEH 5 2 L L72HDTH S, Sturm-Habicht FNEHOMAERS] & (BT 5 &, SRR
DT, REDBR»r oA DL, MOHERFIOEI L FFEDHDIZR 5.

# 1: Sturm-Habicht Structure Theorem @ 54k,

index || j+1 jgoli=1|-|r4+1] r r—1
SH; |[SHj41 [SH; | 0 |- | 0 |SH,|SH,_4
ng ] +1 T —00 ‘o —00 r

2.2 Sign Definite Condition
IA#IZ sign definite condition (SDC) % E#HT 5.

E# 6 (sign definite condition)
ZIARX f(z) € Qz] 1T T BUTDERM% sign definite condition (SDC) &\ 5.

Vo (x> 0— f(z) >0)

iR S DR 72 78 SDC TRIR T E 5728, SDC WHEERMED 7 I A TH D, HHO QE 7
NTYZLPREINATNS (1], BEINAGEHTLTY XA SDC 2 [HBUEAEDSIHR f(z) A
x>0 ICBWTHERER AW &) CEMRI e 2/HETS. 2&b, EH 3 2HAVT, K [0,0) 12
BT LMD EEOMEEN 0 127825042 KRDNIT V. 2=0 & =00 IZEITD SH;(f) ORFEFEK
iz, AN TIRIRDEIEEHWS.

A1

SHi(f) D 2= oo IZBIDHE, DE 0, SH;(f) DELREL (head coefficient) DFF5% hj, SH;(f) D j
IRDBRE DTS (principal Sturm-Habicht coefficient) D5 % p;, SH;(f) ® 2 =01ZHB1F 285, 2%
D, SH;(f) DREBUIH (constant term) DFFF% ¢; L KFT 5.

Beri, E AFEiRonZeT, ThEh, 4, -, 0 TKT. AT, + %21, - % -1,0%0¢&

Hvo, F-BT B, BIZIE, 20 £2E + OB >0 LKL T D,
EFE1
SH;(f) = ajjzf +aj 127V + a0 £ THEE, IFHHLT 5.
hj=0 ¢ aj;=a;j-1=--=a50=0
hjy >0 < (aj; >0)V(a;; =0Aaj;-1>0)V---V(aj;=ajj-1=--=aj1=0Aa;o>0)

L7z o T, =00 TSH;(f) A0 1275 & &, SH;(f) IXEEFWIZ 0 THS. £z, ¢; 1E aj0 DHFIC
—H¥ 5.



Bl 1
f(z) =252° 4+ 252% + 102° + 222 + 252 + 1 £ 5.
SHs(f) = f(z) = 2525 4 252% + 1023 + 222 + 25z + 1,
SHa(f) = E(x) = 1252% + 1002 + 3022 + 4z + 25,
SH3(f) = ds—s_1Sress(f, &) = —(310000z)
SHa(f) = Gs-a-1Stesa(f, L) = —(0),
SHi(f) = ds-1-1Stesi(f, &) = +(1906624000000z),
SHo(f) = ds_o-1Sreso(f, &) = +(945685504000000).
ThHBHDT,
H(f) = {SHs(f),SHa(f),SHs(f),SH1(f),SHo(f)}
{hs,ha,h3,h1,ho} = {+,+,— +,+}

{¢s5,cq,c3,c1,00} = {+,+,0,0,+}

E0, Vo (H(f)) = Vo(H(f) =2 DT, flz) D a>0 28 52EBOMEKIE 0 THS. flz) DR
DRBEADBIE 0 2DT, FTHIVINOREENSE f(z) D >0 TERERZBRWI VR TE .

R 2

n IROZIENIZN U T, hy =hp_1, ho =co L7025 Z LIZIFERT 5.

2.3 SDC #Hf QE OFEH

AREITIE, NHESICXDIRES NS SDC HAD QE 7V I ) XADEE S [13] 1I22WTHhAR5.

Algorithm 1 1%, SDC HHD QE 7)LIVU X LADFEHEOHETH L. Wiz, &7 F4 > TR
WARBE N T AR LT ELIATH LT, o> 0 CTERERZRWNVESRELDH SN LORDTEL. 18
AhEn# (v 74 Y) OFHEIE Sturm-Habicht 4% RO THRAT 2437217 £ 5 DT, @dis QE
SFRAEE IS, EEE, 5 ROMERIHAD QE TATY XA TH S CAD Tl 1 K7z > TH AN
FIE U2, REFETIE 1 Rz WRE TR TE 5.

FrIA VOHEESHRLTDEDITIE, AT T UTD ¢, DEBEEBEAT DI ENBETHS. X
T2, on ORBEOEEAGILE N SN DREROMEAIZ DAY, FATATREFEISL O HE X BB 2 e 5
a7 CHRAMIBOFEEAIIZH DRADE. AT T VTHET D ¢, O DOWTIE, [8, 14] 2B
N7z,

Algorithm 1 qe,4,.

Input: X n OZHEX f(z) € Qla]

Output: f(z) #* SDC % i 7= 3 Fft
o Vo(H(F)) = Vao (H(f)) = 0 £ 725 SH ORFBL&ME (47 51 VTl & 3)
SH(f) « f @ Sturm-Habicht %
on 12 SH(J) 2RAT 5.

2

2IRDLZHR f(x) =24+ bx+c DEEEEZD. Vo(H(f)) = Ve (H(f)) =0 LR BFE55MEIE 20 X
S0 %. BTN f(x) x>0 TEMERZIRNLED by, ¢; ODRFFERLTWS. 2IT, EE2 X
D, ha=h1>0THY, hg=coy THH, f(0)>0&D, c>04DTcy >0 &74dI LITHEKTS.
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#*2: ¢y
ha hi hg { c2 €1 Co
+ + -+ - -
+ + - |4+ 0 -
+ + - |+ + -
+ + 0|+ 0 O
+ + 0|+ + 0
+ + + |+ + +

f(z) @ Sturm-Habicht 3% SH(f) = {2? + bz + ¢, 2z + b,b? —4c} DT, ATA @ ORBE L5,

(b2 —4c<0Aec>0Ab<0
(02 —4c<0Ac>0Ab=0
(02 —4c<0OAc>0AD>0
(
(
(

)

)

: M
b2 —4c=0Ac>0Ab=0)

)

)

<K< < < L

b2 —dc=0Ac>0Ab>0
b2 —4c>0Ac>0Ab>0

XD Eg>0Ag=0c9>0%2FfHTHZLT, UFDL AT ELZ AT S,

(0> —4c <0 ACc>0) v
(02 —4c=0Ac>0Ab>0) V (2)
(02 —4ec>0Ac>0Ab>0)

FROFRMEATIA VTHEL THE, BARNREBUZT U T b, c IlE2RAT 57201 T QE MWHEBLX
ND. ZDEII o ZHONUDMHEIALL TELZETAY IV TORAEBEHIKTE .

3 AROEEL

ZITI, p; ke &> T SDC DAREGTBT 5728, hy & pj,c; KEDRHATEI L2525,

pj £ 0 THNE, hj =p; %D, TEERETE S, SH;(f) PERITAR, DED, p; =0 DBEEER
5. Z0XEs, EHSICLD, HEWIZ0 LRIGEIRETES. TOLER, by =0TH5. SHin(f)
PIERIT, SH;(f) AMESMIZ 0 TH D L E1E SH,(f) = SH;_1(f) = --- = SHo(f) =0 & 720, [H%HIC
0 TEBWIEEIE, r=deg(SHj(f)) >0 &5 & SH;_1(f) = SHj_2(f) = --- = SH,11(f) = 0, SH..(f)
BIERIE 25, LT, p; BREETE VDI, SHy 1 (f) AERIT, SH;(f) AERTRL, »olE
LT 0 TRWIBEDHRE RS,

IRDFEHIZED, hy DFTXTDORFEA pj, ¢; PORETEDLLIIMRDB. ZIT, f(0)=ag >0 &
SDC OMBERMETH D Z LIERSI N,

EHE 7
ZIA f(z) =Y gaid’ DY anag #0 £/ apa1 #0 DEE, 0< 7 <n T LT, SH 1 (f) PERIT,



r=deg(SH;(f)) < j, SH;(f) #0 £§ 5. ZDEF,

Oj—rDr (j —r Is even),
hj =< 8 rDjp1CrC; (j —r is odd and ¢; # 0),
0j—r42Pj41Cr—1Cj41 (j —ris odd and ¢; = 0).
D AVAC IS
%IEEH {7\, SHj+1(f) b SHT(f) LiIEEU@:@’C, Pi+1 = hj+1, Pr = }Z,» ﬁ‘ﬁ}hﬁ’é‘é

L

fl

F’

B3 (B) 25, z=00 DEE,
/L;;;pr =851 hy
BDT, j—r BMEHEDLE,
Dr = 6j_rhy
"Fonsd.
EH 3 (B) b, =00 E,
Riier =850y ey

DT, j—r WEFT, G #FODEE,
]’Lj = /1j+1c7~6j,7-6j = 0j—rPj41CrCj
"EoND.
G, f(x) i a=0 CHERERZZ2VOT, f(r) & Liz) HSERINDERIIDEG LT o =0 2K
IZRFD Z & ldwn. Ldto ¢, G =0DEE, ¢jy1 #0 DL TB.
EH3(C)IZBWT, 2=0&F5&,

j—r+2 j—r+2
Tf;H Cr—1 = 6j—7~+2h;' Cjt+1

BOT, j-r BHEOLF,
hj = 06j—r42Pj+1Cr-1Cj11
nid5 N5, -
LROEENS, 1> 0108 RS EMOMKE KD S Algorithm 2 HHESNS.
7, KTLITY LD, ¢ B P L& oT, o, BHETES Z L 2b25.

4 RERIER

FEROMEED, ¢j, p; ICLDRBTED LT 7DT, THIZE>THOND AXE, GREEHLE
EMOWTT o7 8 &3 1&, 2h& Vi) Al (£i0:0) (pi € {<,>,=,<,2, T}, &KL, f;T0=T %
KT D) OIATHEALL 725 EORRERL TV D. deg FIE fz) DREAEXRT. ¢ FlX, FROM
BERETDHEDICEAIEI2LHADMEBERT. ek n T8, pp=p1>0,c,>0,c0=po
BOT, t=2n-2THY, 3 HOFSOMELEZMUTHBALZITS. T e Lilldthth, L
O SOMEEDS b, HELIFBE L THR->=HE50MAEEOMHEKTHSD. 3 - T~ L 1E, [8] THRL
PRI E D, AL (f300,0) B W7 FEEDHEL RV, DD, AT A—REM ETEEATH S50,
TBMHERFET 2 REP R WS HIOMEBTH 5. rims2017 S & casc2013 Fli%, TNFN, pi, cx & hy,



Algorithm 2 RootCount(f)

Input: polynomial f = Z?:o a;x* where anag # 0 or apay # 0

Output: number of distinct real roots of f in z > 0.
1: compute {cx} and {px} (sign of coeffo(SHy), coeffy(SHy))
2. 74 —1,C + [], H «+ [] (empty sequence)
3: for j from 0 to n do
4: if p; # 0 then
hj < pj, 7 J

ot

6: else if pj.1 =0 orr <0 then

7 }Lj «— 0

8: else if (j —r) is even then

9: hj — 6j—rpr

10: else if ¢; # 0 then

11: hj = 85_rpjs1cicr

12: else

13: hj 4= 8;_r12Dj+1Cj41Cr—1

14: if hj # 0 then

15: append h; and ¢; to the front of H and C, respectively

16: return V(C) - V(H)

cr DIFFIZE > TARZHELLGED v O s R LTV, 7T IRE TIE espresso 12 & 2 k&g A
FonTnd. 8 IKIBALEOFERTHS.

8] A& LI LT, hy D8 py 12725722 I K BEHEALDOREZIF TR, v DEBANE <2mb, Kb
i RANBONTVWEZ AR TE S, I, hy ORESFHIRIN TS Z Lz k28R T
LTWwa.

7 3. iR LAEE

deg t T 1 rims2017  casc2013
2 2 5 2 2 2
3 4 17 8 2 4
4 6 117 78 6 10
5 8 425 306 7 18
6 10 3089 2660 31 57
7 12 11897 10838 42 121
8 14 87361 89592 134 353

5 F&H

SDC M QE OAREMHALT 2728, SR 52LIEAD ¢ > 01281 5574 5 RO Z Sturm-
Habicht 5 E6RE p; EEBIH ¢; 1T DRDDFIHRERE L. Zhiz kb, 8] L b HAAADNES
N, B FmHEESHFTE L.
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