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Kakinuma model for internal gravity waves in the rigid-lid case

Tatsuo Iguchi
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1 Introduction

This article is based on an on-going joint research with Vincent Duchéne at Université
de Rennes 1 in France. We consider the motion of internal gravity waves at the interface
of two immiscible incompressible and inviscid fluids in (n + 1)-dimensional space. For
simplicity, we assume that the water surface of the upper layer is flat, that is, rigid-lid.
Let ¢ be the time, z = (x1,...,x,) the horizontal spatial coordinates, and z the vertical
spatial coordinate. We assume also that the interface, the rigid-lid, and the bottom are
represented as z = ((x,t), z = hy, and z = —hy + b(x), respectively, where ¢ = ((z,t) is
the elevation of the internal layer, h; and hy are mean thicknesses of the upper and lower
layers, and b = b(x) represents the bottomn topography. Therefore, the upper layer Q;(t)

and the lower layer Q5(t) of the water have the form

() ={X = (z,2) e R"; ((z,t) < 2z < Iy},
D) ={X = (z,2) e R"; —hy + b(x) < z < ((z,1)}.

We denote the internal layer, the rigid-lid, and the bottom by T'(¢), 3}, and X, respec-
tively. Furthermore, we assume that the waters in the upper and the lower layers have
constant densities p; and ps, respectively, which satisfy Rayleigh’s stability condition

(p2 —p1)g >0,

where ¢ is the gravitational constant.

As in the case of water waves, the basic equations for the internal gravity waves have
a variational structure and a Lagrangian is given in terms of velocity potentials ®; and
®, in the upper and the lower layers and the interface elevation ¢. T. Kakinuma [7, 8, 9]
approximated the velocity potentials ®; and ®, in the Lagrangian by

N2

N1
q)éllpp(x7z’t) = Z\Ijlz<z,b)¢lz(x7t)7 q)gpp('raz>t) = Z\PQZ(Zab)(sz(x7t)7

=0 i=0
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where {Uy;} and {Uy} are appropriate function systems in the vertical coordinate z
and may depend on the bottom topography b, whereas ¢, = (¢19, 11, ..., d1n,) and
@5 = (P20, P21, - - ., ban, ) are unknown variables. The Euler-Lagrange equation of the ap-
proximated Lagrangian in terms of (¢, ¢, ¢) is the Kakinuma model for internal gravity
waves. Different choice of the function systems {¥y;} and {WUy;} yields different Kakinuma
models and it is important to choose good function systems. In view of the mathemat-
ical analysis to the Isobe-Kakinuma model for water waves given by Y. Murakami and
T. Iguchi [12], R. Nemoto and T. Iguchi [13], and T. Iguchi [4, 5], we will choose the
approximated velocity potentials as

N N*
(I)Tpp(xvzv t) = Z(Z - hl)Ziéli(IJ)? (I)gpp(xv Z7t) = Z(Z +hy — b(I))pi@i(Ivt)v (1)
i=0 1=0
where pg, p1, ..., py+ are nonnegative integers satisfying 0 = py < p; < --- < py~. In this

article, according to the presence of the bottom topography we will chose these indices as
follows:

(H1) In the case of the flat bottom b(z) =0, N* = N and p; =2i (¢ =0,1,...,N)
(H2) In the case of a general bottom topography, N* =2N and p; =i (i =0,1,...,2N)

We analyze the linear dispersion relation of the Kakinuma model, which will be com-
pared with that of the basic equations for the internal gravity waves. It is revealed that the
Kakinuma model under our choice of the function system would be a higher order shallow
water approximation to the internal gravity waves. Then, we will consider the linearized
equations to the Kakinuma model around an arbitrary flow. After freezing coefficients,
we analyze the linear dispersion relation and derive a stability condition. As was shown
by T. Iguchi, N. Tanaka, and A. Tani [6] and D. Lannes [10], the initial value problem
to the internal gravity waves is ill-posed and there is no stability regime. However, the
initial value problem to the Kakinuma model is well-posed under the stability condition,
although the model would be a higher order shallow water approximation. This is one of
the advantages of the Kakinuma model.

2 Basic equations for internal gravity waves

The motion of the waters is described by the velocity potentials ®; and &, and the
pressures P; and P, in the upper and the lower layers satisfying the equations

AXCI)l =0 in Ql(t), (2)

qu)2 =0 in Q2<t), (3)



where Ay is the Laplacian with respect to X, that is, Ay = A+9% and A = §?+- - -+ 2.
Bernoulli’s laws of each layers have the form

1
P1 (3,<I>1+2|VX<I>12+gz> +P1 =0 in Ql(ﬂ, (4)
1
p2<3t<132+2|vx<1)22+gz) +P2 =0 in Qz(t) (5)
The dynamical boundary condition on the interface is given by
P1 = .P2 on F(t) (6)

The kinematic boundary conditions on the interface, on the rigid-lid, and on the bottom
are given by

O+ VD -V(—0,8,=0 on TI(t), (7)
0+ VD -V(—0,05=0 on T(t), (8)
0,9, =0 on X, (9)
V&, -Vb—0,0,=0 on Xy. (10)

These are the basic equations for the internal gravity waves. It follows form Bernoulli’s
laws (4)—(5) and the dynamical boundary condition (6) that

1 1
01 (&@1 + §|VX(I)1|2 + qC) — P2 <8t(I>2 + §|VX(D2|2 + q() =0 on I(¢). (11)

It is easy to see that the basic equations (2)-(10) for unknowns ((, @y, @2, P, Py) are
equivalent to (2)—(3) and (7)—(11) for unknowns (¢, ®q, D).

In the case of water waves, J. C. Luke [11] showed that the basic equations have a
variational structure and his Lagrangian is given by the vertical integral of the pressure
difference P — P, in the water region, where P, is an atmospheric pressure. Therefore,
it is natural to expect that even in the case of internal gravity waves the vertical integral

of the pressure in the water regions would give a Lagrangian ., so that we first define
fpre by

C(st) hy
Lore :/ Py(z,z,t)dz +/ Pi(z, z,t)dz.

—ha+b(z) Clz,t)
By using Bernoulli’s laws (4)—(5) to remove the pressures Py and P, we see that
¢ 1 h1 1
Lore = —P2 / (@% + IVX(I)2|2> dz — py / (3t‘1>1 + |VX¢’1|2> dz
J—hotb 2 J¢ 2

1 1
- 5([)2 —p1)g¢® + 5 (ng(—hz +b)* — plgh?)v
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The last term does not contribute the variation of this Lagrangian, so that we define a

Lagrangian £ = Z (P4, @5, () by

¢ 1 h 1
$(¢1,©27<) :—pg/ (8,,<I>2—|—|VX<I>2|2)dz—p1/ <8t<bl+|vx<1>12>dz
—ha+b 2 ¢ 2
1
- 5(/)2 —p)g¢?, (12)

and the action function ¢ = #(®1,®,,() by

/((Dl,(bg, / g (1)1,(1727€)dl‘dt
to /R™
In fact, taking the first variation of this action function we have

5/ (1)17(1)27
// (AxP,)0D dth+p2// (AxDy)0Dod X dt
to /i (t) Qa(t)

t1
+// {P1<3z¢1+2|vx‘1>1|2+94)—P2<3t@2+2|vx@2|2+gg>}
tO n

t1
— pl/ (8t<_ + VCI>1 . VC - @Z<I>1)5<I>1|Z:<dxdt

s¢dadt
2=(

tq
+ Pz/ / (&C + V(I)Q . VC — 82®2)5®2’Z:<dxdt
t " X

t1
— P01 / / (82¢1)5¢1|Z:h1d$dt
Jig - s
Otl
— pg/ / (V®, - V(¢ — 8Z<I)2)(5(I)2’Z:7h2+bdxdﬁ,
t n

where we used integration by parts. Therefore, the corresponding Euler-Lagrange equa-
tions are exactly the same as the basic equations, that is, (2)—(3) and (7)—(11).

3 Kakinuma model

Plugging (1) into the Lagrangian (12), we obtain an approximate Lagrangian

japp(‘blv ¢27 C) = j(qffpp’ (I)gppv C)a



where ¢y = (¢10, P11, .-, ¢1n)T and @y = (P20, P21, - - -, Pan+). This approximate La-
grangian can be written explicitly as

N

1 .
_gpapp _ —Pl{z 2 + 1H12L+lat¢1i

N iy

1 2(i+j)+1 daj 2(i+j)—1

Z HA\ ;- i+ ————H" 1
QZ( T Ve Voy & g B oy

2p; .
——HYPN Gy, - Vi, — ——— HY P65,V - Vi,
by 0<pz+pj+1 T opitp C ’

DiD;
Di +p] -1

N*

Z H§1+lat¢2z
NabrE
1 N*
2

+ HY P71 4 |V )@Z@])}

1

- 5(02 — p1)g¢?,

where H; and H, are thicknesses of the upper and the lower layers, that is,
Hl(t7.7,’) :hl —C(.Z‘,t)7 HQ(QZ‘,!‘,) :hQ—FC(.’IT,ﬁ)—b(l’) (13)

The corresponding Euler-Lagrange equation is the Kakinuma model, which has the form

i+] 4ij 2(i+j)—1
H2la 7}'{2( 4—J)+1v A (i+5) 1y
o Z{ < 2(i+4)+1 ) B en e
for i=0,1,...,N,
N* 1 .
HPiH + AV Herijrlv o J HPHPJ' -Vb)
2 OiC JZO{ (pi"’pj"’l 2 ¢2J Pi+p; 2 ¢2J
+ Hpi+ijb . v o plp] H i+p;—1 1+ Vb 2 } _ 0
Di + Dj ? 02 pi+p;—1 2 ( VO[)
for i=0,1,...,N*,
N N . 2
{ZH Ohbrj + gC + = < ZH2 v(;al] (Z 2jH1231(p1j> )}
j=0
_/)Q{Z HY 0,95 + gC
I N* 2 N* 2
+2( > (HY' Vo — piHY ™ 62 VD)| + <Z ij§]‘1¢>2,») )} =0.
j=0 Jj=0

(14)
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Here and in what follows we use the notational convention 0/0 = 0.
In the case N = 0, that is, if we approximate the velocity potentials in the Lagrangian

by functions independent of the vertical spatial variable z as
Q7 (z,2,t) = du(w, 1), BT(x,2,1) = da(, ),
then the Kakinuma model is reduced to the nonlinear shallow water equations
¢ =V - ((h = (V1) =0,
O +V - ((ha + — B)Vido) = 0, (15)
1 (at¢1 +9¢+ ;V¢1|Z) =2 (5't¢2 +9¢ + ;|V¢2|2> =0.

4 Linear dispersion relation

Assuming that b(z) = 0, we linearize the Kakinuma model (14) around the rest state.
By putting ¢, = (d10, hid11,.... hiVoin)T and @, = (dao, b o1, ..., BYY ¢gon+)T, the
linearized equations have the form

0 —plt pdt ¢
mi 0 0 |4]|e
—hy1 0 ) ©s
(p2—p1)g 0" o' ¢
+ 0 ~n2AOA 4+ AP 0 o, | =0, (16)
0 o) —n3AVA + AV )\,

where 1 = (1,...,1)T and matrices Ag)) and A,(Cl) for k = 1,2 are given by

1 4ij
() A (Gt
200 +j)+1 0<i,j<N 2(i+j) -1 0<i,j<N

1 DiPj

0 ! !

Ag>_<1) : A§>—(J1> '
Pi+ P+ 1) 0<ijane PitPi =1 ocijen

Therefore, the linear dispersion relation to the Kakinuma model is given by

(p2—p)g ipwl™  —ippwl®
det —1h1w1 Al(h1§> 0] = 07
ithl 0] Az(hgg)
where £ € R™ is the wave vector, w € C the angular frequency, and Ag(§) = |¢ |2A§€0) +Al(cl)
for £ = 1,2. We can expand this dispersion relation as
(prhy det Ay (hi€) det Aa(ha€) + pahs det Ay (hof) det Ay (hi€))w?
— (p2 — p1)gdet Ay (hi€) det Az(ho§) =0,



where

N 0o 17
Al8) = (—1 Ak<£>>

for £ = 1,2. Therefore, the dispersion relation for the Kakinuma model has the form

Wt (2= pr)gdet Ay (i €) det As(hof)
p1h1 det A1 (h1§> det AQ(hgf) + pghg det Ag(hgg) det A1 (hlf)

(17)

Concerning the determinants appearing in the above dispersion relation, we have the
following proposition.

Proposition 1 1. For any & € R™\ {0}, the symmetric matrices A1(§) and As() are
positive.
2. There exists cg > 0 such that for any £ € R™ we have det zzlk(f) > fork=1,2.
3. |&|72det Ay (€) and |€]72 det Ay(€) are polynomials in |E]* of degree N and N* and
the coefficient of |€|*N and |£|*N" are det AEO) and det Aéo), respectively.
4. det A, (&) and det Ay(€) are polynomials in |€|? of degree N and N* and the coefficient
of |€I*N and |€]*N" are det 12150) and det fléo), respectively.

Thanks of this proposition and the dispersion relation (17), the linearized system (16) is
classified into the dispersive system, so that the Kakinuma model is a nonlinear dispersive
system of equations. Therefore, we can define the phase speed ck (&) of the plane wave
solution to (16) related to the wave vector £ € R™ by

k(&) = :t\/ ~(p2 — p1)g|€| =2 det Ay (hi&) det~A2(h25) .
prhy det Ay (hi€) det Ay(ho€) 4 paho det Ay(hof) det Ay (hq€)

On the other hand, the phase speed crw(€) to the internal gravity waves is given by

e (€) = | L2 PD9IE]  tanh(hu€]) tanh(ha ])
™ pa tanh (ha€]) + pr tanh(ha[€])

As a shallow water limit hq|€], hal€] — 0, we have

(p2 — Pl)ghlhz

. 18
p2h1 + prhs (18)

aw(§) ~ cuw = £
Here, cprw is the phase speed of the linear internal gravity waves. The following theorem
is one of our main result in this article and shows that the Kakinuma model is a higher
order shallow water approximation to the internal gravity waves at least in the linear
level.
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Theorem 1 There exists a positive constant C' depending only on N such that for any

& e R™ we have
' (CIW(E)>2 3 (ﬁd@)z
CLIW CLIW

Now, let us compare this error estimate with those of well-known models for internal

< C(hal€] + holé])*™ 2.

gravity waves. In the case of the shallow water equations (15), the corresponding error

estimate is

’(va(@>2 _ 1‘ < C(hal€] + hal€])™.

CLiw
As for the Choi-Camassa model given in [2], the corresponding error estimate is

(2 - (50

Therefore, the Kakinuma model is a much higher shallow water approximation than the

< C(halg] + haf])*.

well-known models.

5 Stability condition

We linearize the equations in (14) around an arbitrary flow (¢, ¢, ¢) and denote the
variation by (¢,, ¢, ¢). By neglecting lower order terms, the linearized equations have

the form

N
. . 1 , . ‘
3tC+U1'VC—E 72(i+j)+1HfﬁlA¢1j:fu for i=0,1,...,N,
Jj=0

e
O+ VE+S —— HY Ay = fo; for i=0,1,...,N* 19
i+ uy - V( ;meijrl 2 Goj = fai for i (19)
N . . . N* . . .
P> HY (O +ur- Vo) — po Y HY (0ia; + ua - Voy) — al = fo,
j=0 Jj=0
where
N
w =Y BV = (VOF)|.,
z:ON
wy = — Z 20H? ¢y = (0,D7) ] =¢,
N (20)
wy = Y (HY' Vs — piHE ' $0,V) = (VOEP) .,
2;9
wy = > Y oy = (003 .
=0




are approximate horizontal and vertical velocities in the upper and the lower layers on
the interface and

a=p2 (sz

N
(Osbai + ua - Vibay) + Zpi(pi — 1) HY *(wy — uy - Vb)bo; + g>
=0

N N
(Z 2HE (Ouns + wr - Vous) +wr Y 20(20 — DHX Dy, — 9)
i=0 =0
= (0:(P5" = PI™)) |-=c.

(21)
Here, P}*? and P are approximate pressures in the upper and the lower layers calculated
from Bernoulli’s laws (4)—(5), that is,

1
P = = (007 4 SV 4 g2 ),

1
P = —p, (atcbapp 3 Vx @) + gz).

Now, we freeze the coefficients in (19). Putting

P11 = (dhoy H129£>11~, . aleNg.blN)T>
P2 = (ngo, H51¢21,~

o HY o)
we can rewrite (19) in a matrix form as
0 —pllT p21T C
Hi1 ) O |0 | e
-H1 O ) Py
a 1 (w1 - V) pa1"(uy - V)\ (¢ —Jfo
+ | Hil(u;-V) _H%Ago)A 0 e = h
—Hz1(uz - V) o _H22A50>A Py —f>

Therefore, the corresponding linear dispersion relation is given by

a

ip1(w—uy - 1T —ipy(w —uy - )17
det

—iHy(w—ui- 1  (H¢))2AY 0] =0,
iHy(w —us - €)1 0 (Halg|)2AL
which can be expanded as
01 2 P2 2 2

_ . _ . — = 22
Hoar (w—u -+ Ty (w—uy- &) —al§]" =0, (22)
where

det A . 0 17T
= ——hk, AP = o) (23)
det A, -1 A,
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for k = 1,2. Tt is easy to see that the solutions w to the dispersion relation (22) are real
for any £ € R™ if and only if

P1P2

2
a — U] — U > 0.
p1Hzaz +,02H1Cl1| |

This leads us the following stability condition

a— P1P2
prHsas + poHiaq

luy — usf* > ¢ (24)
for some positive constant ¢q, which is equivalent to

a; a, PIPZ a a) 2
O, (PP — parpy _ VOFPP — VOIPP|* > ¢y on I(t).
(2 1 ) p1H2a2+p2H1a1| 2 1 | 0 ()

We note that a; and ay are positive constants depending only on N and converges to 0
as N — oo. Therefore, as N goes to infinity the regime of the stability diminishes.

6 Well-posedness of the initial value problem

We proceed to consider the initial value problem to the Kakinuma model (14) under
the initial condition
(@1, @3, )li=0 = (051(0)7 ¢2(0)v 5(0)) (25)
Here, we remark that the Kakinuma model has a drawback, that is, the hypersurface
t = 0 is characteristic for the Kakinuma model, so that the initial value problem to the
Kakinuma model (14) and (25) is not solvable in general. In fact, if the problem has a
solution (¢, ¢, ¢), then by eliminating the time derivative 9,¢ from the equations we see
that the solution has to satisfy the relations

N
i 1 j
oy E V'(Qj_HHleVQbM)
=0

N ..
1 2(i44)+1 dij 2(i+5)—1
SV gty ) - T ey L
.0{ <2(i+J')+1 ! o1 20i+j4)—1 1 9

=
for i=1,2,..., N,

N
1 _
HY S V. ——HT'Y 4, (26)

2 (2j+1 vV
+ AV < HP1,+PJ+1V¢ o J HPerpj(z‘) Vb)

]ZO{ pitpi+17 Yot 2

+ Vb Ve - — P HP T (14 |Vb|2>¢2j} !
Pi+p; pitp—1

for i=0,1,...,N*
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In the following we write ¢; = (¢10,#1)", Po = (P20, )", D10y = (Dr0(0), Pr0)) ", and
Ba0) = (P20(0); Phoy) "~ We denote by H™ = H™(R") and W™ = W™>(R") the L
and the L* Sobolev spaces of order m, respectively. The following theorem states that the
initial value problem to the Kakinuma model is well-posed locally in time in the Sobolev
space H™ under the necessary conditions (26), the stability condition (24), and positivity
of the thicknesses of the upper and lower layers.

Theorem 2 Let g, p1, p2, hi, ha, co, My be positive constants and m an integer such that
m >mn/2+1. There exists a time T > 0 such that if the initial data (¢, $a(0): o)) and
the bottom topography b satisfy

1 (V 1000y, Vé2000): Coy) |l + ||(¢/1(0)7 ¢/2(0))HH"”+1 + ||b]|wm+2e < My,
hi = Coy(x) > co,  ha +(oy(x) = b(x) >y for xze€R",

the necessary conditions (26), and the stability condition (24), then the initial value prob-
lem (14) and (25) to the Kakinuma model has a unique solution (¢, ¢, () satisfying

Von, Vom. € € COTEH™), 1,6 € C([0,T): H™)

We note that the initial value problem to the full equations for internal gravity waves is
ill-posed whereas the problem to the Kakinuma model is well-posed, although the Kak-
inuma model would be a higher order shallow water approximation of the full equations.
This interesting inconsistency comes from the fact that as a deep water limit we have

lim <CK(5) ) : = (p2hs + piha) det AY” det AY”
CLIW p2hy det Ag()) det flgo) + p1hadet Ago) det [15”

2
lim <CIW(E)> =0.
[§]—o0 \ CLIW

As for the Choi-Camassa model, we have

2
i <cCc(§)> o,
[€l—=00 \ CLIW

which is consistent with the above deep water limit to the full equations. This is one of

> 0,

€00

which is not consistent with

the reasons why there is no stability regime for the Choi-Camassa model as in the case
of the full equations.

If the initial data (¢>1<O), D2 0)> C(0)) and the bottom topography b are sufficiently small,
then the stability condition (24) and positivity of the thicknesses of the upper and lower
layers are automatically satisfied under Rayleigh’s stability condition (p2 — p1)g > 0.
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However, it is not evident how we prepare the initial data so that they satisfy the necessary
conditions (26). On the other hand, as was shown by T. B. Benjamin and T. J. Bridges
[1] and W. Craig and M. D. Groves [3] the basic equations (2)—(10) for internal gravity
waves have a Hamiltonian structure and the Hamiltonian is given by the total energy

1 1
H = §P1|VX@1|2dX+/ §P2|VX‘I>2|2dX
Ql(t) Qz(t)

¢ ¢
+/ (/ pl(—g)zdz—i-/ pggzdz>dm.
7 \Jo 0

The canonical variables are (¢, ¢), where ¢ is defined by

¢ = —p1P1|.=¢ + paPol.=.

Therefore, it is natural to impose the initial data on these canonical variables. The
corresponding quantity to the Kakinuma model is given by

6= ]+ ]
N N*
= —P12H122</>1z‘ +/)22H5’(/>2i7 (27)
=0 1=0

where H; and Hs are mean thicknesses of the upper and the lower layers given by (13).
The following proposition states that once we are given the initial data for the canonical
variables ((, ¢) and the bottom topography b satisfying the positivity of the thicknesses
of the upper and the lower layers, the necessary conditions (26) and the relation (27)
determine uniquely the initial data for the Kakinuma model.

Proposition 2 Let py, pa, hi, ha, co, M be positive constants and m an integer such that
m > 5 + 1. There exists a positive constant C' such that if ¢ and b satisfy

1€l zzm + 1bllwm.oe < M,
Hi(z) =hy —((x) > ¢y, Ha(x)=ha+((x)=blx)>cy for xR,

then for any ¢ satisfying Vo € H™ 1 there exists a solution (¢, ¢d,) to (26)—(27) satis-
fying

1(1, @)l + [[(Vdro, Vo) || rrm—1 < ClIV | m-1.
Moreover, the solution is unique up to an additive constant of the form (Cps,Cpy) to

(¢10+ P20)-



7 Conserved quantities

As in the case of the basic equations for internal gravity waves, the Kakinuma model
has conserved quantities: mass and energy, which are given by

Mass = (dz,

R”

1 1
Enewgy = | SplVxBPAX + [ So|Oa@prpax
() 2 Qu(t) 2

¢ ¢
+/ (/ pl(_g)2d2+/ p292d2’> dz,
» \Jo 0

where the approximate velocity potentials ™ and ®5*F are given by (1). Moreover,
if the bottom is flat, then we have another conserved quantity, that is, the horizontal

components of the momentum, which is given by

Momentum = / p1VOPPAX + / PV OIPPAX

JQu(t) JQa(t)

= [ (Vodz,

R

where ¢ is the canonical variable given by (27).
The details in this article will be published elsewhere.
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