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Abstract
In this article, using Banach limits, we study the existence of attractive points of
commutative normally 2-generalized hybrid mappings in Hilbert spaces. Then we prove
a mean convergence theorem for the mappings in Hilbert spaces. Using these results, we
obtain well-known attractive point and mean convergence theorems in Hilbert spaces.
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1 Introduction

Let H be a real Hilbert space and let C' be a nonempty subset of H. Let T be a mapping of
C into H. Then we denote by A(T) the set of attractive points [18] of T i.e.,

AT)y={ze H:|Tz—z|| < |z —z||, Yz e C}.

We know from [18] that A(T) is closed and convex. A mapping T : C' — H is said to be
nonexpansive if |Tx — Ty|| < ||z — y|| for all z,y € C. It is well-known that if C is a bounded,
closed and convex subset of H and T : C — C is nonexpansive, then F(7) is nonempty.
Furthermore, from Baillon [2] we know the first nonlinear ergodic theorem in a Hilbert space:
Let C be a nonempty, closed and convex subset of H and let 7' : C' — C' be a nonexpansive
mapping with F(7T") # 0. Then for any z € C,

1 n—1
Spxr = - ngz

converges weakly to an element z € F(T'), where F(T) is the set of fixed points of 7. In
2010, Kocourek, Takahashi and Yao [6] defined a broad class of nonlinear mappings in a
Hilbert space: Let H be a Hilbert space and let C' be a nonempty subset of H. A mapping
T:C — H is called generalized hybrid [6] if there exist a, 8 € R such that

al[Tz - Ty|? + (1 - a)lle — Ty|]> < BTz — yl? + (1 - B)]lz — y? (L.1)

for all z,y € C. Such a mapping T is called («, )-generalized hybrid. We also know the
following mapping: For A € R, a mapping U : C — H is called \-hybrid [1] if

Uz = Uyl* < |lz = yl* + 201 = M) (z = Uz,y - Uy) (1.2)



for all z,y € C. Notice that the class of generalized hybrid mappings covers several well-
known mappings. For example, a (1,0)-generalized hybrid mapping is nonexpansive. It is
nonspreading [8, 9] for « = 2 and § = 1. It is also hybrid [17] for o = % and 8 = % In general,
nonspreading and hybrid mappings are not continuous; see [5]. The nonlinear ergodic theorem
by Baillon [2] for nonexpansive mappings has been extended to generalized hybrid mappings
in a Hilbert space by Kocourek, Takahashi and Yao [6]. Recently, Kohsaka [7] also proved the
following theorem.

Theorem 1.1 ([7]). Let H be a Hilbert space and let C' be a nonempty, closed and convex
subset of H. Let S and T be commutative A and p-hybrid mappings of C into itself such that
the set F'(S) N F(T) of common fized points of S and T is nonempty. Then, for any x € C,

converges weakly to a point of F(S) N F(T).

On the other hand, Takahashi and Takeuchi [18] proved the following attractive point and
mean convergence theorem without convexity in a Hilbert space.

Theorem 1.2 ([18]). Let H be a Hilbert space and let C be a nonempty subset of H. Let T
be a generalized hybrid mapping from C into itself. Assume that {T"z} for some z € C is

bounded and define
n—1
1
Spx ==Y Tk
T=- ;0 x

for all x € C and n € N. Then {S,z} converges weakly to ug € A(T), where uy =
limy, 00 Pa¢ryT"x and Pa(ry is the metric projection of H onto A(T).

Maruyama, Takahashi and Yao [13] also defined a more broad class of nonlinear mappings
called 2-generalized hybrid which contains generalized hybrid mappings in a Hilbert space.
Let C be a nonempty subset of H. A mapping T': C — C is 2-generalized hybrid [13] if there
exist aq, asg, f1, B2 € R such that

ar|[T?e~Ty|* + az|| Tz — Ty|* + (1 — a1 — az) ||z — Ty|? (1.3)
< BullT?z =yl + Bal| Tz — yl* + (1 = B1 = Ba)lla — yl®

for all z,y € C. Such a mapping is called (a1, asg, 81, 82)-2 generalized hybrid. Very recently,
Kondo and Takahashi [10] introduced the following class of nonlinear mappings which covers 2-
generalized hybrid mappings in Hilbert spaces. Let C' be a nonempty subset of H. A mapping
T : C — C is normally 2-generalized hybrid [10] if there exist ag, By, a1, 81, @z, B2 € R such

that Zi:o (an+Bn) >0, as+a;+ag>0and
as|[T?e—=Ty||* + a1||Tx — Tyl|* + aollz — Ty||® (1.4)
+ Bol|T%z — yl|” + Bul| Tz — y|* + Bollz —ylI> <0

for all z,y € C.

In this article, motivated by Kohsaka’ theorem (Theorem 1.1) and Takahashi and Takeuchi’s
therem (Theorem 1.2), we study the existence of attractive points of commutative normally
2-genralized hybrid mappings in Hilbert spaces. Then we prove a mean convergence theorem
for the mappings in Hilbert spaces. Using these results, we obtain well-known attractive point
and mean convergence theorems in Hilbert spaces.
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2 Preliminaries

Let H be a real Hilbert space with inner product (-, -} and norm || - [|. We denote the strong
convergence and the weak convergence of {z,,} to € H by x,, — z and z,, — x, respectively.
Let A be a nonempty subset of H. We denote by ¢oA the closure of the convex hull of A. In
a Hilbert space, it is known that

2 2 2 2
oz + (1 =a)yll” = alz”+ (1 =) [yl” — al = a) [z —y| (2.1)
for all z,y € H and « € R; see [16]. Furthermore, in a Hilbert space, we have that
2 2 2 2
2(w—y,z—w) = |z —w|” + ly = 2" = [lz = 2" = [ly — w]| (2.2)
for all x,y, z,w € H. Indeed, we have that
2(x —y,z—w) =2(x,2) = 2(z,w) —2(y,2) + 2 (y, w)
2 2 2 2
= (= llzl” + 2 (2, 2) = [l2017) + ()" = 2 (@, w) + [Jw]]")
2 2 2 2
+ (™ =2, 2) + 112117) + (= Iyl + 2 (y, w) — [[w]]%)
= |lz — w|* + lly = 2I* = & — 2> = [ly — w||*.
From (2.2), we have that

(@=y) +(@-w)y—w) = o —w|® -z -yl (2.3)

for all z,y,w € H. Indeed, we have that

2z —y) + (z —w)y —w) =2((z —w) — (y — 2),(y —w) = 0)

=llz—w =01 +ly -2 = (y —w)|* — llz —w— (y = w)|* = ly — = — 0||*

=2||z — w|* - 2|ly - «||?

and hence ((z —y) + (z — w),y — w) = |z — w|* — [z — y|*.

Let {*° be the Banach space of bounded sequences with supremum norm. Let p be an
element of (I°°)* (the dual space of [°°). Then, we denote by p(f) the value of p at f =
(a1, a2,as,...) € [°°. Sometimes, we denote by py,(a,) the value u(f). A linear functional u
on [ is called a mean if u(e) = ||u|| = 1, where e = (1,1,1,...). A mean p is called a Banach
limit on I if p,(ant1) = pn(ay). We know that there exists a Banach limit on [*°. If u is a
Banach limit on [*°, then for f = (a1,a2,a3,...) € [,

liminf a,, < pp(a,) < limsup ay,.
n— 00 n—oo
In particular, if f = (a1,a2,as,...) € [°° and a,, — a € R, then we have u(f) = pn(a,) = a.
See [15] for the proof of existence of a Banach limit and its other elementary properties.
Using a mean, we obtain the following result; see[12, 14]: Let H be a Hilbert space, let {z,,}
be a bounded sequence in H and let p be a mean on [°°. Then there exists a unique point
2o € co{x,, : n € N} such that

M7l<xn7y> = <ZO7y>7 Vy € H (24)

We call such a unique zg € H the mean vector of {x,,} for p.



3 Attractive Point Theorems

Let H be a Hilbert space and let C' be a nonempty subset of H. A mapping T': C — C is
normally 2-generalized hybrid [10] if it satisfies (1.4), i.e., there exist ag, 8o, a1, B1, a2, B2 € R
such that Zi:o (o, +0n) >0, az+aqg+ap>0and

az|| T2e~Ty|* + a1 | Tz — Ty||* + aollz — Tyl*
+ BallT2e = P + 7w — yl> + Bolle — yl> < 0
for all z,y € C. We call such a mapping («o, 8o, a1, 1, @2, f2) -normally 2-generalized hybrid.
We know that the class of the mappings above covers well-known mappings. For example, the
class of (1 — ay,—(1 — f1), a1, —f1,0,0)-normally 2-generalized hybrid mappings is the class
of generalized hybrid mappings in the sense of Kocourek, Takahashi and Yao [6]. If x = Tx
in (1.4), then for any y € C,
azllz—=Ty|* + arllz — Tyl* + aollz — Ty||?
+ Balle =yl + Bullz —ylI* + Bollz — y[|* <0

and hence
(a2 4+ a1 + ag)llz = Ty|> < =(B2 + B1 + Bo)llz — y*-

From Zi:o (o, + Bn) = 0, we have that

(a2 + a1 +ao)|z = Ty|* < —(B2 + B1 + Bo) |z — yl* < (az + a1 + ag) [z — y|*.

Since as + a; + ag > 0, we have that

|l —=Ty|| < ||lz—yl, VxeF(T), yeC. (3.1)

So a normally 2-generalized hybrid mapping with a fixed point is quasi-nonexpansive. Now, we
prove an attractive point theorem for commutative normally 2-generalized hybrid mappings
in a Hilbert space. Before proving the theorem, we have the following lemma from [4].

Lemma 3.1 ([4]). Let H be a Hilbert space, let C be a nonempty subset of H and let S and
T be mappings of C into itself. Suppose that there ezist a mean p on I and a sequence
{z,} C H such that {z,} is bounded and

fin ||z — Sy||2 < pnllzn — y”2 and  pinlzn — TyH2 < pnllen — ?/H27 vy e C.
Then A(S) N A(T) is nonempty. Additionally, if C is closed and convex and {x,} C C, then
F(S)NF(T) is nonempty.
By taking Banach limit and using Lemma 3.1, we obtain this theorem.

Theorem 3.2 ([3]). Let H be a Hilbert space, let C be a nonempty subset of H and let S and
T be commutative normally 2-generalized hybrid mappings of C into itself. Suppose that there
exists an element z € C such that {S*T'z : k,1 € NU{0}} is bounded. Then A(S)N A(T) is
nonempty. Additionally, if C is closed and convez, then F(S)N F(T) is nonempty.

Using Theorem 3.2, we have the following theorem proved by Hojo, Takahashi and Takahashi
[4] for commutative 2-generalized hybrid mappings in Hilbert spaces.
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Theorem 3.3 ([4]). Let H be a Hilbert space, let C' be a nonempty subset of H and let S and
T be commutative 2-generalized hybrid mappings of C into itself. Suppose that there exists an
element z € C such that {S*T'z : k,1 € NU{0}} is bounded. Then A(S)N A(T) is nonempty.
Additionally, if C is closed and convez, then F(S) N F(T) is nonempty.

Using Theorem 3.2, we also have the attractive point theorem by Kondo and Takahashi [10]
for normally 2-generalized hybrid mappings in Hilbert spaces.

Theorem 3.4 ([10]). Let C' be a nonempty subset of H and let T : C — C be a (ap, ﬂn)izo—
normally 2-generalized hybrid mapping. Assume that there exists z € C such that {T"z} is a
bounded sequence in C. Then, A (T) # 0.

4 Nonlinear Ergodic Theorems

In this section, we prove a mean convergence theorem for commutative normally 2-generalized
hybrid mappings in Hilbert spaces.
Let D = {(k,1) : k,1 e NU{0}}. Then D is a directed set by the binary relation:

(k) < (iy5) if k<i and <73

Theorem 4.1 ([3]). Let H be a Hilbert space and let C' be a nonempty subset of H. Let
S and T be commutative normally 2-generalized hybrid mappings of C into itself such that
A(S)NA(T) # 0. Let P be the metric projection of H onto A(S) N A(T). Then, for any

z e C,
1 kel
Spx = CFSIE E E ST x

converges weakly to an element q of A(S)NA(T), where ¢ = lim, yep PSkT x. In particular,
if C is closed and convex, {S,x} converges weakly to an element q of F(S) N F(T).

Using Theorem 4.1, we can prove the following nonlinear ergodic theorem by Hojo, Taka-
hashi and Takahashi [4] for commutative 2-generalized hybrid mappings in Hilbert spaces.

Theorem 4.2 ([4]). Let H be a Hilbert space and let C' be a nonempty subset of H. Let S and
T be commutative 2-generalized hybrid mappings of C into itself such that A(S) N A(T) # 0.
Let P be the metric projection of H onto A(S) N A(T). Then, for any x € C,

n n

1
S,z = CE Z Z Skl

k=0 1=0
converges weakly to an element q of A(S)NA(T), where q = limy, ;e p PS*T'x. In particular,
if C is closed and convez, {Syz} converges weakly to an element q of F(S)N F(T).

Using Theorem 4.1, we also have the following nonlinear ergodic theorem by Kondo and
Takahashi [10].

Theorem 4.3 ([10]). Let C be a nonempty subset of H and let T : C — C be a normally
2-generalized hybrid mapping with A(T) # 0. Let Py(ry be the metric projection from H
onto A(T). Then, for any x € C, the sequence {Snx = %Zz;ol Tk:c} converges weakly to
u € A(T), where u = lim, o0 ParyT™.
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