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EXISTNECE AND CONVERGENCE THEOREMS FOR
NORMALLY 2-GENERALIZED HYBRID MAPPINGS
IN HILBERT SPACES

ATSUMASA KONDO AND WATARU TAKAHASHI

ABSTRACT. This article reviews the existence and convergence results
for normally 2-generalized hybrid mappings in Hilbert spaces. The re-
sults generalize many existing theorems simultaneously. Special atten-
tion will be paid to lemmas that play important roles for proving the
results.

1. INTRODUCTION

Throughout this paper, we denote a real Hilbert space by H and its inner
product and norm by (-, ) and |||, respectively. We denote the set of
natural and real numbers by N and R, respectively. Let C' be a nonempty
subset of H and let T" be a mapping from C to H. The set of fixed and
attractive points of 1" are denoted by

F(T) = {ue H:Tu=u} and
AM) = {ueH: [Ty —ul <y —ull forany y € C},

respectively. The concept of attractive points was introduced by Takahashi
and Takeuchi [19]. A mapping 7" : C' — H is called:

(i) nonezpanswe if ||Tx — Ty| < ||z —y|| for all z,y € C;

(i) nonspreading [6] if 2||Tx — Ty||> < |[Tx —y||* + ||z — Ty|* for all
z,y € C;

(if) hybrid [18) i€ 3 | T — Tyl < | — gl + |7 — yl? + |1z — Ty|)? for
all x,y € C;

(iv) generalized hybrid [5] if there exist o, 5 € R such that

a|Te =Tyl + (1 - a) | = Ty|* < BTz - y|* + (1 = ) [« — ]

for all z,y € C.

It is well-known that the class of nonexpansive mappings plays an impor-
tant role in optimization theory in Hilbert spaces. The generalized hybrid
mappings contain all mappings (i)—(iii) as special cases. For generalized
hybrid mappings, fixed and attractive point approximation methods have
been extensively studied. The next theorem of Baillon’s type was proved by
Takahashi and Takeuchi in 2011; see also [2], [15] and [5].



Theorem 1.1 ([19]). Let C be a nonempty subset of H and let T : C' — C
be a generalized hybrid mapping with A(T) # (). For any x € C, define a
sequence as

1n71

for n € N. Then, the sequence {x,} converges weakly to an attractive point
of T.

The following theorem of Mann’s type was demonstrated by [5]; see also
[11] and [14].

Theorem 1.2 ([5]). Let C' be a nonempty, closed and convex subset of H
and let T : C — C be a generalized hybrid mapping with F (T') # (. Let
Pr(ry be the metric projection from H onto F'(T). Let {A\n} be a sequence of
real numbers such that 0 < A, <1 and liminf, o Ay (1 — Ay) > 0. Define
a sequence {x,} in C as

Tptl = MZn + (L= N\p) Ty, € C

for all n € N, where 1 € C is given. Then, the sequence {x,} converges
weakly to an element u of F (T'), where u = limy, oo Pr(7)Tn.

The following strong convergence theorem of Halpern’s type for general-
ized hybrid mappings has been established by Takahashi, Wong and Yao in
2015; see also [3], [22].

Theorem 1.3 ([21]). Let C be a nonempty and convex subset of H and T :
C — C be a generalized hybrid mapping with A (T) # (). Let {\,} and {n,,}
be sequences of real numbers in the interval (0,1) such that limy,_o Ay, = 0,
>l A =00 and linnliorgfnn (1 —=mn,) > 0. Given z,z1 € C, define a sequence

{zn} in C as
Tnt1 =z + (1= N\p) (mpzn + (L —n,) Tzy) € C
for all n € N. Then, the sequence {x,} converges strongly to an attractive
point of T'.
In 2011, Hojo and Takahashi proved the following strong convergence

theorem. An important precursor is Kurokawa and Takahashi [9].

Theorem 1.4 ([4]). Let C be a nonempty, closed and convex subset of H
and let T : C'— C be a generalized hybrid mapping with F (T') # 0. Let {\,}
be a sequence of real numbers in the interval [0,1) such that limy, o Ap, =0
and 307 1 A, = 00. Given x1,z € C, define a sequence {z,} in C' as follows:

1 n—1
g1 = Anz + (1= An) — > Trz, eC
k=0

for all n € N. Then, the sequence {x,} converges strongly to Z = Ppr)z,
where Ppr) is the metric projection from H onto F (T').
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The generalized hybrid mapping is further extended. Takahashi, Wong
and Yao [20] and Maruyama, Takahashi and Yao [13] introduced new types
of nonlinear mappings, which are more general than generalized hybrid map-
pings. A mapping 1" : C' — (' is called

(v) normally generalized hybrid [20] if there exist «, 3,7, € R such that

a|Tz =Tyl + Bz — Tyll> +v | Tz —ylI> + 6z —y||> <0

for all z,y € C, where (a) a+F+v+6>0and (b) a+0 > 0or a+vy > 0;
(vi) 2-generalized hybrid [13] if there exist aq, ag, 81, B2 € R such that

2
a HTQm —Ty|” + || T2 - Tyl + (1 — a1 — ) |lz — Ty|?

< By 1% = y|* + Ba 17w — yl* + (1= By = B) lle =y
for all z,y € C.

Very recently, Kondo and Takahashi [7] introduced a new type of nonlin-
ear mappings that contains all the mappings (i)—(vi) as special cases, and
proved the existence and weak convergence results that extended Theorem
1.1 and 1.2. In their succeeding paper [8], they demonstrated two types
of strong convergence theorems that extended Theorem 1.3 and 1.4. This
article briefly reviews these results with paying careful attention to crucial
lemmas by which these results were demonstrated.

2. PRELIMINARIES

This section briefly offers background information and lemmas. It holds
that

(2.1) 20—y, y) < llz]* ~ llyl* < 2(z — y, )
for all x,y € H. We know from [17] that
(22) Az Q=N = Al + (=N [lyl* = AL =) [z -yl
for all z,y € H and A € R. We also know from [13] that
(2.3)
laz + by + cz|?
_ 2 2 2 2
= allz|"+ollyl” + cllzl” — abllz — y|" = bely — 2

for all z,y,z € H and a,b,c € R such that a+ b+ c= 1. It is clear that the
equation (2.3) is a generalization of (2.2). Let A be a nonempty, closed and
convex subset of H. We know that for any z € H, there exists a unique near-
est point Z € A, that is, ||z — Z|| = infyea ||z — u||. This correspondence is
called the metric projection from H onto A, and is denoted by P4. Since the
set of attractive points is closed and convex (see [19]), the metric projection
from H onto A (T) exists if A (7") is nonempty.

Let [*° be the Banach space of bounded real sequences with the supremum
norm. Let p € (I°°)*, where (I1°°) is the dual space of [*°. For simplicity, we
often denote p ({zn}) by p,zn if no ambiguity arises. A linear continuous

I* —callz -z



functional p € (I°°)* is called a mean if p({1,1,1,---}) = ||¢/ = 1. When a
mean additionally satisfies p,, (z5,) = p, (Tn41), it is called a Banach limit
on [*°. It is well-known that a Banach limit exists, which is demonstrated
by using the Hahn—-Banach theorem. For more details, see Takahashi [16].

The following lemma, Lemma 2.1, is utilized in the proofs of Theorem 4.3
and 4.4 while Lemma 2.2 is applied to the proof of Theorem 4.3.

Lemma 2.1 ([1], see also [23]). Let {X,} be a sequence of nonnegative
real numbers, let {\,} be a sequence of real numbers in the interval [0,1)
such that > o7 1 A, = 00. Let {Y,} be a sequence of real numbers such that
lim sup,, o Yn <0, and let {Z,} be a sequence of nonnegative real numbers
such that Y02 1 Z,, < 0o. If Xpi1 < (1—Xp) Xpn+ A Yo+ 72, for alln €N,
then X,, — 0 as n — oo.

Lemma 2.2 ([12]). Let {X,} be a sequence of real numbers. Assume that
{Xy} is not monotone decreasing for sufficiently large n € N, in other words,
there exists a subsequence {Xy,} of {Xn} such that Xy, < Xp,4+1 for all
i € N. Let ng € N such that {k <no: Xp < Xgi1} # 0. Define a sequence
{7 (")} >, of natural numbers as follows:

T(n) =max{k <n:Xp < Xgy1} forn>ng.
Then, the followings hold:

(a) 7(n) — 0o as n — oo;
(b) Xn < XT(n)+1 and XT(n) < X’r(n)—l—l Jorn > ng.

3. EXISTENCE RESULTS

In this section, we define a new type of mappings called normally 2-
generalized hybrid mappings [7], and review theorems that guarantee the
existence of attractive or fixed points. A mapping 1" : C' — C is called

(vii) normally 2-generalized hybrid [7] if there exist ag, By, a1, 81, a2, By €
R such that

s ||T% — Ty||* + a1 | Tz — Ty|* + ag ||z — Ty|?
+ 5o HTQQC — Z/H2 + 61 [|[Tx — Z/H2 + B llx — y||2 <0

for all z,y € C, where (a) Y2_, (o + B,) > 0 and (b) ag+a1+ag > 0. Tt is
easily ascertained that the class of normally 2-generalized hybrid mappings
contains both normally generalized hybrid mappings and 2-generalized hy-
brid mappings as special cases. Thus, it includes all the mappings (i)—(vi)
simultaneously.

The following lemma is essential for proving Theorem 3.1 and 3.2.

Lemma 3.1 ([10], [15]). Let p be a mean on [*°. Then, for any bounded
sequence {x,} in H, there is a unique element u € o {x,} such that

Ko, <ZL‘n, U> = <U, U>

for anyv € H, whereco {xy,} is the closure of the convex hull of {xy, : n € N}.
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Theorem 3.1 ([7]). Let C be a nonempty subset of H and letT : C' — C be a
normally 2-generalized hybrid mapping. Then, the following three statements
are equivalent:

(I) for any x € C, {T™x} is a bounded sequence in C';

(I) there exists z € C' such that {1™z} is a bounded sequence in C;

(IIT) A(T) # 0.

It is obvious that (I)==-(II) in Theorem 3.1 holds. The proof of (IIT)==(I)
is easy. Lemma 2.1 is useful to prove (II)==-(III); For the bounded se-
quence {I™z} (C C), there is a unique element v € €6 {1z} (C H) such
that p1,, (T2, v) = (u, v) for any v € H, where p € (I°°)" is a Banach limit.
We can show that the element u (€ H) is an attractive point of 7', and thus,
A(T) # (0. With additionally supposing that C' is closed and convex, we
obtain the following fixed point theorem.

Theorem 3.2 ([7]). Let C be a nonempty, closed and convex subset of H
and let T : C'— C be a normally 2-generalized hybrid mapping. Then, the
following four statements are equivalent:

(I) for any x € C, {T™x} is a bounded sequence in C';

(I) there exists z € C' such that {1z} is a bounded sequence in C;

(ITT) A(T) # 0;

(IV) F (T) # 0.

The proof of (III)==-(IV) in Theorem 3.2 immediately follows from the
next lemma.

Lemma 3.2 ([19]). Let C' be a nonempty, closed and convex subset of H
and let T' be a mapping from C to itself. Suppose that A(T) # (). Then,
F(T) #0.

The proof of Lemma 3.2 can be sketched as follows: From the assumptions
on C, there exists the metric projection Po from H onto C. Since A (T') # ()
is assumed, we can take an element u € A (T'). Map it by Pr onto C. It can
be shown that Pou € F(T'). In other words, any nearest points in C' from
A(T) are fixed points of T'.

4. CONVERGENCE RESULTS

This section reorganizes the convergence theorems demonstrated by [7]
and [8]. For proving the theorems, certain types of lemmas that guarantee
that any weak limits are attractive points are useful. To our best knowledge,
there are at least three types of such lemmas, Lemma 4.1-4.3. First, by
using Lemma 4.1, we can obtain the weak convergence theorem that extends
Theorem 1.1. The basic technique of the proof is developed by Takahashi
[15].

Lemma 4.1 ([7]). Let C' be a nonempty subset of H and let T : C — C
be a normally 2-generalized hybrid mapping. Suppose that there is an ele-
ment z € C such that {IT"z} is a bounded sequence in C. Define Spz =



%ZZ;& T*z (€ H) and assume that Sn,z — u, where {Sp,z} is a subse-
quence of {Spz}. Then, ue A(T).

Theorem 4.1 ([7]). Let C be a nonempty subset of H and let T : C — C
be a normally 2-generalized hybrid mapping with A(T) # 0. Let Pacp)
be the metric projection from H onto A(T'). Then, for any x € C, the

sequence {Snx = %Ez;é T*z + converges weakly to u € A(T), where u =
hmnﬂoo PA(T)THLE.

The second type lemma that guarantees that any weak limits are attrac-
tive points is as follows:

Lemma 4.2 ([7]). Let C' be a nonempty subset of H, let T : C — C be
a normally 2-generalized hybrid mapping and let {z,} be a sequence in C
satisfying x, — Txp, — 0, T?xy — 2 — 0 and x, — v. Then, vE A (T).

If the conclusion in Lemma 4.2 is v € F (T') instead of v € A(T") and
the assumptions do not include 7%z, — z, — 0, then the mapping I — T
is called demiclosed, where I is the identity mapping. By using Lemma 4.2
and (2.3), we can prove Theorem 4.2 and 4.3, which extend Theorem 1.2
and 1.3, respectively.

Theorem 4.2 ([7]). Let C' be a nonempty and convex subset of H and let
T :C — C be a normally 2-generalized hybrid mapping with A(T) # 0. Let
Pyt be the metric projection from H onto A(T'). Let {an},{bn},{cn} be
real sequences in the interval (0,1) such that an + by, +cp =1 and 0 < a <
Anybr, e, <b <1 for alln € N. Define a sequence {zy} in C as

Tpt1l = QnTpn + b Ty + enT?x, € C

for all n € N, where 1 € C is given. Then, the sequence {x,} converges
weakly to an element u of A(T'), where u = limy, o0 Pg(7)Zn-

To prove the next strong convergence theorem (Theorem 4.3), Lemma
2.1, 2.2 and the equation (2.1) are required.

Theorem 4.3 ([8]). Let C' be a nonempty and convexr subset of H and let
T :C — C be a normally 2-generalized hybrid mapping with A (T) # 0.
Let {\n}, {an}, {bn} and {c,} be sequences of real numbers in the interval
(0,1) such that

o>
Tlli_{]go)\n:O, Z)\n:oo, an+bp+cn =1 (neN),
n=1
lim inf apb, >0, lim inf b,c, >0 and lim inf cya, > 0.
n—o00o n—oo n—0oo
Given x1,z € C, define a sequence {xy} in C as follows:
Tnt1 = Az + (1= \p) (anxn + b, Tz, + chan)

for all n € N. Then, the sequence {xyn} converges strongly to Z = Py )z,
where Py(ry is the metric projection from H onto A (T').
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Finally, by using Lemma 4.3 (and Lemma 2.1), we can prove Theorem
4.4. Please refer to Kurokawa and Takahashi [9].

Lemma 4.3 ([8]). Let C' be a nonempty subset of H, let T : C' — C' be a
normally 2-generalized hybrid mapping with A(T) # 0, and let {x,} be a
bounded sequence in C. Define z, = %ZZ;E) T*z, (€ H) and assume that
Zn; — v, where {zy,} is a subsequence of {z,}. Then, v e A(T).

Theorem 4.4 ([8]). Let C' be a nonempty and convexr subset of H and
let T : C — C be a normally 2-generalized hybrid mapping with A (T') #
0. Let {\.} be a sequence of real numbers in the interval [0,1) such that
lim,,— oo A\, = 0 and fozl An = 0. Given x1,z € C, define a sequence
{zn} in C as follows:

1 n—1
Tni1 =Mz + (L=X\,) -~ ZTkxn
k=0

for all n € N. Then, the sequence {x,} converges strongly to zZ = Parz,
where Pty is the metric projection from H onto A(T).
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