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Estimations of the weighted power mean

by the Heron mean
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Abstract

As the means generalizing the arithmetic and the geometric ones, the power
mean and the Heron mean are known. For positive real numbers a and b, the
weighted power mean P, 4(a,b) and the weighted Heron mean K ,(a,b) for t €
[0,1] and ¢ € R are defined by P, 4(a,b) = {(1 — t)a? + tbq}% and Ky 4(a,b) =
(1 —q)a' 7t 4 ¢{(1 — t)a + tb}, respectively.

In this report, as a generalization of Wu and Debnath’s result on non-weighted
means (the case t = %)7 we get estimations of the weighted power mean by the
weighted Heron mean. We also obtain the results for bounded linear operators on
a Hilbert space, and some determinant and trace inequalities of matrices by using

our main results.

Introduction

This report is based on [5]. As means of two positive real numbers a and b, the
following are well known.

b
Ala,b) = a—2|— (arithmetic mean), G(a,b) = Vab (geometric mean),
—b
H(a,b) = . i B (harmonic mean), LM (a,b) = k)g,‘ZTogb (logarithmic mean).

We also know some generalizations of these means. For example, for ¢ € R,

q q %
(a —l—b) if g £0.

P,(a,b) = 2 (power mean),
Vab if g =0,
q anrl _ bq+1 )
— if -1
P ifq#0,-1,
Jy(a,b) = _azb if g=0, (power difference mean),
loga —logb
loga — 1
ab(loga — logb) ifg= 1,

a—2b
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qdt! + pat1

L,(a,b) = " (Lehmer mean),
a

Ky(a,b) = (1 — q)Vab+ anM (Heron mean).

These means are symmetric, that is, A(a,b) = A(b,a), G(a,b) = G(b,a) and so on.
We note that J,(a,a) = %im Jy(a,b) = a. It is well known that
—a

H(a,b) < G(a,b) < LM(a,b) < A(a,b),

A(a,b) = Pi(a,b) = Ji(a,b) = Lo(a,b) = Kq(a,b),
LM(a,b) = Jy(a,b),

G(a,b) = Py(a,b) = J=1(a,b) = L%(a, b) = Ky(a,b),
H(a,b) = P_1(a,b) = J_3(a,b) = L_1(a,b),

=1
2

and also P,(a,b), J,(a,b), Ly(a,b) and K,(a,b) are monotone increasing on ¢ € R.
It is well known that some of the above means have their weighted version as follows:
For t € [0,1] and ¢q € R,

Ai(a,b) = (1 —t)a+tb (arithmetic mean),
Gy(a,b) = a' "' (geometric mean),
Hy(a,b) = {(1 —t)a™* +tb~*}7' (harmonic mean),

P, 4(a,b) = {{(1 —t)a? +tbi}s if g #0,

power mean),
at~tht if g =0, ( )

K (a,b) = (1 —q)a" 0" + ¢{(1 — t)a + tb} (Heron mean).
If the weight t is equal to %, then the weighted means coincide with the original
(non-weighted) ones as A(a,b) = A (a,b) and P,(a,b) = P%’q(a, b). The weighted means
have the properties that A;(a,b) = A1_.(b,a), Gi(a,b) = G1_4(b,a) and so on.
Similarly to the non-weighted means, the weighted means have the properties that

Hi(a,b) < Gy(a,b) < Ai(a,b),
Ai(a,b) = Pi1(a,b) = Ki1(a,b),
Gi(a,b) = Pio(a,b) = Kio(a,b),
Hi(a,b) = P, _4(a,b),

and also P, 4(a,b) and K, ,(a,b) are monotone increasing on ¢ € R. The inequality
Gi(a,b) < Ai(a,b) is sometimes called Young’s inequality.

Many researchers investigate estimations of these means. For example, recently, we
have obtained the results on estimations of several means by the Heron mean. The
results for the power difference mean are in [13, 3], and the results for the Lehmer mean



are in [4]. For the power mean, Janous [6], Wu and Debnath [12] obtained the following
Theorem 1.A.

Theorem 1.A ([6, 12]). Let a,b > 0 with a # b.

(i) If0<r <3 orl<r, then K ioi(a,b) < Pa,b) < Ki(a,b).

2

(i) If 3 <r <1. Then K,(a,b) < P.(a,b) < K 1.:(a,b).

(3)
(iii) Ifr < 0. Then K,.(a,b) < P.(a,b) < Ky(a,b) = G(a,b).

The given parameters of K,(a,b) in each case are best possible.

We remark that Janous [6] has shown Theorem 1.A for 0 < » < 1 as the results
on estimations of the generalized Heronian mean ‘“’1;7‘1‘;77“’ for w > 0, and also Wu and
Debnath [12] got Theorem 1.A as the results on upper and lower bounds of %

In this report, as an extension of Theorem 1.A, we obtain estimations of the weighted
power mean by the weighed Heron mean. We also obtain the results for bounded linear
operators on a Hilbert space. Moreover, related to the results in [1, 7], we get some

determinant and trace inequalities of matrices.

2 Main results

In this section, we obtain estimations of the weighted power mean of two positive
real numbers by the weighted Heron mean. In what follows, we define that

v {2

pt,r)

=1-1) 1=~ } and  [(t,r) = min{S(¢,7),1} (2.1)

for t € (0,1) and r € R with r # 0, %, t. We need two lemmas in order to prove our main
results. We omit these proofs.
Lemma 2.1. Let t € (0,1) and r € R withr #0,3. Let 5(t,r) as in (2.1).

(i) If0<r<t<i, thenr < S(t,r) holds.
(i) Ifr <0<t <3, then B(t,r) <r holds.
(ili) If § <t <r <1, then B(t,r) <r holds.

)

(iv If% <t<1l<r, thenr < p(t,r) holds.
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Lemma 2.2. Let t,r € (0,1) with r # 1.
() Ift <r<1—t, thentr ' <r < (1—t)r " holds.

(i) If1—t<r<t, then (1—t)r ' <r <t~ holds.
Now we state our main results.

Theorem 2.3. Let t,r € (0,1). Let B(t,r) and B(t,r) as in (2.1). For all a,b > 0 with
a # b, we have the following.

(i) Ift<r<1-—t, then K, 1 ,(a,0) < P,(a,b) < Kt,(l—t)%’l(a’b)'

H

(i) If 1 —t <r <t, then Kt,<17t)%,1(

(i) If r <t <1—t, then Kt,t%’l(a’ b) < Pip(a,b) < K, 5, (a,b).

a,b) < P,.(a,b) < Kt,t%’l(a’b)'

(iv) If r <1 —t <t, then Kt_ﬂ% 1.(a,0) < Py(a,b) < K, 54, ,(a,b).

)
(v) Ift <1—t <, then Ky gi-sr)(a,b) < Prp(a,b) < K

t,(lft)%’l(

a,b).
(vi) If 1 =t <t <, then K; gy (a,b) < P ,(a,b) < Kt’t%_l(a, b).

The given parameters of I, (a,b) in each case are best possible on « except the parts

a=pB(r) and o =B(-,7).

Theorem 2.4. Let B(t,r) as in (2.1). For all a,b > 0 with a # b, we have the following.

' 1
(i) Ift € (0,5] and r > 1, then Kt,

3 )%,l(m b) < Piy(a,b) < Kyga_u(a,b).

(1-t

(i) Ift € [3,1) and r > 1, then K, 1 .(a,b) < P(a,b) < Kigur(a,b).

s

(ili) Ift € (0,3] and r <0, then K g (a,b) < Ppy(a,b) < Kig(a,b) = Gy(a,b).
(iv) Ift € [3,1) and r < 0, then Ky pa_1(a,b) < P,(a,b) < Kyo(a,b) = Gy(a,b).

The given parameters of I, (a,b) in each case are best possible on o except the parts
a=p36(-,r).

Theorems 2.3 and 2.4 imply Theorem 1.A by putting ¢ = 1. We remark that the

best possibility of the parts a = ﬁ(%,r) = r is also shown by scrutinizing the proofs
of Theorems 2.3 and 2.4. The following Figure 1 shows the domains of parameters in
Theorems 2.3 and 2.4.
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Th. 2.4 Th. 2.3 Th. 2.4
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(iv) (iv) (ii) (vi) (ii)
1/2
(iii) (iii) (i) (v) 0]
0 1 r

FiGURE 1

Proofs of Theorems 2.3 and 2.4. Here, we only prove (i) and (iii) in Theorem 2.3. The
rest are shown by the similar way. We remark that, since K, ,(a,b) = K1_;4(b,a) and
P, ,(a,b) = Pi_;,(b,a) hold for a,b > 0, (ii), (iv) and (vi) are immediately obtained by
(1), (iii) and (v), respectively.

We have only to consider the case (a,b) = (1, x) with « # 1 by easy replacement. Let

fi(x) = P (1,2) — Ky o(l, 2)

| (2.2)
={(1-t)+ta"}r — (1 —a)z’ — af(1 —t) + tz}.

Now we discuss upper and lower bounds of « to hold the inequalities K, ,(1,2) <
P,,(1,z) and P,,(1,2) < K,,(1,z), that is, fi(z) > 0 and f;(z) < 0 for all z > 0.
Let
ryi-1,r—t 1—t
g@)={0-t)+tz"} r 2" "' —(1—a)—azr
=1

hi(z) 1=r{1-1t)+ t,ﬂ}%ﬂx?r—l

1 (2.3
+(r-t){1—-t)+tz"}r 2" ' —a(l —¢t) and
Ey(z) =t(r—1+t)a" — (1 —t)(r —1).
Then we have
fi(z) = ta' " gy(2),
gi(r) = 27"hy(z) and (2.4)
hi(x) = (1= (1= r){(1 = ) + 12"} 2" k()

since

file) =t A —t) +t2"} 1 — (1 —a)tat™ — ot
=t [{(1 —t) 2"} (1 a) —ax'

131



132

gi@) =t(1 = n){(1—t) +ta"}7 2?1
= O{A—t) +ta"} T a1~ )
=2t [t = r){(L — 1)+t
+r = DI = +ta"} " — a1 - 1))
and
Wy (x) = (1 = r)(1 = 2r){(1 — t) + ta"} 732" 2
+t(1—r)2r —D{(1 -t + tx”}%*%g?"*?
+t(r = t)(1 = r){(1— 1) + ta"}r 222
= = D{(1 =) +ta"p e
=(1-r{(1-t+ txr}%—3xr—2
x (L= 20)2% + (3r = 1= {1~ 1) + a7} — (r = ){(1 — 1) +ta"}’]
=(1-r{(1-t+ mr}%—3$r—2
x [ta" = {(1—t) + ta"}] [(1 = 2r)ta” + (r — ) {(1 — ) + 1a"}]

= (181 = 7)1 — )+ "} 32t — L+ 0" — (1—)(r — b)].
(l,z) = K %(l,x) holds.

Proof of (i). We may except the case r =t = % since Pi

11 1
2°3 27

Firstly, we consider the case o < r.
(i-a) The case « < rand 0 <z < 1. If t <r <1 —¢ holds, then hj(x) < 0 holds for

0 <z <1, that is,
hi(x) is decreasing for 0 <z <1 (2.5)

by (2.3) and (2.4). Since hy(1) = (r—a)(1—t) > 0, (2.5) implies that g;(z) = 2 *hy(z) > 0
holds for 0 < z < 1, that is,

g+(z) is increasing for 0 < x < 1.
Since ¢;(1) = 0, f{(z) = tz'1g;(x) < 0 holds for 0 < x < 1, that is,
fi(x) is decreasing for 0 < 2 < 1.
Therefore, since f;(1) = 0, we have
fi(z) >0, that is, K;(1,2) < P,,.(1,2) for 0 < z < 1. (2.6)

(i-b) The case @ < r and = > 1. Noting that K;,(1,z) = K1 ;,(1,2!) and
B (1,2) = 2Py, (1,27"), we consider f,(y) fory=a2""'€ (0,1) and t; =1 —¢.
If 1 —¢; <r <t holds, then hj (y) > 0 holds for 0 <y <1, that is,

h, (y) is increasing for 0 <y <1



by (2.3) and (2.4). If @ < r, then there exists a §; € (0,1) such that hy, (d;) = 0 since

() ={0=t)y " +t} 7 [ ==ty + 6} + = t)] —a(l—4)
— -0 (y = +0)

and hy, (1) = (r — a)(1 —t;) > 0. This ensures that g; (y) < 0 for 0 < y < 4, and
g;,(y) > 0 for 6; <y < 1 hold, that is,

91, (y) is decreasing for 0 < y < 6; and increasing for 0; <y < 1.

Then there exists a 05 € (0,01) such that g, (d2) = 0 since lin+10 91, (y) = oo holds and
y—r

gi, (1) = 0 assures that g, (01) < 0. So f/ (y) > 0 holds for 0 < y < d, and f] (y) <0
holds for §; < y < 1 hold, that is,

fi, (y) is increasing for 0 < y < dy and decreasing for 0, < y < 1.

If @ < (1—t;)%, then f,, (0) > 0, so that f,, (y) > 0 holds for 0 < y < 1since f,, (1) = 0.
If « =7, then f;,(y) <0 for 0 < y < 1 by the similar argument. We remark that
(1—t) ' <r=aforl—t <r<t by (ii) in Lemma 2.2.
Therefore we have K, o(1,y) < P, .(1,y) for 0 <y < 1if a < (1 —#)="", that is,

Ky o(1,2) < P.y(1,2) for 2 > 1 holds if o <t~ (2.7)

Hence, by (2.6) and (2.7), we get K;o(1,2) < P,,(1,z) for all 2 > 0 with = # 1 if
o < t+~!. This argument also proves the best possibility of a since K o(1,2) < B,(1,2)
or P,,.(1,2) < K, 4(1,2) does not always hold for = > 0 with z # 1 if t-~' < a <7,

Next we consider the case r < «. By the similar way to (i-b), we obtain that f;(x) < 0,
that is, P, (1,2) < Ky o(l,z) holds forall 0 < z < 1 if o > (1 — t)7~L. By applying the
similar way to (i-a) for f;,(y) as in (i-b), we obtain that f;, (y) < 0 holds for 0 <y < 1,
that is, P, (1,2) < K;,(1,2) holds for all x > 1. Hence we get P, ,(1,2) < K;o(1,2)
holds for all z > 0 with 2 # 1 if & > (1 — ¢)7~!. We also get the best possibility of «,
that is, P, (1,2) < K, o(1,2) or P,,(1,2) < K, (1, 2) does not always hold for « > 0 if
r<a<(l—t)r L

1
Proof of (iii). Firstly, we consider the case @ < r. Let dy = (f&?ii;))r We
remark that 0 < 9y < 1 (resp. &y > 1) holds for ¢,r € (0,1) and r < ¢ < 1 —¢ (resp.
r<l1l—t<t).
(iti-a) The case a < rand 0 < 2 < 1. If r < ¢ < 1 —¢ holds, then hj(z) > 0 holds for
0 < x < g and hj(x) < 0 holds for §y < x < 1, that is,

he(x) is increasing for 0 < z < dy and decreasing for oy < = < 1
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by (2.3) and (2.4). Then there exists a d; € (0, dy) such that h,(d;) = 0 since liquo hy(z) =
T—

—oo and hy(1) = (r —a)(1 —t) > 0. This ensures that gj(z) < 0 for 0 < = < §; and
gi(z) > 0 for 0; < z < 1, that is,

g¢(x) is decreasing for 0 < x < d; and increasing for 0; < x < 1.

Then there exists a d; € (0,01) such that g;(d2) = 0 since hrilo g+(z) = o0 and ¢;(1) = 0.
z—
So fl(xz) > 0 holds for 0 < x < d5 and f{(z) < 0 holds for d» < 2 < 1 hold, that is,

fi(z) is increasing for 0 < & < Jy and decreasing for dy < z < 1.

If o < (1—1t)+1, then £,(0) > 0, so that f,(z) > 0 holds for 0 < z < 1 since f,(1) = 0.
Therefore we have

Kio(1,2) < Py(l,z) for 0 <z < 1if oo < (1 —#)7 L.

(iii-b) The case o < r and z > 1. Similarly to (i-b), we consider f;, (y) fory =271 €
(0,1) and t; = 1 —¢. Noting that »r < ¢ < 1 —¢ if and only if r < 1 —t; < ¢4, by the
similar way to (i-b), we have that Ky, 4(1,4) < P, (1,y) for 0 < y < Lif o < (1—t;)7 1,
that is,

Kio(l,2) < P,(L,z) forz > 1ifa < L

Hence, by (iii-a) and (iii-b), we get K;o(1,2) < P, (1,2) for all # > 0 with = # 1 if
a <t 'since tr ' < (1—t)7 " holds. We remark that ¢+ < (%)%71 < rholds for r,t €
(0,1). This argument also proves the best possibility of o since K; (1, 2) < P,,(1,2) or
P, (1,z) < K, (1, 2) does not always hold for x > 0 with = # 1 if tl<a<r.

Next, we consider the case r < a. If a > 1, then we obviously get that P,,.(1,z) <
Kio(1,2) holds for all > 0 with # # 1 since K;1(1,2) = A;(1,z). We remark that
r < B(t,r) holds for 0 <r < ¢ < % by (i) in Lemma 2.1.

(iti-c) The case r < B(t,r) < aand 0 <z < 1. If r <t <1 — ¢t holds, then hj(z) > 0
holds for 0 < z < 0y and hj(z) < 0 holds for dy < = < 1, that is,

he(z) is increasing for 0 < x < dg and decreasing for dg < z < 1.

by (2.3) and (2.4). Noting that h(dy) < 0 if and only if o > S(¢,7), we get that g;(z) <0
for 0 < x < 1, that is,
g+(x) is decreasing for 0 < z < 1.

Since g;(1) = 0, f{(z) > 0 holds for 0 < z < 1, that is,
fi(z) is increasing for 0 < x < 1.
Therefore, since f;(1) = 0, we have

filz) <0, that is, P, (1,2) < K, o(L,z) for 0 <z < 1if a > B(¢,7).



(ili-d) The case r < o and z > 1. We consider f; (y) for y = 27! € (0,1) and
t; = 1 —t. Noting that r < ¢ <1 —t if and only if r < 1 —¢; < ¢4, by the similar way
to (i-a), we have that P, ,(1,vy) < K, o(1,y) for 0 < y < 1, that is,

P, (1,x) < K;o(1,2) for z > 1.

Hence, by (iii-c) and (iii-d), we get P, ,.(1,z) < K;,(1,z) for all z > 0 with & # 1 if
a> B(t,r). O

3 Operator inequalities

In this section, we get operator inequalities by the results in the previous section.

Here, an operator means a bounded linear operator on a Hilbert space H. An operator
T is said to be positive (denoted by T > 0) if (T'z,z) > 0 for all z € H, and also an
operator T is said to be strictly positive (denoted by 7' > 0) if T is positive and invertible.
A real-valued function f defined on J C R is said to be operator monotone if

A< B implies f(A) < f(B)
for selfadjoint operators A and B whose spectra o(A),o(B) C J, where A < B means
B—-A>0.
The general theory on operator means are established by Kubo and Ando [10], and

they obtained in [10] that there exists a one-to-one correspondence between an operator
mean 9 and an operator monotone function f > 0 on [0, 00) with f(1) =1 as follows:

M(A, B) = A2 f(A7 BAT )A? (3.1)

if A >0 and B > 0. We remark that f is called the representing function of 9, and
also it is permitted to consider binary operations given by (3.1) even if f is a general
real-valued function.

By (3.1), we can introduce the following weighted operator means for two strictly
positive operators A and B. For t € [0,1] and ¢ € R,

A,(A,B)=(1—-1t)A+tB (arithmetic mean),

®,(A, B) = A2(A7 BA7)'Az (geometric mean),
9,(A,B)={(1 —t)A" +¢tB7'}"! (harmonic mean),
A{(1— )] +t(AFBAT )1 1A} if g 40,
A3 (AT BAT )t Az if g =0,
R1g(A,B) = (1 — q)A2(A% BA7)' Az + ¢{(1 — t)A+tB} (Heron mean).

(power mean),

mlaq(A’ B) = {

It is known that B, (A, B) is an operator mean if —1 < ¢ <1, and also R, 4(4, B) is an
operator mean if 0 < ¢ < 1. We remark that their representing functions are A;(1, z),
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Gy(1,z) and so on, and also notations AV, B, A, B, Al, B and A4, B are often
used instead of A;(A, B), (A, B), $9:(A, B) and B, ,(A, B), respectively. (See [11], for
example.)

By Theorem 2.3, we have estimations of the weighted operator power mean by the
Heron mean. Theorem 2.4 ensures the similar result, but we omit it.

Theorem 3.1. Let t,r € (0,1). Let 5(t,r) and B(L‘,T) as in (2.1). For all A, B >0, we
have the following.

() Ift <r<1—t, then & 1 (A B) <P..(A,B) <& A, B).

t,(lft)%_l(

(i) Fl—t<r<t then & 1 .(A B) <P (A B) <& 1.(4B)

t,(1—t)

(iii) Ifr<t<1—t, then & 1 (A B) <P,(A B) < &, 5,, (A B).

(V) Ifr<1—t <t then &, 1(AB) < P4, B) < R 50, (4 B).

(V) [ft S 1—1¢ < r, thfn ﬁt,ﬁ(lft,7‘)(A7 B) S mt,’r(Aa B) S ﬁt.(l—t)%_l(

(vi) If 1 =t <t <r, then Rygun (A, B) <Py, (A B) < ﬁt,t%’l(A’ B).

A, B).

The given parameters of 8,..(A, B) in each case are best possible on o except the parts

a=p(-,r) anda:ﬁ(-ﬂ“).

Proof. Put a = 1 and replace b by A% BA7% . Then we have Theorem 3.1 by applying
the standard operational calculus in Theorem 2.3. O

4 Determinant and trace inequalities

In this section, we get some determinant and trace inequalities of matrices. Let P, (C)
be the set of n x n positive definite matrices on C.

Kittaneh and Manasrah researched improved and reversed Young’s inequalities in
[8, 9]. As a generalization of their results in [8, 9], for a,b > 0 with a # b, Alzer, da
Fonseca and Kovacec [1] obtained the inequality

() =det=cim=(=) w

where A > 1 and 0 < v < u < 1. Moreover, Khosravi [7] obtained a generalization of
(4.1) of the case A = 1, that is,

&

b) — P, ,(a,
a,

a,b) — by 1—v
a,b) — P, (

- (4.2)

RSEIRN
|
e
=
—
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where 0 < v < p < 1 and r € R with r # 1.
By using (4.2), Khosravi [7] obtained a generalization of the determinant inequality

in [1] as follows: Let A, B € P,(C). Then

3
3

ya
n

(:)p [det{2,(A, B) — P, (A, B)}]" < [det 2, (4, B)] (4.3)

— [detB,.,(A, B)]

holdsforO < v < pu <1, —1<r < 1landp>1. We get determinant inequalities related
to (4.3) by using Theorem 2.3.

Theorem 4.1. Let A, B € P,(C), r € (0,1) and p > 1. Let B(t,r) as in (2.1).

(i) Ift € (0,%] and t <r, then

2

3k

A
n

(1—=(1=t)7" 1) [det{20,(A, B)=&,(A, B)}]" < [det2A,(A, B)]

3k

—[det P,.(4, B)] "

(i) Ift € (0,3] and r <, then

ya
n

(1= B(t, )" [det{2A,(A, B) — &,(A, B)}]" < [det (A, B)]

3k

— [detB..(A, B)] "
(iii) Ift € (3,1) and 1 —¢ <r, then

P
n

(1 — 1) [det{2A,(A, B) — &,(A, B)}]" < [detA,(A, B)]

st

— [detP,.(A, B)]".

(iv) Ift € (3,1) and r < 1 —t, then

P
n

(1=B(1—t,))" [det{2A,(A, B)—B,(A, B)}] " < [detA,(A, B)| " — [det B, (4, B)] "

3

Theorem 4.2. Let A, B € P,(C), r € (0,1) and p > 1. Let B(t,r) as in (2.1).

(i) Ift € (0,3] and 1 —t <, then

P ya
n n

B(1 — t, 1) [det{A,(A, B) — &,(A, B)}]" < [det P, (A, B)]" — [det &,(A, B)]

(i) Ift € (0,3] and r <1 —t, then

£GP [det{20,(4, B) — 6,(A, B)}]" < [detP,.(A, B)]

pa
n

— [det &,(A, B)]

(iii) Ift € (3,1) and t <, then

s

ya
n

Bt, )P [det{2,(A, B) — &,(A, B)}]" < [detP,(A, B)] " — [det &,(A, B)]

3
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(iv) Ift € (3,1) and r <t, then
P a

(1 — )P [det{2A,(A, B) — 81(A, B)}]" < [det R, (4, B)]

Sk

— [det ®,(A, B)]".

We omit these proofs. We remark that we use the following Lemma 4.A, a general-
ization of Minkowski’s product inequality (see [2]) in order to prove Theorems 4.1 and
4.2.

Lemma 4.A ([7]). Let a;,b; >0 fori=1,2,...,n. Then
<H ai) + <H bi> < (H(ai + bz))
i=1 =1 i=1

On the other hand, by using (4.2) for A = 1, Alzer, da Fonseca and Kovacec [1]
obtained the trace inequality as follows: Let A, B € P,(C). Then

% {tr 2, (A, B) — (tr A)'#(tr B)"} < tr 2, (A, B) — tr A B, (4.4)

holds for p > 1.

holds for 0 < v < p < 1. We also get trace inequalities related to (4.4) by using Theorem
2.3.

Theorem 4.3. Let A, B € P,(C), r € (0,1) and p > 1. Let B(t,r) as in (2.1).
(i) Ift € (0,3] and 1 —t <r, then
B(L—t,r) {trA(A, B) — (tr A (tr B)'} < {tr A (A", B)}7 — tr A B,
(i) Ift € (0,3] and r <1 —t, then

et {tr2,(A, B) — (tr A)""(tr B)'} < {tr?lt(Ar,BT)}% —tr A"'B"

(iii) Ift € (

%, 1) and t <, then
B(t,r) {tr A, (A, B) — (tr A)' ! (tr B)'} < {tr A, (A", B")}* — tr A'* B,

(iv) Ift € (3,1) and r <t, then
(1— 1) {tr A, (A, B) — (tr A)'~*(tr B)'} < {tr A, (A", B")}* — tr A B,

We omit this proof. We remark that we use fundamental properties of the singular
values, Holder’s inequality and the inequality > af < (3°07 @) for a; > 0 (i =
1,...,n) and p > 1 in order to prove Theorem 4.3.
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