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Abstract

The purpose of this manuscript is twofold: (i) to provide a family of inequalities that
unifies the hypercontractivity and its exponential variant of the Ornstein—Uhlenbeck
semigroup; and (ii) to reveal a connection between the above-mentioned family and a
family of ®-entropy inequalities.

1 Introduction and main result

Given a positive integer d, let 74 be the d-dimensional standard Gaussian measure. For
every p > 1, define LP(v4) to be the set of measurable functions f : R? — R such that
115 = Jga If(@)[Pva(de) < co. We denote by Q@ = {Q:}i>0 the Ornstein-Uhlenbeck

semigroup acting on L!(v4): for f € L'(v4) and ¢ > 0,
@)@ = [ 1 (et VI ) quld). € B
It is well known that @ enjoys the hypercontractivity: if f € LP(v4) for some p > 1, then
1Qefllgry < IFNl,  for all £>0, (HC)

where ¢(t) = €?!(p — 1) + 1. The hypercontractivity (HC) was firstly observed by Nelson
[7] and found later by Gross [4] to be equivalent to the (Gaussian) logarithmic Sobolev
inequality:

[ \tPogi i < [ 1952 I log 1 7l (Ls1)

which holds true for any weakly differentiable function f in L?(v4) with |V f| € L?(vq). It is
also known (see [1, Proposition 4]) that (HC) is equivalent to the exponential hypercontrac-
tivity: for any f € L'(vq) with e/ € L'(v4), it holds that

lexp (Qef)llze < €l for all ¢ > 0. (eHC)

One of the objectives of this manuscript is to show, by employing stochastic analysis,
that two hypercontractivities (HC) and (eHC) are unified into

*This manuscript surveys the paper [6] by the author and is based on his talk given at Probability
Symposium (fE%5H >R Y7 ) held at RIMS, Kyoto University, from December 17 to December 20, 2018.
!The Gaussian logarithmic Sobolev inequality goes back to Stam [8].
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Theorem 1 ([6], Theorem 1.1). Let a positive function ¢ in C*((0,00)) satisfy
¢ >0 and ¢/ is concave on (0,00), (©)

and set
u(t, z) ::/ c(y)e%dy, t>0, z>0. (1)
0

Then for any nonnegative, measurable function f on R? such that u(0, f) € L' (v4), we have

v (b, [lult, Qef)lly) < v (0, [|u(0, fll)  for allt > 0. (uHC)

Here for every t > 0, the function v(t,-) is the inverse function of u(t,x), x > 0.

The theorem asserts that if a nonnegative, measurable function f on R? is such that
u(0, f) € L'(v4), then so is u(t, Q:f) for any ¢ > 0 thanks to monotonicity of the function
u(t, z) in spatial variable z. We give examples of ¢ fulfilling the condition (C).

Example 1. (i) For each p > 1, the power function c(x) = zP~! fulfills (C); indeed,

clx) x

dx) p-1
and hence (c¢/c’)” = 0. Therefore (WHC) applies and yields (HC). Observe that the addition
of 1 that appears in the definition of ¢(¢) may be seen as a consequence of the integration in
(1).
(i) The exponential function c(x) = e* fulfills (C); indeed, we have ¢/c’ = 1, hence (c¢/c')" =
0. This choice of ¢ in (uHC) yields (eHC) in the form

e *log Hoxp (thQtf)Hl <log|lef|, forall t > 0.

Note that if ¢ satisfies (¢/c’)” = 0, then it is identical with either z* for some «a # 0 or e*
up to affine transformation for variable x.

(iii) The third example deals with a mixture of (HC) and (eHC). For two exponents p, «
such that p+a > 1 and 0 < a < 1, take

c(x) = 2P exp (%), x>0,

which fulfills (C). By L’Hopital’s rule, the corresponding « admits the asymptotics

—at
u(t, x) ~ %I‘I(t)*(ezt*l)a exp (€*z®) as x — o0

for every ¢ > 0 (here we abuse the notation ¢(t) when p < 1). Therefore Theorem 1 entails
that the following implication is true: for any nonnegative, measurable function f on R%,

fPexp (f) € LY(va) = (Quf )10+ D exp {2(Quf)} € LY (a), VE > 0.
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2 Outline of proof of Theorem 1

To prove Theorem 1, we employ stochastic analysis. For this purpose, we prepare a d-
dimensional standard Brownian motion W = {W;}o<;<1 defined on a probability space
(Q, F,P), and denote by {F;}o<i<1 the augmentation of the natural filtration of W: F;, =
o(Ws, s <t) VN. For each f € L(v4), define

My = My(f) :=E[f(W1)|F]
EE[./’(V[/l—t‘i’m)szwﬁ 0 <t< 17
where the second line is due to the Markov property of W. The last expression reveals the
identity in law:
(d) /4, .
(Qtf? 'Yd) - (Aje_2t(f)a ]P))
for every fixed t > 0 and what in fact we are going to prove is

Proposition 1 ([6], Proposition 3.1). For a positive c in C'((0,00)) satisfying (C), set
x
u(t,z) := / c(y)tdy, te(0,1], z>0. (1)
0

Then for any nonnegative, measurable function f such that u(1, f) € L' (), we have
v (L Elu(t, M) < v (LE(L, M) for all £ € (0,1] (uHC)
Here for every 0 < t <1, we denote by v(t,-) the inverse function of u(t,-).
By density arguments, it suffices to show (uHC') for f € CF(RY) with zlenﬂgdf(x) > 0.

Here C}(RY) is the set of bounded C'-functions on R? with bounded derivatives. Set a
d-dimensional process 0 = {0;}o<i<1 by
O =E[Vf Wiy + )|, _y,-

By the Clark—Ocone formula,
¢
M, =E[f(W)] +/ Os-dWs forall 0 <t <1, P-as.
0

In fact, denoting F'(W) = f(W7), we see that 6; is nothing but
E[D.F(W)|Fi]
with DF (W) the Malliavin derivative of F(W). In what follows we write
Ni = Ni(f) = u(t, Mi(f)) -

What to do is to show that
d
ﬁv(t,E[Nt]) >0, 0<t<1,

via the following two lemmas: set for (¢, z) € (0,1] x (0, 00),

ven ={(%) sjen ot en =gy

where in the definition of U, subscripts stand for partial differentiations with respect to
corresponding variables.



Lemma 1. We have for 0 <t <1,
20, v(t, E[NG)) Sv( BING)
1
- /0 E [U(t,v(t, BN F])) [E[DNF] 2] ds + B [ua(t, M) |0

Lemma 2. We have for0 <t <1 and 0<s<1,

E [U(t, (4, E[NIF)) [E[D,NAF) ] > -E {|D5Nt|2] .

@(tv Nt)
We postpone proofs of these two lemmas to the next section.

Proof of Proposition 1. By Lemmas 1 and 2, we have

20,(¢,v(t, EIN])) S v(t, EING])

_ 1 |D5Nt‘2 s u y 2
S /0 . L(t,l\&)} ds + I [uga (£, My)|6,[] 2)

By chain rule for D,

DsNt = Um(t, Aft)DSJ\ft
= Ljo,(s)uz(t, M¢)0;

as My =E[f(Wi_ + z)]|x:Wt. Hence the right-hand side of (2) is rewritten as

E {tw + um(t,x)} X |9t|2] .
x=M;

Because of expressions

! :ld(x)caz_l/t u x :C:L’l/t an u x :1@01’1”
S0(7,/_".1@71‘)) t2 C(.T}) ( ) I ﬂﬂ(tﬂ ) ( ) d Iﬂﬂ(tﬂ ) tC(.I') ( ) ?
we have for any x > 0,
(ug(t,z))? d(x)

—t—————"— +u x)=|{— L l—cwl/t
oua) ) ( txt?*t) () )
=0,

which shows that the right-hand side of (2) is identical with 0. Since u,(¢, ) is positive for
all 0 < ¢t <1 and = > 0, we obtain from (2),

d
ZV(EE[N]) > 0

as desired. 0
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3 Proof of Lemmas 1 and 2

In this section we prove Lemmas 1 and 2.

Proof of Lemma 1. Since dM; = 0 - dW; by the Clark—Ocone formula, It6’s formula entails
that

1
du(t, My) = ug(t, My) dt + ug(t, My)6; - dW; + §um(t7 M;)|6:|? dt,

hence

d 1
—E [u(t, My)] = E [ug(t, My)] + B [uga(t, My)|0:]?] .

Recall Ny = u (t, My). As v is the inverse function of u in spatial variable, there holds the
relation

(1, (1, E[N)) (1, E[N)
= B [ (1, M) — we(t. V(L EIND) + 5E [uea(t, MI0] )
Noting us(f, My) = ur (£, v(t, E[N:|F1])), we develop the process
ug (6, v(t, E[N¢ | F7])), 0<7 <1,

via the Clark—Ocone formula for E[N¢|F;]:
E[N,|F,] = E[N,] + /0 E[DNF] - dWs, 0<7<1, Pas.,
together with Itd’s formula, to see that
drue (V{6 BINUF) = 2 (¢, v(t, BINF])ELD, Ni 7] - W
+ UL v( BINIF)) [EID, N F)? dr.

Integrating both sides from 0 to 1 relative to 7 and taking expectations lead to

]E [Ut(t7 ]\/[t)] — Ut(t, V(?f7 E[Nt]))

1
_ % /O E [U (¢, v(t, E[N\F,) [BLD, N 7] .

Plug the last expression into (3) to obtain

ua (£ (4, E[N,])) %v(t, E[N])

1
=5 [ B[Vt B0 Y) ELDNIFE] dr -+ 5B fusa(t, M)

as claimed. O



Proof of Lemma 2. As ¢(t,x) = —1/U(t, v(t, x)) by definition, what to show is
[iﬁwm} . [Dszvt?}

4
P ENIED | = Lol ) W
Recall from [6, Lemma 3.1] that ¢ > 0 and ¢(t,-) is concave for every t € (0,1] under the
condition (C). Observe a.s.,

D, N, E[D N | Fs] |
OB |PE N SN T S ENED] | }
[| DNy [E[D, N | Fo)[* [E[Ds No| o)
S 1 e s R OB e v e
< [P } _ [ED:NF )
= Lot N)TC] et E[NF])
because of
E[p(t, N)IF] < o(LEINIF])  as.
by the conditional Jensen inequality. This observation entails (4). O

Remark 1. (i) In each of two cases that c¢(x) = 2P~! for some p > 1 and that c(z) = €, the
corresponding ¢ is a linear function in spatial variable (see [6, Remark 3.1 (2)]), which entails
that (4) holds as equality. This fact enables us to obtain the following “hypercontractive
identities”: for any f € C}(R?) with ingd f(z) >0,

x

t 6727'
1Qe Ny = 11 exp{ / - E(e-%)m}
! ' 0 QAL

t e 2T
llexp (Qef)llcr = ll€”[Ix exp{—/ %5(627)617}
’ 0 Jlexp (Qr f)llcer
for all ¢ > 0; see [6, Remark 3.2 (1)]. Here the nonnegative function Z(t) = Z ¢(¢), ¢ € (0, 1],
is defined by
2
} ds.

Dy Ny E[Ds Ny | Fs]

@(t7Nt) (p(taE[NtLFé])
(if) If we replace the definition (1’) of u(¢, z) by
u(t, z) :/ c(y) "V dy.
0

then the inequality (4) is reversed, yielding a generalization of the reverse hypercontractivity:
if we let a positive ¢ in C*((0,00)) satisfy (C) and lir(1)1+ c(x) > 0, and set the function u by
T—

1
=(t) = / E [@(t, N)

x
ult, z) :/ c(y) " dy, t>0, x>0,
0
in place of (1), then for any f € C(R?) with infd f(x) > 0, we have
TER

v (b, [lut, Qi f)lly) = 0 (0, [[u(0, £)Il;)  for all £ > 0.

Here v(t, -) is the inverse function of u(t, -) for every t > 0 as before. We refer to [6, Section 4]
for more details.
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4 Generalization of Gaussian logarithmic Sobolev inequality

Recall the fact ([4]) that differentiating the left-hand side of (HC) at ¢ = 0 yields (LSI); the
same argument enables us to obtain from (uHC) the following generalization of (LSI):

Corollary 1 ([6], Corollary 3.1). For a function ¢ satisfying the assumptions in Theorem 1,
set

Gla) = /O " e(y) dy and H(x) = /0 " e(y) log c(y) dy

for x> 0. Then for any f € CL(R?) with infd f(z) > 0, we have
TR

[ bz [ DI Gt oG (G- (6L5)
R4 R4

Here G™1 is the inverse function of G.

Proof. Since the left-hand side of (3) is nonnegative as seen in the proof of Proposition 1,
evaluation of its right-hand side at ¢t = 1 yields (gLSI). O

Be aware that the initial value of v (¢, ||u(t, Q¢ f)||;). t > 0, corresponds to the terminal
value of v(t, E[Ny]), 0 <t < 1.

Remark 2. Taking c(r) = 2P~ (p > 1) and e®, we recover (LSI) from (gLSI).

5 Connection with $-entropy inequalities
Let @ € C%((0,00)) be such that
®” > 0 and 1/®” is concave on (0, 00). (P)

Fix f € C}(RY) with inf f(z)> 0. Then

zeRd
Proposition 2 ([6], Proposition 3.3). (gLSI) holds for any positive ¢ € C1((0,00)) satisfying
(C) if and only if for any ® € C?((0,00)) satisfying (P), the ®-entropy incquality holds:

/Rd O(f)dya— @ (/Rd I dw) < %/Rd " (f) |V f1? dva. (®1)

The quantity on the left-hand side of (®I) is referred to as the ®-entropy and gives a
nonnegative value by Jensen’s inequality when @ is convex. Typical examples of ®’s fulfilling
(P) are ®(x) = xlogz and ®(z) = 22 (if we consider it on R), and these two choices in (®I)
lead to (LSI) and Poincaré’s inequality, respectively.

Proof of Proposition 2. We start with if part. Given a positive ¢ € C'((0,00)) satisfying
(C), take ® = H o G~! with H and G given in Corollary 1. Then it is readily seen that ®
fulfills (P). Writing f for G71(f) leads to (gLSI).

We turn to only if part. For ® € C2((0,00)) satisfying (P), take ¢ = exp(®’). Then ¢
fulfills (C) and so does ¢® = exp(a®’) for any a > 0. We replace ¢ by ¢* in (gLSI), divide
both sides by « and let & — 0. Then (®I) follows, which ends the proof. O



As already observed in Corollary 1, the hypercontractive family (uHC) implies (gLSI);
the next proposition shows that the converse is also true.

Proposition 3 (cf. [6], Proposition 3.4). (gLSI) implies (uHC).

An important observation is that if a positive ¢ € C*((0, o)) fulfills (C), then so does ¢*
for any « > 0 as has already been seen above in a restrictive setting. Then (gLSI) applied
to ¢® yields

« _ _
L auss [ @ ONNEdu+ Hao GG, 6)
where G, and H, are defined as in Corollary 1 with ¢ therein replaced by ¢®.

Proof of Proposition 3. Write a(t) = €%, t > 0. Similarly to proof of Lemma 1, we compute
d
ug (0 (8, Jult, QeN)l)) v (t lult; Quf)lh)
d
= —u (t,0(t, [lult, Q1)) + pr u(t, Q)4
_ d
= =2Ho() © G (| Gan (QuNIly) + 2 lult, QP - (6)
The last term is calculated and estimated as
[ utt @i dus [t inLQuf
Rd Rd
=2 [ Hag@b i+ [ {«Quny 01 a
= 2/Rd Ha(t)(Qtf)dyd —a(t) /Rl{Ca(t)’lc’}(Qtf)WQtf\Q dva

< 2H, ) o0 G;(lt)(HGa(t)(Qtf)Hl)v

where for the first and second lines, we used L to denote the Ornstein—Uhlenbeck operator
A —z -V, and for the third line, we used integration by parts (ibp for short) and chain rule
for V, and for the last, we used (5). Combining the last estimate with (6), we have

d
%U(t» [|e(t, Qtf)||1> <0

for any t > 0, which proves (uHC). O

6 Concluding remarks

In this manuscript, we have provided a framework that embraces (HC) and (eHC), as well as
the family of ®-entropy inequalities (®I) indexed by ® € C2((0,00)) fulfilling (P), on which
we add specific comments as follows.

(i) The condition (C) is not artificial in view of ®-entropy inequalities (®I). It should
also be mentioned that (uHC) possesses a certain optimality (see [6, Subsection A.2])
observed by an anonymous referee of [6], who also pointed out to us that under (C)
(with additional assumption that c is of class C®), functionals as on the right-hand side
of (uHC) are considered in [5, Theorem 106 (i)] to discuss their convexity in a discrete
setting.
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(ii) Equivalence between (uHC) and (®I) holds true in a general setting of Markov triple
(E, 1, T') with associated Dirichlet form (£,D(£)), the notion elaborated in [2, Chap-
ters 4-7|; in particular, if the triple (F, i, I') is such that under the condition (P),

/| @(f)du—<1>< / fdu> <4 [ oruna (a1)

for any positive f € D(E) for some R > 0, and that its carré du champ I satisfies

/ L(f,g9)dp = —/ gLfdu, (ibp)
FE E
L((f),9) =¥ (HT(f>9), (chain rule)

then by rewriting (®1’) similarly to (5), the same reasoning as in the proof of Proposi-
tion 3 applies and leads to (uHC) with replacement:

Q; by etF and e? in (1) by /R,

For instance, if a probability measure p on F = R? is given in the form u(dz) =
e V@ dy with V € C?(R?) whose Hessian matrix satisfies y - Hessy (2)y > ply|?, =,y €
RY, for some p > 0, then the ®-entropy inequality (®I') for T'(f, f) = [V f|? is known
(cf. [3, Corollary 2.1]) to hold with R = 1/p, and hence (uHC) holds true for the
semigroup generated by L = A — VV -V, with exponent ¢?* in (1) replaced by e?/*.
See [6, Subsection 3.2] for more detailed description.
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