BRI S A 2edk 55212024 20194 72-152

On (ecox p)-adic uniformization of curves mod p

with assigned many rational points

Yasutaka lhara
RIMS, Kyoto University (P.E.)

I would like to express my deep gratitude to the organizers of this
conference which itself was a great pleasure for me in all sense, and
to the participants, some from far abroad, including especially the
speakers. As a listener, | enjoyed all talks. Sometimes | felt insecure
to have been “lifted up” higher than usual in the air, but each time
the “plane” landed safely bringing me to some new fresh land.

The organizers have kindly invited me also to speak; | felt | was
expected to give a brief account of some past work together with
some remaining open problems. | accepted with pleasure, and
asked if the talk could be divided into two shorter ones on separate
days. | decided the subject, the title, and started reconsidering the
open problems. They are related to the subject and the problems
stated in the “Author’s Notes (2008)” of [ 8]. Since the organizers
generously agreed to divide the talk into two, | planned to use the
first talk on a brief review and the second on “the lifting problem”,
one of the main open problems in Joc.cit, which | believe to be still
open. Then | started thinking “should | just propose it as an open
problem, or ...? Isn’t this so interesting!” Then some work, followed
by repeated helpful discussions with A.Tamagawa for checking.
Each talk expanded, and even more so this report.

The additions in this report are (i) details related to new or
unpublished statements, (i) brief memory of encounter with my real



teachers, Professors G. Shimura, M. Kuga and |. Satake during
1958-63 while | was a student, and (iii) a few pages to remember
and celebrate the discovery of supersingular elliptic curves and their
moduli which took place about 80 years ago and to which the
present work owes so deeply.

The main contents of this report are as follows. Among them the
first four chapters are brief reviews which | thought necessary to
understand the last two which hopefully contain something new.

(0) Memories of my teachers; Encounter with Professors
G.Shimura, M. Kuga and . Satake.

(Ch. 1) A student’s viewpoint; Encounter with the group SLZ(Z[1/p]) ;
(e~ xp)-adic focusing; its advantage and disadvantage; encounter
with supersingular moduli, Celebration of the (nearly) 80 years
anniversary of discovery of supersingular elliptic curves, moduli,

and their connection with the arithmetic of quaternion algebras (I-3).

(Ch. I} Analogues of the Selberg £ ~function; How the series of

“congruence monodromy conjectures” arose naturally from the
computation of an analogue of Selberg & -function for (cox p)-adic
lattices |~ generalizing SLz(Z[1 /p]), and how they had been verified.
It relates each | (say, cocompact, torsion-free) with a pair (X,& )
of a curve X over F%g (q=N(5)) andaset G of Fgg -rationa_l points of
X with cardinality (q-l)(gx—1 ), insuchawaythat T = “ﬂzﬁtﬁ X,G)".
(Ch.lil) Geometric objects inbetween |~ and (X,S); Groups |
correspond functorially with systems of 3 complex curves
(analogues of the Hecke correspondence T( p ) desingularized);
while the pairs (X,& ) correspond with systems of 3 curves over fFiz

(analogous to T( p ) mod p). A “bridge” is what relates these two.
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(Ch. IV) Schwarzian operators and Frobenius-associated
differentials; Those algebraic differential equations on these
systems of curves are discussed systematically, whose solutions on
the complex curves side are d( g(-7 )), ge PGLZ( C ): a parameter

and T : a variable on the Poincare upper half plane, while whose
solutions on the p- side are ca (c: constants), where w =limew, is
the differential associated with the lifting of Frobenius arising from a
lifting of the system. The comparison theorem.

(Ch. V) The dlog form of w, when q=p=r. Inthis case, each &, is
of the form dlog t,. Formal results needed in Ch VI, followed by a
concrete algebraic construction of these elements for the elliptic
modular case using only the arithmetic Galois theory (non-compact
“Galois group” ) of the field of modular functions of p-power levels.
Elementary but pretty, like a construction in Euclidean geometry.

(Ch .\Vl) The lifting problem. Roughly speaking, this is to construct
“T(p)” from the characteristic p side, step by step. The differential @),
associated with a lifting of a Frobenius plays a crucial role, because
one has local-global principle. After reviewing this and an old resuit
on the first step lifting (to mod p™), we proceed to attack the next step
(to mod p3) where two new phenomena appear. One is the
appearance of a p-cyclic extension and the other is the difficulty in
local description of this extension, arising from the fact that elements
of the base field, the field of power series in 1-variable, have no
canonical “names”. We discuss our method and give an explicit
answer Theorem VI-7.

(References) Reference A and B; the latter is for my own papers

independently numbered.



Open problems, questions, conjectures (some vague, some
explicit) are proposed in
[l-4, I-3, IV-5(5), IV-7, V-3, VI-1, VI-4

[Memories of my Teachers]
(Undergraduate; 57-61 Spring) Professors Goro Shimura and
Michio Kuga.

There were two separate Dept. of Math. in the University of Tokyo;
one in the Faculty of General Educations (Komaba campus) and the
other in the Faculty of Science (Hongo campus). The former was for
the first two year undergraduate students whose faculty members’

offices were in £—fI5RE (Daiichi Kenkyushitsu), an old building in

row with, and looking like one of, the boys’ dormitories. Along the
corridor we could find such name plates of young faculty members
as

BN AEE (Goro Shimura) &1L# (Yutaka Taniyama)

AEEER (Michio Kuga) E¥E&EE (Nagayoshi lwahori).

It was not an ivory tower, so when | had questions or was excited by
small discoveries, | (after having gone around the dormitories with
hesitations) went up the stairs to the corridor. | was very lucky to
have had opportunities to see these young but leading
mathematicians privately at an early stage of my mathematical fife.
(Shimura and Taniyama were well-known to the students already,
and to everyone’s great shock Taniyama suddenly passed away in
November '58).

Kuga was also the teacher of my freshman calculus class, very
enthusiastic and enlightening, and also personally | was

13
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encouraged by him so much that | felt like reborn. He suggested me
to try to read such classics as Pontryagin, Weyl, Riemann, Hecke,
etc., and to study Shimura-Taniyama theory (complex multiplication
of abelian varieties and its applications to number theory). Very
nourishing.

Shimura encouraged me in a different way. He was saying
something like “you are good and bad” , but sometime later showed
me the draft of his newest paper and even asked me to check
details. This was another kind of great encouragement. When | was
a 4th year undergraduate student, he kindly accepted to be my
seminar(informal) adviser. Only Hongo teachers could become a
formal adviser and Professor lyanaga, whose seminar was said to
be overcrowded, had generously agreed to be my formal adviser for
this year.

For the seminar, Shimura suggested as textbook, first A.Weil’s
paper “Généralisation des fonctions abéliennes”. Later | heard
Kuga asking Shimura why he had chosen such a high level paper
and Shimura answering that he wanted to see whether lhara could
give it an algebraic formulation!. “How could 1 ?”, but | learnt
something from this; sometimes even students can directly make
basic innovations in this field of research, and they expect so much
of us!. After this, instead of standard textbooks in classfield theory or
foundational algebraic geometry (the students had to be able to read
such textbooks by themselves), he chose de Rham’s book on
differential geometry, as a preparation to Weil’s “variétés
kaehlériennes” to which we did not reach within a year. Teachers in
those days used to choose for their seminars those books that they
wanted to read had they the spare time, and not those with which
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they were familiar. | understood this idea quite well. Before my
graduation and going on to the graduate school, | was so shocked to
hear that Shimura was leaving to Osaka University. “...Why?...”
After about two years he moved permanently to Princeton University.

(Master’s course; 61-63 Spring) Professor Ichiro Satake.

My adviser as graduate student was Professor Satake. | studied,
in addition to Shimura’s papers, some basics of arithmetic of
algebraic groups, from Weil’s “Adeles and algebraic groups” and
three illuminating series of lectures by Satake on (i) quadratic forms,
(ii) algebraic groups, and (iii) spherical functions. Also the famous
paper of Selberg “Harmonic analysis and discontinuous groups...”,
‘Gelfand-Graev papers on unitary representations of SL(2) over p-
adic fields (in a seminar held by Dr. A. Orihara), etc. But alas..., he
also left Tokyo, for Chicago after summer 1962 . Before leaving,
Satake gave a very inspiring lecture on “representation-theoretic
intetpretation of the Ramanujan conjecture”. It was a point of
departure for my work (Ch.I-1 below).

After he left, for the remaining few months of my Master’s course,
my formal adviser was Professor N.lwahori. During this period, |
worked for my Master’s thesis and Satake encouraged me so
warmly through airmail communications. Once, from Paris, he wrote
back “here everything is “fonctorisé” ; now | met an interesting
mathematics!”, and gave me very helpful pieces of advice. ( It was
much later that | understood the significance of functorisations. |
walked around the corridor in Tokyo but not on the pavements in
Paris. )

During this period | also encountered Professor Mikio Sato, who
had returned from [AS with his breakthrough towards the proof of the
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Ramanujan conjecture based on a suggestion of Kuga, also in IAS
about the same time. The combination of their ideas with old results
of Deuring later turned out to be the subject of my PhD thesis, but
this is another story.

It was a period of brain drain. Movement of the teachers from
whom | was most influenced during this period in Tokyo area were,
according to my memory and approximately(*) as follows.
(Hg=U.Tokyo Hongo; Kb=U.Tokyo Komaba; Os=0Osaka U;
Pr=Princeton U; IH=IHES, 1A=IAS. Ch=U.Chicago; TE=Tokyo
Educational U.)

Academic year (April-March) 58 59 60 61 62 63

Shimura Kb IH Kb Os Os Pr
Kuga Kb Kb Kb KblA 1A IA/L..
Satake IHHg Hg Hg/Ch Ch
Iwahori Kb Hg Hg/A 1A IAHg Hg
M.Sato TENA IA IA/TE Os

Permanent Professors in number theory in Hongo were S. lyanaga,
Y.Kawada and M. Sugawara. Professor Tsuneo Tamagawa was an
Associate Professor when | moved to Hongo in 59 but soon left for
Yale.

(") | asked the general manager’s office of the Graduate School of
Mathematical Sciences University of Tokyo (which grew out of two
Departments of Mathematics mentioned above) for related official records.
But they said they do not keep records of teachers of old Math.
Departments, and added that they consider some records as secret

because of “privacy” . | still do not understand why.
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T-3 Celebration.

it is about 80 years since the discovery of “supersingular elliptic
curves®, specific but crucially basic objects in arithmetic geometry.
Basic in the sense that they appear as a factor in every final
specialization of abelian varieties. Historially, they appeared in full
shape in a serfes of works, mainly by H.Hasse and M.Deuring, with
the support of M.Eichler’s work on the arithmetic of quaternion
algebras over number fields. All during 1930-1941 in Germany.
They survived, fortunately, having been published in local but
internationally distributed Journals.

Before limiting ourselves to the (eoXx p)-adic viewpoint, fet us
briefly recall their birth and celebrate their survival.1)2)

{Before Hasse) Some scattered examples of elliptic curves over F';,
with no points #g of order p might very well have been known.

1) My knowledge on this history is regrettably limited. The following
description relies mainly on the Introduction in [Drg 1]. | hope that future
students in arithmetic geometry will have more opportunities to tearn and feel
closer to these old but still fresh excitements of disﬁnguished
mathematicians in “Elliptische(..) Funktionenkdrper{..)". These papers
definitely contain something concrete and so beautiful that are not found in

the standard textbooks in modern arithmetic geometry.

2) | heard from my colleague (in geophysics), of a saying “often a reseacher
is strongly influenced by some paper published around the year of his (or

her) birth”. It applies to my case, too, and in more than one way.

81
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(D-era»;,&e) a/;‘,a'u}&ﬁv‘ Mo condition for (X,8)+ curmpc/m(
t some [,

© If (X, &) Comrecponds fo some [ arising from @

Quakerason IR B{g) Yon B and Ba,; muct e
tddon A‘”’P wnside W datum (X,€) Hor can
wz see them ?

©, GWQAZ; “arithmetic ﬁ«'mfwt"""'a . e !

Q@ Whatis C 2
@) As to zevos of (BT Grdp) S
Y 1F we connicin e W hole truses of (W4CF) af
e Sl “mh cm«rad " amtom. 57 g of e tower Hﬂ"mr"")"*‘"
system {G7) should form a cumgle G o;—Li‘i‘)wn’n' <ach shabelizen

15 Te. ),
Z#‘J’ 163

1) lu Wi semse, I es?vntmi ca»—dvmﬁ«f;t of & is ONE, fr
each Lomi l’y n He Codcjor)/ of cowers.

PV erw-6,v-3)

Awrplew}%\a as the lattia (Pm ) < g



1];_13: Mo tivation tom Jguea’s rewark CIZ{J

X = ﬂ"\{OI 1,00} . th ;\—Q;ne,
A Pa»é.‘mefr,‘;us the ell:ptic cuyue E}\.z ﬁ""‘- Rt~ XZ-),
XC= A\} , A b Pri«ﬂc&pup Congrumce s‘aégr;. WJZaf PILZ(Z).»
l-—&{' P#2 and l—' P Hhe principad Congrusnce subg'p wmed 2 of P‘ng(Z[‘}{_])'

K= n;’\-{o,(,po} /6:},2

o e
@= {\:l,,) E-;;o =Su1aerxm5«(m}=m:_;m: f(ﬂ):Z(éﬂ)qz
csp V&
m

As Deuring ezplains on Uorg 13,

=ty L
7 =

— beo
Hds u::«n‘,ufm meduke ;0} the class number
‘{ i of B, ¥ /L

@ ) Aouw f}ormula
)
‘_,ﬂ, (‘uptv‘j;‘yﬂj‘v{M modals ).q} E‘i" = A¢J }(}\)'

1958) 4%)41 )

\

Deu,,.,,\j.s remwk
Tgusa [T 1] moticd a1 sers of FO0 muct be somple;
[‘"" thaa s'bM-f)li.L“j of with o commeni D,gs uum.Hefbwt dem AUSdT
zeres of fLA) cam be awck ()= N anzusehen schemt nich® teich leicht
Pr‘md c)md/g by “"'D
k.fmté

[The Defforimticl E,,mm. un F, 7
XU-21 §7+ (- 2)){-———{ a.
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rTrr:nj to umderstosd ond f’w:{i«‘u Phee (Eoex;)-adica”)v:) T noticed .

(,Q) Hhe c&t‘H:eth w?(P—I_l___L 'FCQ)Z (A)\@(P -t}
O-n)F!

of odtr 1) ts vmore ntrimnic than £ ) e ek 7

(£) He Schworzien dafferwhaﬂ eqmah'dn shose solutims are

ratios of  fwo rn&-epeudem% solutions of

(#) -4+ (204 - L £ =0

(;c(y, ow €C) sheuld be mete whengic Vhowt fi#) cteed £

l’”\’ ,ymmdu T of P compﬁzx wpptr %W@{ plmu é

x suech a Falio

(q) —> “the associaled c{cHe-nnh‘o.Q _— Wawfic‘;‘*inj fn?uw )
(T~ VD) v

('6) —> the Schwarzion (f—}op_mhfr
av)
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I Geomebic objects ,I/.\. inbetween [ and (X, &)

m"1 Fl’m r— Sl'zle_

Lat U= PGL(8y) Uf.,.(r;g)'b(fﬂ (rety , o pone ),
wnd U= UaUT Thon k0 Qattien Ty, Ty, Tyo - of PSLARD act o

) ‘ Cnormebization o
“5:’ {teC,; Imlr) >0} giving a system e G-j rthgmi,l. of 1t
e cke c'i;'rrni)m
t
\3 X 0 _:t . (Y'a:‘” Tep)!
[ye ~ o
o o o, =\
% \ ’Z odoebrpize \_t P
- ~ d N4
ru I-U/ G C
(de% cf(f = d'ﬁ' 942‘:21’ f),' Fumctor: od! ﬁc‘m'vo,ﬂana :
I_’* &« O —— A CohpsHL'-!
N e ader — © | O aystensf
(-— l l M \L Xvo l Fin.connects 4
« — vertieall
XG: « X@; tals 4
. Louers
Tl\e key Pa;m.‘t Lo Hun ec[w‘uala.nu wa s
+ 2 4 e purdedd with

= FU: Fps (G4l £91Ch2, T127 ale Serre [9-".3]}‘
ue
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) %'- ww.rue/

E From ( K, S )-side .'

2 4

?
le C XF.), Cxd

Lol %/; n\zcmjugaﬂ of %/5‘_‘%
T ey 717} W Locus of Geom) pbs (2,%5) (roup. (274 20) o xR
So, T1 ) _ﬂ/ meet euch othen at o (1, x%); x?;x}, A
Ghove eacd pt of )ﬁ((@?z)
Let Hhom cwes as it is of xeG} sepordte them (ﬁ;i‘z} YT
Ko = T+ T
g / P
¢ ¢ 4
¢/ b \ Zi= (N0 R
pr_ T T
x <

br

%/

Cw{,ab&,& S/g'?em 6? '?m;‘ic connc.—,{ol wr}'i,tﬂ’.’/-‘4tﬂlﬂ cowers

X* — © \-> 7’«/’ %*%5 etalle
1 l J e \L site ol pta abaer
6 )
— ){( — W’ % & are agaan
x G H:;?)z—l'&h“ﬂte

(:Recrdl  etall” cbove a dewhl b on. RO ompaes Silat U5

Henck camect sepuake s double ot balw uty . poimts oot

@ Thie i a E.Lomeh—:c ;m"erpjrAef-ﬁ{':‘on--af sp,ﬂ'ﬂ-ﬁvu of l'ra.f‘i‘dhn,a
pomts’ of Curuzs  oUes E:z:r

0 ok 12154
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L.

Ahy ojed) with

{Xcl/ c\>X/J {}((/7(??\)%/}

will be LJZJ 4‘ Br‘:‘o@e ,
{ BP?Ja‘e— Giames)

(1) Construchon from W Leﬁ;, » The 7re¢f—e,f Cv‘h‘h?‘uh‘mga{*ﬂ ]GOMCICM’
e L/ Shimina (E5%1, 2] (iRg o) They giwe TCpr=wT+ -*'?TI.,'

in 3'““"‘“‘& Gn-w:/ fwead\ Shimura ‘corune (ray)} for NMalmost
all J” TFor 1he veforen cas valited t resultc for inbouidaual B
Fhe :-cq,ncnvka? model and “Cbox):)ﬂ_ adse ‘f’”“;'"};' cf 18154 (47) 84

(i3 Deuﬂo’, a. {»,l.,wy, assum;n% e existene of 4“L;—:0[a1_"
(wikout assuming Vs £ 9éc comes from Some (es )("r).-azfjt )

" Fo e, of - UBILIT) (mid 197075)

("‘."") T\r.‘n,ot-fpv C.msf‘\’n Fh:w nl szkt ('d\t "1‘.-[}9"3 Pm“em ")
(1730207 (2ate 1970's), plus “recont alpha “ (Ch V) belw)
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E Schwarzian D')aerafmrf and Fyobenius—assoclalsd d.n'f:fevenf.‘qlr.

]I:.'.Q_ Ih"'rudugtfm
Whenever Y is a br.‘dye cannech‘n? a system
(')(mc— Xé-; Xé} of complex algebraic curues ind { Wem X(Go’ﬁx,/}

of algebm.'c cuvves ouea R—:ag (W1~3), we (shell) Bave :

CC~ side ] Ci)CS-'mu ,-I-Aneau: T- w‘f,ymizqffm)‘

- . . . At+ By . (A B .
() the Famly of disferantiale {4(EEE); (22) €6l

M)
(il‘i()r 2 an a‘ggfznu‘c A:ﬁ'mhnﬁ opsaatey “em {)(Cé- X?C*) XG.‘/ },
Sean’ {Differentiale } — { Quadrake differentialel,
¢
- Ker(So) == the fomily Giilg ;

(W)C Sc“ cam be ckw‘\aderia[u‘ q(jobmca“/' off

[‘b_aa,{c sf&g we vt any J:oymue pvadf'c Q\"“’Mj of '{y@" xg‘ =3 7(’;-7

(O)P E:I‘fo-rm.,o. ,Us(-l’&nj 0 of Vu g-Vh powsn movlolm‘rm)'

. 2
2 g~ invaviant S"-d’pM“'l'W ’ $ 7

(W)T |

-1 .
a‘o\ p-adic aiﬁwf“‘ﬂ W, st W = a conchndt,

sociated doffe rontial  (Frup b Cansta! maltiples).
cte towen of

(tiy.
called He a-as

2 H . o . & o
Cor is ‘.mwt:fl'-\lalutd s ou l\w'S " o ~f

p-uniam: Cowevs ).A

tiii) Ker(g )= {Cm\sfomf ‘Mwu'?-ﬁ“ of w}.
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vy,
P Moraower, whom |& = CH=00g,= 1), e de flensati el

Wo = W (wﬂ.g) Bas the PH’?“;‘J—‘

DL~
@, 0 e a feg'ulm &chyc..h‘of on X of order -4, with W

divisoer (w:l't")j = 2

(wﬁ-». a l:?-'l)d {m-3) ez'l‘rfs] The cam‘)‘ur/icm 'theorem(“ﬂﬂé) CLSS@)"tS

(43

Sm = $ g any given bwdje, thos

( " E') CO-m,Ea,VtSUTLS]

{A(.’”E_‘L%)} —> Lew, c.ms&ui}

@ coyP

Sass — ¢

©@

Loo—>p] - Startiig from T, G cam be 'r'ea,dlﬂo[) 'F‘ln’d by
op,anata*r oh He oo -siddke

Lookmg of e cangnied S-
Hon by using

dssociated with T -wniformizatiom,
alge braweify M& e comporison Vhaorem pass o
ide, vhem fo s mod P solutim wo)
D A N N 26,

he p- -adee s
Houn 4o lh dovicor of

Cp e 0] Stanting From { W= RE>XY, the associded
di f(amn-!'aﬁ me d Pt plays a crueedd role in the

" problem of Qiftings of Hhe cyrtem ma#}:""(:u v

Ww N )
e Beﬁm the Ch W with v defonition of Swrem'fnr.
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1
V-1 Schwarzin derivatives awd S‘-qo-mafﬂ"-"

——

(1) K2+ fidds, DK a 1-dim: Kumodule,

d: K= DlK): a diffemmtiabion , ive, additrve;
dg)= xdy+ydx (xyeK)

‘ﬁ=Ker(.J-). Tpui
'D°(K)=i<, Dﬁ(K)z D(K)M (& own k) _

Hez2D

EZ? ]:-UY %-J.yl e ’D(K)\{a}) Ve SCLMMRJ"M der.‘\m“lﬁe

{n b5 € DUK) is defined by
ZW,W3—3W2= 22

wi s

{1, 3v=

g =
:2) c\p_ua W_'_ @ ona [WZ W‘ 3))
w Reree Wy = "l/g, Wigy = dwz/g - éK)

dﬂua Wy o= dW/w. < D(K)

) <'?., 3> 15 ol bilmear but * behoves like ’[‘5,” e,
M, &> ~<K§, o= <1, §>,

IM PMh‘M‘MJ (Q, )?>=O) <§, ‘2>=-<na }).
Alss, LU, E>=<ey, 5y Ve, e B

>

N oef (13), o [BICK2 }
2) Thi 2nd expve st is fulpfuf ;e “"&““’;Hé - “'“ﬂ-a_jﬁLW'cpuﬁdm
Sield of fover ond B ss ony plac, thom anlp Qb2 =l bunce 03522,

A4S con he SEEW J:m&c.ﬂf.



(a) Fuv a {-‘xrcj g, (7 w0 Ren §::c"x (aace K)_)

M=d(5228) A48y al,l8)

Carbp/ -

yl satisbies {q‘ E2=U0 &=» (
[ 6D Whan oberumse,

L N=Cy, %CeR”

(5) A 'm.wf
S DK~ {0y —> D(K)

is called anm S—gge,r«‘fﬂ’ o K) of
Sy — 5> = < E> Vo £e D'k) {0l

Note Wnt fe diffurmee fohimesn 4ws S-guaahvs (s a constand € D(K)
L) Fur amy Fixed €DK~ H0),
Se¢ © Ar—><1,%>

¢ an S - duanaty {by (2)), cadled Mo onmen Sionudor wonte K
AU ofhun Seopratere are of fa forw S'=Sp+C (Ciacmsband
e DU '
An St o K 35 mnen wort T ad ady o
S<E>=0.

99



100

V-2 The caroniedd S-"}ﬁﬂ'&*‘"’ S.cam. (T-side)

Let 4 < PSL,(R) be o fattice S‘uLjnw},J ae., diserete VDQ(A\PYL‘(P))
< oo, Tk_;; gives

’%: (e Tmxy> 0}*—9 g = Xg :an Ja-w""&/@;

[ MEI"O MDrPA C gfi(ln'bQ
K {ctsmé}j K K {;c‘fn:m\x@}-
A— nvfn vant
it

Cmv,.s‘u'dh. the innen S’-WW
Siy D(KJ (¢} — D(K) o K.
’L Firr <n,d:c>
in-;rqcflfuf tonsf °£T

$ ol
Fovr SéA,I <"l., dt > = (;ls d(-57)> - (?’f dt) S, if n € D(K))
Man <, dT> is A~ nvon § Toence GD(K) —Fﬁu: — induces
on S -aperatesy

D~ {0} — DK) o K,

ceilled e camonical S'-—Ayma‘hvy S‘mn CGwr A A

As an S'-U—Pu,«}w w» K, 'S'CM is _nif innen.

The <rxfonsion K of K  makes the wzzug@”alytzc)e**ensim ofF
S on E Cinnea . |

can

l) L‘)ﬁ(m :5\3 + cam_Pnr,'t) yggd; g,ou,’(','m-.ax_l_ .(Wel(-knaw) C:.‘lk'.c{:l'l'vhr wf cur/aé‘.
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UAw olgebvmic chaacterizarion of §,,J7 (181CK24541,45)

R [1) * amy fidd o char, 6) L/& :a _1“‘£Ms‘¢'m4Q exctencim it
(Lo, + i algebratcally closed tn L
(.L.i){( * Al,'m,g‘f uhra.mi"f‘«‘cnb»‘hc.,
L L ‘._ C C L ‘
Lor={Lles Ealo,clb } =#£¢&;
fonztel ‘thMl“a.lgaLraiz >
Hener / unm.auutl.e a L
ezt’n o te sed of promes o{ a/é
LL— Q)E \\G‘le'?'l‘érﬂﬂ ‘t\’jPe'} i't.’r.
ek, genusLol > 1
“‘”i \“A&P‘Q‘ ”J e

El'Lc,,l'.‘,/é f’b , Lon Lo= %;

_gczm‘v\alentfy , the w{mmqphﬂ'fw g rowp A“”(L/{-,).” w_—c‘mo}md .
: Conden. Kirull ‘f‘ulya/ngy)

wf!th\ ‘&= @ Jj')!ﬂ'em 'c{" N-M-fué: cm;rwdmj -h; 1,0 dc{-‘m.t“s L SF”HuHﬂMﬂ!-‘
Wrifo v tzatun by %; and Pemes Hhe conom g"b’pﬁ/ﬂafw ot L, makac sesse.

(2)- T4 J'"“:P Aut (L'/'k] acts an Vhe set 'olf S-'u'yuh.aﬁ:v-f‘{g } o L
(weve b1 e stondard diHereantiation onen ﬁ)l ‘9,‘/

(P> = (serrB) . atpe Aut(tse ),
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Thegren Tf~2 (T81Ch2, Thy10) (i) There existe a Lmighe

Pt (Lg ) - mvaniant S'Wa+ﬂ ¢ em L. G I 2 e @

s any field embedding, SV corracpmnds b 5o, of LO C.

Remaxlz If fCoC‘E ,"DFHI-"E/-(.O a[ja.ln-m'c-j ];’G Aw((.L‘/go).)f'Aén

va it alee j';- onvaniafl, e couse ﬁP= B and Fone f'narmwﬂx':u.r Au‘t(%)

'i_V_';_§ The Frobenins - invandant S-J}ua.nim_i_ <?"-"—Q-d¢-c—£‘-ﬁ‘)

1) Let [%, D(K)/J) be o0 o TW-1. S-t-vmwse fun Meen :

K s eclw'H,oJ: wilh an addibine normelized diccrele valuatim
ord 2 KX~ Z
of vrequal chorsderichics {0, P,)’ , st

0 d: K= D) s tontrmuous  T0) od [87%)= Z .
"D&n‘at ly C‘J ("A*jn 9) Ve vaﬁuaﬂm Hnj vh KCH"#{)

wd by KK Coop &) o vestda Bdd of K (o £).
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(ar B/v (i, G4 < D) s 4 fee @-moduls of ronk f,) amd]

i K — bK)

s induced, (As choan(K)=p, Kerld) contains KF)

(3) ovd 'Kx—'? 22 extamdsc m‘qm)’ +5

o U @Yo — Z, -t
£20
& aigi=o i Odb=06¢,

(i nd (@)= ovd(3)+ od() Vi g on bhe Q,effft"alt-.

5 € D"‘[K) s called entegnal of od (£3.20 Cor E=0).

«) B eloment
' )cam ass €
« Fo omy weK dluaw i wfean (M(W) 0 b +¢lcm-f)
REmdiple.

e Heonee <?1_l E) GD(K) s .infedﬂ.a,e.
CLL-’Y the =eu'ha( euPrC”"”’JCV’T <’(,§>)

(5) l_tt %': I"F (£z1). A CL"_H: FmLem’us(mo.P) 95 K s a
valu-‘,par-cvumg Aﬁomqmorphi;m

kK — K

e e comletin KA, sib
a((” o mduers th G-Yh pawa mop ol e recrdue eld K, amd
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ng) o C,ommn‘i’ef win\. N olageml'iq'l‘(,w. J_) {..g.) &7"=0<‘ﬁ d&d'go

omd ('dﬂfdx)‘rz J\CSG-J/A (=) (lefgéK st dxgbo) Thus G‘_Fncfu-ces l.Lm'qucly a

covariant fhomamorp hism of ngules,..zDﬁ(K) - Dﬂ’(KA)) deneted ﬁl.s‘o"a/ C{“,

(&) Ld’ K ke cmp.lde. The d:fferent ex\gmn{ Va Vo a-l:, T s Me
umiclm ras:fi'f-& %&gwy, g"‘f‘-’[f”‘_}

Vre Pree) o) |

od (57) = od 31+ BV Caes

m) A S""Y‘-”‘ﬁ'h"’ on K s called Dn‘l'efa»o if SE> s
'vh*'l*’;u,o- S imee <}(’3> 3¢ nlways w+45,uﬂ, SLyr s &nhyn-@
fv ol § if 5o b oene § .

(8) I L.(;L K Le cﬂ.\,g_dea G : \(-—9 K a %-VL Frobenius.
A S-Wq*w S m < s colled O - inVeriant ©F (S<”Z>j=;-g<‘f>

tolds f all 3 e DKI~{a2,

Thevvew TU-3CCHA] [€4)

'mﬁ evitte & umgue T-imvasianl

S—U'Yv‘/‘“fw $ on K . I'E w ‘wn*e%/\.ut'
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€51 Fiz ey YeDKIN0), CeDYK). Thn S=Se+ C
i G- mwmr. —>» C-C=<%, §™D ey C=Z%-(§’,5°'>¢“ Note
nz=g¢ '

"V-N— Yhe! 1o on'r O"-“Mm'eu’ of DZ(K) s 0, V/4

V-4 T differential & ascocxdted with a Frobeniws G5 and
the eguatin Flw> = 0.

h Notatims Leiug ar m -3 e Rnthen ascume

IC) K cmpltfl T K'-) K a % h F'ml;emur

{3 ﬁ‘; a X»od«CMJ r:(‘n‘) w.ﬂi Nc,?7 2, of‘J(Tf)=1,
{ o_lgf = 1&,&«“*/.

. Let I'E Gt cml;’eh'un of e maximum unrcww'ac( ext’n of K/
So R AJ(F/K-) o Gaﬂ (H:“P/'K), Then o extends wm‘quofy'hla

%_-VL Frobenus of E} and each S.ouadr S o K also u+@ds

M‘?Mfy v thet o E )

(2) Vi o
'—chvrcmw—‘l'(n‘\)1 There exisis a i ffemmtid @ D(K)

wih  sdlw)=0 such thet
W= e (e v,

: x - (5, + Ve vong of :Mffsa.}r)
Such an @ is wmguws up b lgt‘,-mh“"l‘l“‘ ((9‘,. -" j'of I3 ;

m i,
N e shall uce W seme SYMLII‘ T, S fv Posrs Urfuqu ext 5

Crretood of denrting thew Fike F ).
1Y = 1) fov 1o next pege
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-Tl'm's is the drﬂ-.emh'»@ qssooiqj:bcl wikh @ (w.r % T ).

(3)
1)
-T‘bﬁﬂ'l'ﬂm W-"f‘(A/} There exirte a c,m‘f'n'nuous GkMa.CiM

e GE(ET) — o,

A

W' = Ko w

for on T & (G.b (IK&P/IK) avd the cvwe:‘,fm\:,«a %Je AJ(!(/K)'

Uhe chall donole E/ K (o) Fhe abeliam ewt’m/"< C‘OMCFWG!-"‘_‘I
s KOl ), althosgh @ does ot belemg o this Fild of chan p b

Fad
‘l‘b Y Curv-éfpwtl-'m-ﬁ S'u!'aex'“h o‘r KJ +b Le denctid as ‘<f‘°)-

) 0
M) The wntq e G invoadonl S-O}u,.a'fw
K} Ao camss an

$ o K, whom ex‘\‘mé.zc‘ to ow S-a}u/unhnrmq

Thnen S-UWA"W woert W 0= q_g;‘acl.:ni@cl drﬁ‘wf(aﬂ Wy

F<w>=0
$< >y = <, 0> Y e DOK) > ol

D For e hm,o_p“ ;;. tinlgqg (hda’hﬂWWnCafrea wercion

constityting  the mam P":""* of Eyp_o—_FJ; o E'.[l'f-]j-fbrn_ j:orw.qﬂ

_q--o.a,u‘c Uersion .
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(%)
The veduced gssocialed J:ff’-emnf-‘«f We = w (msd p)

P & i—[
This s a cftle-s,a woé ’D(Kg‘?) st Q‘»%-”é D(k) 5

which may be exp,n-erred as
D5~V
PYIND) ¢ g-1
o) Wp ' =_2 ¢ D UK)
(Y G,

G rony % of DIK] wh od (1= 0, wd #y= xamdg)

For w, , b (9] [142 ond Appendix of [62) fiva 3eneyu14'lld“‘%ea"m4n1'

(,é) - ,PEE-W‘ 4' IF %_—. P-_—_ ™ and |K < ei”‘"‘ Afmch‘m J\uﬁa( ﬂ{

o o &A%Y, (ks o Fmite w'%)’ then B=1 ;M& 0, i* _lgg-equ'.

one veriab |z(,

) Take oy toe K, dt, # 0 ad tel< st t=tomdp.
Pt Tm il pr. The fEEZ)E AT,

wPwch . cannot vamish; fonw V= 1)%01. by (5267,
N - g
- Clto)® P " .
= e
: “o £y 4 dTe/g, 7

7:,&-) . 7w r P i~
W, = (___g‘) (to-clﬂaj‘ta‘*'dra))

v

Yomce if T Ma;tz: Ve Cw;.*m "erdf‘W on ‘D'((K)/

Ylawp) = 22 dty = @05 hma @y is fog- exeds
' Ma‘ ‘ /;
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V-3 Each ‘&\;*:MJ X of F={%ke Xg* X'} gives rise tu 5w,

[ peadic]
(€D EY—"—J ﬁx ¢ a poadic field, 9),: s valua tion ring,
oA prow d.um'f,.Qf*N(J); %/1:'-'-' Fz-

Let % = { X Kg = H (w-2; 160 G-11G,-1),
D= XS KO LR ¢ a gy Lftag of %,
\}W:u.}(/g;p Doty
Un the veacmoble Seare I’ C\\s'ymmhé un ramd bid C,Q.;ydw"m ha semac of. 18
f15 inrnificduess” velone b Bed of €98y Gl bif Fhese are

@%w&'va’g‘w’f Wwith ,Ql: [2~')fé$-'l))' ﬁlmce “)‘;'&,pl P s-fiuaﬁon)

’n\z Lo ctim WN

X X' x4
K of X are epipd ve
K/:_)\K’ w:ﬂ.cj:::,t. vafechus V/ \v,
* n\x’.

TA.:. ‘cm\)‘uj.inm -‘;mwp‘n‘h )(% K’ laoh{ at VO_;&-““/,
tndics & g M Frobinios o1 K> e K= K (4180

/USL. adie 'cw"y lef«"m) df KA.

(Wi mite Vit ), = the different —espmant of VY1)



C2) (C‘F‘ 08][’?3) Lat Lv . f['le Sumu!{-mmaus Gq[m; C/ﬂful”&ﬂ'f \ ,(

e, Ve smallest Gale ezl'n/Ko which i« G“‘l"“"/K K’-  Ttis a.chm//

o mbuite extentim.  Call

0 ;- _ G+=(V, v’ e (s
vV / I)V Vot Gelis s . i ’< A"‘i( 4})

0 5ema1qr)
/ L ’
K Oﬂ\!</ v V.,V
t (achall non-eompeed )

\/ —V*V’ (ﬁ»oewn))

a.majm.fu
3, L :
We Ad(%g st 2° ,K“

:ndu.u;i by
con)usq*cw\ 14 .

@)eV°,

ﬂ;.on!wﬁWl
+ 0
Gy =Gy, V>

(3) Let ’Ut_ be any extencim of M valuahim V? of K° G"W“‘F‘"“l:‘j

b n) o a valuwatrom o4 L, The, :

'Fl'_l_fhvsih'n. V-5 @) There evisks U € GJ <.t

. o 0'_,_. o

] C\rL ) ="V

Gio 0 induces mrrj-"uz Mhe G-Yh powsn mep of M vesidue
futd of L
(b) o mduces o q-vh Frobanive map Tpa o f Ve y_adac

(='U°L—ad-“-) c.arn‘,!.pir.m KA:J K.
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(4) Now f fz; denaies tha o.lcie'lwm'c elosume o8 By in L.J Yhom

L’/ﬁ/ s o l-dwm. vt s‘ah;agymnj (LD)_E;A-UJ):; (“lV-2))'

b

iny

funee Vhone evithe a wpne Al (L'/gd)-mvm'on-? S.gqurehr S°

(TL TV'-Z MJ e ’YQMM!! ,o\ﬁlold)r I“' ta im PM&!@AM U"-CnvM.‘m"\"

B)r passeye v W *Uf ~adic cut~\._04_+¢&m) it gives a .O’KAww\rwwa
' A

SI‘UWMJW" 4—_L_e i ne G‘K,o.- et S qwd‘w ew K

¥ Pune 35 ant am'aecio('m—& ﬁ.; — T, M 3t CUH‘é‘fP:nﬂfi.l‘

B Y commmied D - opaat S‘(M.

(5) [Open problem?

Wirk e termenslogior o (18763 undon te bocic ascumphions
o E, ed X @b e baginnig of W-5,ML4 [
set of atl Triwers “(on M stendamd lamguape now, “ends ) o
the tree T arvwaked with X s eqoippd with rhe shuduy
of P'(% ) |
ard et M ochm of AM(L/.;;}) s gier rite fo

G, 3 raLty, Gf D PG,

Ld
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" ]
L-’rvumcuiez! & [uca.l ’WS‘[UBSJ

€) [ od ’f“H ,Qaff‘mg] For R,.= GJ/R‘M‘ and 2 .cyvune-"h'f Liq'"”j
Xn ovuen Ry of %, (U71[200) one finds pavallel chjects. Hemw,
nstead of fhe Cmplefe “?_QJA‘; “ Lield KA we comsiden

&h N an R“-'Fla_"" ,roaﬁ &ijLﬂ"ﬂ with P MA X :‘L‘ﬂ(n)a
QMJ e NS;J—M—Q M& ‘K-

A q)-\/{\ Pl’ﬂée*‘lfuf G.Vt O'F ﬁh de*&ymm.g; (\)“,» E’D(&n_v) a5
s associabd di ferential .

('r!) C Yocal mod Xﬂ+tfx-{+fang] i Let P: {P‘—Pu—?P’J be a :y:‘f'e.m

o? cld.wc{ pu:aﬁ.s V‘F ’-{o, '-‘EO? Le o o.gm dpeh m.isléorhmi a{j’j
csymmeiric)

w Xp | f,? bea.ﬂ,t-f*mj of 3523 ower Ry For this core, o |

g,-rh Frobening {G‘E and Mr asco cidld di feremdcdd 3  tem
Emx P ey

[
'l

be defined om &,f:'n DR, D recprctively  whoe -

Poneu’)

&E R P,,.-{:{nd. loca' a{ge[ﬂfrq with Hv  wax tdead (1)
] and e vesidue Ll d k? N T-adic cm;,{aﬂn of IK.

(= th Fiold of Lauvad series, vl

v

_the resodue
. Field
\h (-L‘-vr) we Sth” nee o Loth {6)(7T).
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W-6 The comparison theorem

te
Theorem T-6 I & brdye %fy ouics, § <> C
7 < &
st X “ i

;:- xaaf'k as m W*‘S, Hhon

Sea = ¥
w.rt. 2¢ w.v.!; %

on Hu fundim Sdd of X/e .

domacs

€ Chymclerizatios ThTW-2, W-3, and -5 2004) ,

/AN

,Tku" Fhe cunom‘t-ve S“’W‘"“W Xy “'ﬁ;. mh‘oan 3 ?-w*or.f':
bod W accocichd dofformtal @ is o g oathic solubim of W
t{b‘H‘W‘ha/e ¢q watoom
S" <D= 0.

Can

Te .P&th‘m’ aa Sca,n;o = SCMC”'“A?)) '

Coruudvz S'Cwn,o is tnnetr w.wt. Wy .
When §=p=T, Hi tvgaths wilh ¥lwe)= @y chayackrizes

W, WW'?wl/\ wp b F;—m.,bvrﬂm.(d- C143)
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TW-T7 Whee does O Live 7 (motations as in W-5)

Problems (1) ?\-nu-e)moc!ify' or Jr:py-we :

et

N
K(w) = He mox. unvam. ex tn of KA;“ LA. ﬁém)‘,

( 'LA.‘ the 'vi_o.cUc compieffm of L. ‘)
ﬁ?‘: Ye ot vramif. gbplian extn /e‘r with v morm g rowp WZ

fil_ﬂ w‘ﬂh\ F aviser fym () 3-q_mss-m'n0 model of 4 Shimura _ﬂé

(CF;‘E?]§6))‘: thlen é;, =

Gl g acte Safbily o Lt
and Y action of qe GL,H}}) o e oo stond Buld ﬁim s uig
Uoecd veccpoiy Wedat §7' ). Veyity, modely, v desprovs :

<Up 4o conjugations GL. %)
K g2 (L5 e Glally) o e valuaio Yy, Fined
“—> c=0

(.
% (10" b act o He vesidue Lild of Lﬁ‘fp) as

.cuc'h'on of
Hy decompaos
5\-vu-|a m

v Z- warem.

Id
le‘hs‘ n
View of

ProbJog L}

(L L; ) achs mmu/l (T:] ?) I He %JL pome ﬂmi:zr) :

a 0 ¥ ' 2.
ﬁ7 o d)’u,deQ; acte om GJ) as g)-—-)ﬂ(‘J‘

Thete are _cevh.cnly knoum i 1y *’”i‘[j;" e wodhuilan cons. Ia "'V-le
shall uca a o conshoed L, ’s_ ot W= cuf{j'tn oo Fw' tnside

'{_:\.%L“) , w i eh also QS UARE Ph)“-&n £3) e Fhan Cane
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Y T dloa form of w, wlen §=b =3 (Three aspects)

T (Basic, formal] Lot te: o Fonrle St chons P
2 e o Functom £ald of {vans,
ov the Fuld of pore series wm Jovwr/
W) : e rimg of Witt vectars, R, = WEY s (uzo).

g, . :
R Gn Rn--@lm‘f’ {oq! a{‘sa‘mq wilh max. idood (P),- residudd KAFIK,,’)

R,= (et author £); £ = g

T Yhe se'ParaLfe c'ous-ure.

On ﬁ”—? &Y} ‘a ',-J-L Fro_t;d.nius (ma‘P), e am anJomnrpL:cm inc‘u_c-‘ma *‘\&
b-th poiasn _rwrlpl.rs.. of Re=K. Tts unique extension G- (é;,_., (é’n
@ a p-}’h Frobenius' o E will be abbrewialed oo g, .

]Lt w-ascocidled diffonentind " is wirt. T=p,

Theorem T-1 For éa.pk given p-H. Frobentus 0, 1§ > &, (an))

‘there exvsts .ty e é:n with ty ¢ (TK‘“P)?, s-t

Sh ?
£ e

‘Accovd:«ng//) the differentidd assoccated oith ﬂ‘;;, is Jim,l,/
wn:‘ = J 0.:03 tn_’
& o _.[_h/e &“ with _{_»0/ % aKso‘,')f)

w1 3rez, 06y
t/™ /P = 1t/ = frV«P (5ue ‘ P )

o Here ond tn 10 L,”N,;mrj Be same Symbe | with dfformet =u-Ff:aes i)

tedicales thal e objeets ome projecticompatible, "We shall sometimes say

<, !
“ 4, is abose th, €te.



This was staked cn LITIE9Th3) as a vemark without praof.
Here it 15 wmore relevant, The case n=f ic a devect comsequonce
of PropW-4. (Sins Tw=wn, ©,=dleyty; take ony
abare t, andl Pt ‘t,o-":»'t',p+}’5‘,, Then Hue ‘equajn'f/ w‘,=o’/a‘§"5’a
gines ds,=0; fma & te Kﬁp)‘ wnd t]= é,'-—ps.'/" salichas
7t a"sl t/ Po5 W seomd acertion (20 for m=l s by Me umiquensrr
of w, wp h@’/y)*dmwhl"v&%.). The west is by induction o
m>t  omd He Kllowmg lemma, which is ohatf we w.a//yn.uaf
om Ch. VI, cmchhtes each mduchtim step

1
Lﬁmmq V—l Let &, Ji‘,n - &h (nz 1) bea P"H' Fro benius,

~A ~ o,
Su’q’mp = t, € &h , o é &a? st t = tr . Let G‘HH:&;“”“.‘) (ﬁm,

be any L'ﬁ*mj of &, as a Frobenrus. Feo any cu'r)h'f.‘w\g. choice
~ .
of tau € &hﬂ &J'a‘ol\ Lfts t,,) set

Tnr P wtl 5o
'th-n = ‘tm, + p 5 (Soe K ))

'§,,.—_--t;”dsa, qo-;_?f_ =2,

Wy

: . P
(Lua—:-dﬂaj 'tg 3 §d ED(Kfef)} Qo, fﬂ € K }:' P(#): *P"*)‘

We shdd call * Sy & Gy~ Femainder wovi i, Ty .,

2 Fu p=2, a slybt modufertion may be neceraty. So for .s'afey e aceume fne
Fhat P > 2.
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T‘\.cn\‘ (o) go and Pance alse Ay oand fo + [Fi, are ;,,.derm;‘l“{

OF ﬂee O!’tﬂi& of ‘tmﬂ . -Dcno'tr, .-H-'Lem .as. ab z'::- ao(c;““"b‘tn), » Ltec.

o

(1) FO’Y M7 Vh [ &h , ‘UU:#D/

»
C{'o (U'nﬂ ,t,,ur )— Qp((TM.,‘ t,) = - (_‘La_gg_ﬁ)
s /-

“\1 abbrov. ity
3 3
(27 §Dw0 = daoa lla (3 qoe kﬂ)i

‘(3) I we choest Y ot Vo =Uo) then

]
qO (o\nfl, .tnvhp )=O;

/‘qksw Vh)
n
ﬁ\.%a Hhe a;l_‘_'-remam:uder wer - %un@ e p-1h p awer -
|
J ‘ " ‘ i
omd fonce 3 t,,\:. = tyV., el P“* st
P
‘l:’,\_" = tlhﬁ

(4) T"L& d-nﬂ_acgoc, &t% wr\ cen l;e erFy-LErDJ) on +9 g !‘r

bhe mika ”7 givem tn, as

wp =(d by £,) (14 " £6)

M/lp J'b R:_MWIM‘A:. ( .E,-: -!-;(U'h_flj'tn)) .

(ond of Lemmas V1)



(Proaf) ) Olyious.
1)
(Y Set vf‘-.—uv,”-«- PYs. Then by direct computulions,

ag —ag = V" d" /sy,

Bud. from He deConition of 0, “‘?’:“2 Hhs ahoue ‘U;‘r’— €z pressivh and

L')' Co*mlawimj with  fe .'J-Un'hla Wy = c“cj’tp ue obtaiin

'u‘:?’oln,A9 = @(d—-—i—u;v)
e [

' Lo
(22 Let ¥ be Me Cantion at.umhrr o DK Py Thes

‘Fo}o" f, =0, :Fo?“’s‘“ foor=%,
{ 2,2 -l } = { (=0 [PV,

Wy = 'f;!d‘tn T {wo)= w0y

B Sua Gy HU6) Ly debntior, (1 ond (2) Giue 87=0,

}U‘f v0=uo.

‘:"'awﬂ
V4
(4.) I, = dpf’a tn/-ﬂ E &'Qﬂj tn+;+ P‘n '“"j “o
= (dﬂoj-tn)(l+ ana)
7

') Fov p= ?./ a sfijld Modn'ﬁ'cqfim s mce:ra'/
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V-2

CQ nc‘hmo’h.m- _Qf U)n..| = (!04)3 th ‘n Vhe 6‘/.’4&4; maAle Lanl..

Whew ™ s any covgrume suijW'}. of P5L1(ZC’1(3']> wJ T=p, we Rawe

L= Llym) oticn GLB) /2,2y acte Saitihlly from e Tights
[ Purtik Galois Po‘dm»e]CeF-W"D .

1 3¢ Gla(ZpY,,  act
e G
P&:i;’:; M ; ’ b I
. o e {t=(] b))
{r e ] |

c— {(1 ﬁ)} . Tnertia group
1

(/]
%k weu,

.‘ 1
( { s b)} , decomporitio
MO <. 0o d srpuVKl

| [ wrl V":
K <= { ﬁ)em,(z,,u/ﬂ}

.
{(. Ty "

We shall show ?

»

S Bt i Bound] gmong Kupm gemevafurs_of M/Ma"
To begen with, bosic Femarks; . 7=(] 1) B zf ‘

¢ For Ty 6ke = =, GJ—(%W‘)‘—' <> (m2l).

B/ cmr[eh‘w”'-\ j { KA='- M: bt all oﬂm}m‘&wma.'u“‘:anw g
T oo pth Fabosce of Lipud
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E(:’Q,q,lms ;. Te Le Pro,w& n OV,‘JJ'\'_] '
(A)

-
Ft. € M st o, =0, t, =85, tu.

(B) Such 4, satisFies Mr(¢t=n)=0~

(C) "rh = 't:/t); sdaguw Th € MT y n.‘?(f',.-ij‘Z'ﬁ, .

(D) QQ"& t,.)d_E. F(‘Mvjth) “"O'PM— (u,.c.vﬁ);
fonce .(A)n_‘ = Aoo.uj't‘, @Jl[?”) ie e o= asroe-&vffmhmqv

w.amci)t choose ‘Jh (nxo0) -'comraﬁ'u/.‘

€) w(?g)_

4
= A 0 (‘“/“‘GZ‘:/ "’}?Zr);

pone GaA(ROw-D2) = 20/ e ()
= Zyforepa,) # p>2)
C ‘Pvuog"] »- ' |
(A)

P T,
M/M"" be zg pregdie, Kunma, a’bwe M et =Yt
"TM t"s :fUYv g;(:’;) fl(.(o S‘ai-wgi,r M,’&C.cm&/'fhgfs-fhd.
Heoncee ome 'ma” Mrvﬂw T Lj : tyM’(gt.n} o !5)‘\‘,“,
For somt ¥ ta is £ 0 5 Pame T1, ¢ Mf‘ s —t—:"—_- T .

Somce MI/K i unvomifed) we wory m-Jthb() some pomss of P
antl, i Mr(t,,)= 0

“7 Tlui:( are <o e)mmimy,iweffy M‘,A‘ unsopk?rf'im*“!: Jhd
I conld wof f\e{P vwvf’f;v.ﬂ up the leey posnts.
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" ordy =0
o n " n
(B) Mlz Nll(?h)" 'tnP('Ma-(\ M,: M‘q.}

A9 M= MT (), 47 e MAM = Mj

Soppose, on Mt comtrary et db=0. Thn ou may
replace ., L uPz, forsome vmt € and assume T,=1 Bul
W adiunchin o e p-1h oot of anels = [Gudlp) o M,
would yuld, afism complletion, o e triual ext’n o 4 totallj
Vo B ext/n of degnee p, thus connot guld My, (Fw 22,

we reed M2 2 avd  ude M‘/M'q«l.)

(CD) By 6T, = r,,p , we see Mt borh 7 4 &F
ire maliplia b L by b ache of Tas Bme Tao=T,
fovd Ty e MA Mi= M. Motee, TS 164p);
Toz 14pST 5 Syt iepd € M. Snw ody{dS,” o wd 45D+, we
obtain AT =0 Gud p"7 )5 whonce (D). (Tl [art poset is obvivaus.)
(E) Pu T (53] Frm 4= Gt od 555 -
W T

2 : 2
@ _l-h — rQ _t_EqJ _tzn <‘i > §A ¥
L) p " "

-—

7 ca®>

(Q2>& Ze, =a" e P“), Henee tf“iﬁ(ﬁ» S Ta-nve

iy " - rek . ; Ay,
w & M ) mtej’ af ‘m“"f‘»fml) épva(tysqlfqm,) = 0(!’*‘/"}”))‘

15 B .
'ﬁc%u wh-‘l’; a wn-| v S:me (‘! .ﬁ) <& Imh-a) (E) ’Q)“W!; //
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BY tﬂ!ﬁhg f?f}l'm'yi- i the cmpic,h‘m we obtatn (D= Lo e,
T
e D(ML), and (E) give

K'(w) = M? (= Mo max unram subext ),
of kKN o L
ik cottles Poblem (710 T om tha case,

Fogehe wih 2,
2((59N=2((32)) =9 (ecZ);

This tnduces ~ ,
oAz GJ(M‘/{(‘) - CZ’:) .

Tn s -c“;Ph'c meodulan carg, W Boa olhen wee L-kn euar

'mf'evrre‘{'a-h'm: ( Tate's § )---'D-‘workﬁ"sﬁ }q-a-d:.‘c d ) frem bu

modul; a:p.wh- Th abvas comshuction R a.fgeLHu.'c, and

ts based cml/ on the Galoss picture derenihed above, 50 it

woul A also ke QMCAUB o, case ol Sﬁ-‘mwm iy W
(v ‘ﬁ_3= @P ) whew Y ave no cusps tundd whene .M_,modu.ti

:,v.-}ev],w,hf"m 1S wo ke cmpo)t'cited‘

) Tt was wa'n'uol d.u.rbns ey Sh); at SfM‘FOPJ 1970 ~H11) “"‘&

wac communicated fo coms comivv colleajues bt vemained vie my File
l;tnpublu hed. Too small #6]insist on- 5—0h€+[|;'15 Lot Hoo ]JTt’hy wot b Le

IN\En{'l'uMd, e
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V-3 The mvstriant S-Maf’w in ¥ eH:p.Zai peoclulan case .

Ca m-'na, back v He ’l-l;ng; >(.= IPL{D,/,N} W .ﬂ’,'«‘g;
iSince A if o triomgulan grvh, W emala fr S, is Enow (ef 05 [120524);

2__ =2
0ua ©1 5 cyp=<n, d2) - }X;c-?-_f;—'):u:\)

By e comparison Haorea (0L £ ),
Cpably SO = e sams seabone = 5.5

"h Yhs Cona, L(}‘P“)z @}a[;\) ﬂ:‘%rononjﬁndff of f"[’m‘“'j
tv. pla of Ea

l‘p we claon‘fc s:wvrl, ly ({( (Wu) Pe  pasidue MJ D‘r"\fé\(u)h)’.
- . )<
Yhe tower {ch”)/“<, ?]heo J of (Zq/il(""é“’h) )/,-ﬁ. exths
i
oo K= YFP{)) sty the samap as e towan shol,caa'

o Ig,woa ‘.[193]' m}fua com\P,;Lzal wild vamificatcus

o oﬁJ.n to dompute e Gonus OF. each layer of e douwer.

e : ely s
F B or-‘-nul[{’s oh W&‘\‘L*”M‘ we, 0".‘:'\'&%!"_“7'5”/‘ ‘
rem :



Cow“awy of EIg 3] - Let H:flﬁn)u’) densls the cyclas
Subextomsiim of dagree Ph K G, 7'{"“_,‘1‘”“ ¢ach
Shquerns g ulon Ao, e caduchy expument of H\/CWJE%K &

K= P 20" -+ 1)

Cu*u‘ltbi'ufwe When e %__:_.}g(.;-y;)) he same :F;rmula '&cu.r,

TI‘\—L wffwmahu L GnEures ’E’f Wzl‘ iy DLW‘:‘! mn e mexl _?W?

i connection wilh e ?""’LL”” of lidtoy of F, oo 'Z/Pa.

[ Oue BT ' The S-cpunsts S, defumed by M some furnula
asr abome oo By oz innts owen ICwo); §, =S, - Tk
dedbereabnl o, Liwes 3 & cpele L) Hld cover of X =
P'~{0 0, ), defond

wo@q,_,) _ _f__(,ﬂ_fi—’—(al})@w'”
Lt con be chaacterad by oo equelions
Sy, > =0, V)= w, (@ Th 4),
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W The il"Fh'ﬂﬂ. pkoLlE'm

“"'”[_{ Let ¥ a proper smeoth H:%-Jrreduc.-“e cu v,

¢ :f-‘ G < );((H: 2) (G’:{: ¢ nblies the exod‘con.rf'ani Fietd 55 fF ar .‘Fie

inthe former cose asume G :i-a“e u«d.u cav:}ugfn,‘i

_{X(é_‘);(k_;x} X{:)ﬂ; (:s_eﬂ}—-.?)

R: a com‘,fete discrets voluabin r.-,n;p g b R/n = ]-'Fz )

Ry. = R/nn-ﬂ tw2s). o Pr:me element

j.rn L1l [203, we started our s+ud/ of 'Q‘CH’."..?:
E, = | X, « X° = Xn’} (resps K= { Ke— Xo—P)(/},’) o{"-%b
tu S\',':f-mI'(:) of ,’Propgr ﬂat Ry (r-wp RJ-Sclxemcr Ly CﬂLamal’-yaJ
method . ( X(,.,f (n:"‘”“”'M’; X° :"novmu’?}! 3 f:drracloa'no‘f

Li)cb\':vc",)/ with comra‘riue {351\]“'20 .

Resulis o [17] comtain :

(A) Associabion o} a pair (h),,_,,"«):_,) of differentials %

t/\‘-“"-“
EQC‘A (xh ’ xh ); {‘ra.f'bu'
(B) Eetnblichment D'Fa Vo \\,ang._ﬂ—?(cw ‘lﬁ;«nu\aﬂc ”

us'mé (A G theo Fw-mwlal‘whljusf when %—.-_P) (se¢ W=2 belo/

ap] Applz“fim of BY 1w M for st mfinitesimdd Sfc,b n=6 sn=1]
(see VT3 below).



‘Hw, we shald furthor asawme
) 9=b, ISl=0-0—1), R=2.
The, eoswmption on 18 iie satunal Cehml)., We add tune that this

i§ an extreme care. The existence of a LI'F“”? of xo to mo‘ajuﬁ'

in choane 0 opn b expecled oply when |1 > (r—l)fjx'i)' Y

Maveowenr,

2)
Cheovem VI=1(C201Th4)  1y¢,.. )G'J:(p-.ug,k-;) and 2|

tlune ‘exists ot most one L-,Gma X, of X, vuwen R,. It s

nmecessavily eymmehric, Goe, Y%, =" %.).
) TR g

By this, cam:&.whg a pary (e, W) ) as in (1) ;s

equ'va lout +o cmr;e(lﬂ“() @ Sh«g«ex diff enen to e sahuf/,,,,}q

Covtain  symme M‘u'l—g cmedetion | associakd b X, as 5 ChV.

A criterim fov M evistence of o 'QA‘F*WJ o-%'R-——ZP

‘h,},,l/lu,; with gome x‘.xazmr’o-l wert alcs Given in [20](71'3)
E‘Z“"‘rl}: 2, 3)- »

) é?- eiflee P15 s or (20181 (Cort of Th2). .

2) To be preciie, Whik.is.pheted m TR is Mo uniquansss of x/e"bﬂi‘g y
prof m §2:6 ‘glues a stronger statemad, Mt 2ach onfonifesomt A'}C‘f’m7 wrtfat,,
‘)‘S w M(bo,an»r&n'-— k¢7 PM-"' Lo on Kea F=0/-(ﬂn/-'v\€o( from s wwquenes s
of e Prrct-stp Lifting CF-Col 2 of Thvi-3 below-
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As for the assumplim R= Z!,. s B 05 tvo vestrictive forom K
boimd of view of Qc-fmJ wn objedt ouen §p t that i choa 0; th
foecd Lkt wey be ouen BLED (610) (i wheeh care Wo e exaet
nctead of fuj-cvad') but fonclly ovsn, say, %007 7. T, (1304,
Pheae cages are danu&:Jf.) But fore, e wmist’ m{y on M Jog.exachws
of W, at <ach cfa’a, ind 5o we resheid ourcelues 4o ,\‘ﬂw;-r Fds

Zp /P“;"’ ZF Now, b R= ZPf wa ask e &Ifowma.“-&i«ﬂ ?":iu;;h‘mf

Put M(}'GJ:: Su-r{'h,‘ T, thal Lilee %, }

(=100 <> 3_% tat Lfts %, )

(QW-1)

(i) Does Mare exist a wi{arm Lound N,,(oo st

gy 2 No mplies Myey= oo 2
(i), N0= o * G, 3“22 = QZ ?) (tvo oPI‘"m-‘rT?c 9)

G 1g wet, s Ve & simphe wppen bound fiv  Eomite ™4,60 5

: 4 vt 7
wm terms of T, G, v M P -vanle of K [medibed virt G277

We giue an exambe w, Ti-8 of (#,67sh Ny 1= |

(re, 2%, bu '2117452)5,? wheeh gives N 7 IO eairte ot L),

) e9. ThE {7 i Case 2:', He inveriants m, T of (¥(.‘5“'),—E+cv->\q [20].

) Ay ‘ar«.nnf) em\y +e kédp Hhese “lis -$¢«1\+"*£ ‘im‘h’"“l ,t“’" miond .
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-2 Now ot us recald the Soeal -qhotal pvineq e (OTITHY).

Theorem V-2 Suppese X, is a symmehe Uftig of Xy onn

Rh = Z/k“l) "MJ wh-l wrd P” I‘S e QS.\'O%(J JC&QM"‘J (M”-"’c’)’)-
Then (ot each systam of closed
xml L W, st pts F=4p PP—2'}
of Xy, Fa local Litkng
(L‘f}h)r of Zn) W £ o G P ’
up'bk A #h'“ of Z,\ m an
o0 affme mid oft?;
ymmehic of P=¥,

whose assoc- J‘H"’“ri'”e wf,vi-l

»
“coincides wilh Wy .

E_";E__" L;;caﬂ Liftings always exist, Uncqus ;;:?4(;) zindd, 558
Pel,  suck Lftimgs(med ™) form a prmcipal homog- spacs of Kp (£17158).

Ruk 2 16 &, donlis e Locd rmg of N af #he quubic poit,
WAook 15 o Slut local Ru-olyebra wirk max-ckael Q) wnd e residee
Fietd R, = K= {;?i(;«)/_, then Wy liver = D(@',_, ), At

cach closed poit P of W, of fpn doaber b $lat locol Ru-elyebra
with maxe bl ) whore rendie Fld Rpp & He completion 1K, of K at T)
_wﬁ:c; is devived from Ha Locol ing of Xp at P by sf;»ami rmm)
the @, b e D(gf,”f,)‘ Cometds menns

'
® !

cv reech wc)s wi o Ca"““"‘kl 'ma,Ps v
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Vi-3 Liftngs to over Ry

=2/, (=« spudcase of OTITHE)

“Theorem V-3 leet 6= Gp-1)(g=1),. B :th funchion field of K.

Then N
% —> o, € D(K) sahshymg:
%Go < | 0 ) a )7 3
lup o 22)
(Ar (%) = 26;
A ey
B) M (wo)= Awo *A;ng-.:{;r
wme bricity abowe &, i Sar each
Q) s y diig Pec
QCP-]? -1
€= ( / m»} <’
/759(& %)
roqk 'Farnmcfw Valucd?
% G“'JIH’}_X) is indep of the choiee of “P;)
< ;n?cad, Eo"WO‘(@;)’f') is.
CO'Y l 3 %l__) =y 1{;
.g'.f.g. C'“‘“ x"/;g 3 .xvh-fl;,/s(” —> =N
Cnx ()
(C:) g?é — Fx, —> g’X1 —> m=0 (05[207))
Remwk 1

As o (A)) from.)‘ur‘f QOch Masons it comes Gud on}r

s @u, n)< 0. The =" followe becaure f@}“‘(pul)tg-—l)
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We shall ofter wrike "K* = Klw). Fop=% IK*‘; K.

- . ‘ ) .
Pr-opay:‘hah V-3 'S"’ppure "Cd?q’-"é Dl’ l(lK., mt’-’fff't%“ fA)(B)(C),

and fet p>2, Lot PeQ ond P a poimt (place) of K abme P,

T‘ﬂen.

© () & = kp (-Cc_-o} v B vescdue fields,

P‘i

Gy Gpy = ;lz-{p—ﬁ) for ¥ vamificalim tndox,

(i1} “"Pf(w“z Jz.;,—r_,)_,

A .
(=) k? (wo) = Kp( (€™ 2} Y 2 K& gives (i),
T

He l:uhfleh‘n
.(l‘l‘,‘) S;nu ¢ = EP;; i Ie} (vv\ocl r))

ord (M4 R = ef(owfpbz)+ 1) (’LGDﬁ(K*})_
P&

For e o4 RHS= LoD+ = 145 = Gnod, o+ 1))

>

wihowe (i
w ( 1)//
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By g
Vi-4 Discussims  When X%, ezists its assouded colcfferenticd (u’l"l’)

@, de{ines, as in V-4 & ¢hanactin ,
X

A, GL(KDy — R

{
=)

Le{— (s Le{n.') [K(w,‘_l)/u( donote Yhe sulfrald cavve;y«wl'mj h Ker(xh_’).

Since Hure is at most one lffvhg for a Jiven pann (¥, ),

—f:“oumg questims wmale sense (Ag:w be  migne tn torme of (¥, @'))

(Ql) Describe He compesite map

Znet
Clef a0 S Rl

@ (it

(R 2 Does the existence of “adwissible 7".;/.’. mean that of
" yraak (2L " ?

(Q:@ Dascribe |, X p et
Ky - Ga (fKP/m—» R

a c(o:eal pt
(Q271> Does. e existone of “admiestble Rp \ mean -

Hot' of “wedl o, 702
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But flow can one grue explicit deaniptions of theae focal
quastioms wito ut »’icw'ma emyﬂid/f pu:w*'a*ivh of ecach element
of W, 7 Unlike @, precodation of eack olement o Kp =
N dopends on P (a priow mon-canonicel ) choie of a

Qo el Pwmmehr %, To be more Sl,ec«'f?cj we will see in
due cowrse rhat four PGG)' if we call
Yo' ¥y — .

’

4h 'CU"W}?oflIJ- m“’)")<Q1)ff"' n=2 —;o“o_mé L] R;“» FP Mﬂ(«“';.

we ik pat>a
Y] 2 Op: e voll-ring,
Up =®; ; U =1+m} =t} (-m T, sistilenl, k?)f
*fen)
W = ) = Ker (“r?,ﬂ){u"’ fras conductar ve:ct;onen’f:“p+.2'3 ne
{5 Y P
Cp+2) q;H)
w  Upew, B EW.
‘ (1)

Bt there are so momy (e~ P?) open subgroups Wecl,

with inder p sobisFymg (¥). Possibly  such W’s wn
be hw;fwwd . each othen L/ Mfom_owph:m: o,-f ”<}= endhu cedl

'107. chwg‘h‘i -t wm'fa,rm"u»‘g ZP, 1)

) A closely velaled question is:whebhan fwo 2be liam exfensionr of (Kp

with the Ysome ¥ Gulwe and the nenlic s and M ﬁ‘w\kcmducﬁm",‘“ L

dransEorm d 1o eacl sfhen by on evtoncin of guch an: aomerph om 4‘ K.

The amswo 4o Ccuraoﬂy modified) i.,,,,f-.m g{qmu 'ﬁaw. been }W-h' wlod o wy\h(,r/
4401 Please kindly 1eb ws know )
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Ard we must dscribe ’LUWBL ezt,l:c:”f W tevme of £, S ).

go}‘um‘l“ﬂ' ome cam deacn be theo j‘k‘;i on terms of Wy (or

w?tp_‘)), itk T Bawe not succerded , W u‘wly o Ther wa/

is fv foud xXp wri Vb whh w7, (w b\)?qu“) Ciun be ezrwrr.obf

" a MS‘W\«LI)/ 9w1,)e ‘:novmkﬂ {"ﬂ"’mt: '\(_tfmbh’(n?‘ 19% ] -
estrickion ‘xr by Ihir Pwp.m"’/ is sufficren? fiv own

PW‘PW“ —Thf; s what we ij.'mj do do on e st 'W-S',é.

E;E Locel shdy & PeC (8, = kp®xd, &< Fp)

() ~The focal vevsions of he condifims (AABNC) fr &2 ¥ (1-2) are:

() ovd w2 _ W@ ‘
pe =2, (B Y=o, O (7o) < Fr
H We expres W?(P-lc)zs 2%;
-l e
00N 2 =) )
T m——
o PYSEE LA (500 ¢ Kg),

1 on tev m
t"wn) s pf %Lx’)/ Hy”@“”g e eqm‘uﬂm"ﬁ (,_E§Pacfiu¢lf)to:

(d./J %("}6 GE[C’CJJ)j (él) h’(a(z)x-zéi):o) (Y')E: g(o): Ep’_
T ° '
Co.-ﬂz( qtx1, id):o
o J=tintp)



Prorosiﬁwm“s Fix €€ FFPX; Then any tws_elemats of

D'Pw'(ﬁ) s::h:(:y&na =) ((&)(Y)& cam be ‘l’\rqmrform.ecl 7 ?&
'KP eltece f

7 o Yhen 1:] a (combinugue) M&.m-tomorpl«nirm )

20 —> Z a;x‘. .(a:é ﬁf‘ ﬁ’:’ I).

by C’L‘mbwa Ve voriable =

-1
Tn ot words, ;{ F(I)(dﬁ% , far some P(’”)ékp)

satinfis C\*)(ﬁ)(h’)&,) then every element of 7[]';{’.‘["((9)

%qrh‘r-[y-mj (Mq?) ('0’)50 can be eu.PremoJ s F&)&u)@)ﬂ’ﬂ)
fUV E_W_‘_L_ t st >’= i q;é ¢ (q'i € kP ) a, =,j )‘
&z -

Clketeh of pwajc) Fost, Ho diflerentiad 71@(}’-”5 Dpilak‘,)

dafimed by ,lsbfp-n__ :xzfdx)quu

g+ 2

Satishés (n()(g)(b')fb ) becanas JGx1= &, (Wﬂam#)sah':ﬁ\.;.*(o(g(f}’)('d’)&,

Ihs"-t x:?(t)-—_: ‘-Z—’Q;t‘: (qn,:ﬂ.) ind rewrvil 7L®cf’"r)
c&!

MY +err\‘\f "f tJ.
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2o _ £ (oLt)® P

g e+

Then g, + P

3? ({7 ) = = | tro".}
CCAN L

T¢ S“'ﬁ'fw v Show
@ " :
Fe any 9 (F) sa:hrfy‘mg (a')(F’)(T/)E with £ mn plece

(4

of X) ther exists Sy st §= 2? ):

This Sollows fram termuwse n?rrpz,&ma»h‘m; based m :
© foramy m22 and pe fp,
-1
g‘f—{- pt™ - 37 = (m-2) g F'tn (mod 4e7)m—1 )’.

which s obfained by Sf‘rcu'ghfovmo‘ cdewlations

2)
Corollavy 1_ For' 2 giwm global w,, at ach P&

buee may C‘\oou cuch « iocaﬁ PMW‘*erzot" zP;U that

tp-0
R (p-1) x2edx, @7
(-00 ==

P+l
T + x

Thee s simk,Qg and ya;r.:ahj w Xy, But mot so convenient

for 'f-'ma)mg 75? sib W= dloy »fo . LbD(C-‘mj at 1, prses Atniss fov

s 2
- 1y LI 14 ptPpfos
(H Zblzoh g P:J' =+ EQi"*') , and #wwhaa away unnecessary ':"ermi



k wvn - X 7 ‘
ecping the cmdition Y (ws)= o, u/na,-"f.ma.o{, we avrive of the

mext novmwb'zaf'"“ conueniond f '\cwol,.'mj to st

Gy

= dloyty.

(3) As « pre FquTm«l coneiden rhe pradie power .s+,r='es'

P
Flz) = &zl,{«,—(z + }F‘.i_ _;;_;.l.. )}

=T (v-2")
ezl
=t

€ ZP(('Z )JJ
l’c’ satisfies
P—1

£/ = —§(z) = - Z

{ E(z?) = exr(pzlE'({)P .

Let g be

be'ﬂ\c& a vdwer feries O'IF ZP.l we Vﬂﬁf Puﬂ' Z«P-!.T

62)= 9, )= = & x T
n2e 2

[ o l’:':}.. -
£.Gg1= DT +1(=

( i
C Notw Fhat € ¥ = 27%) e Gaue

{ .= feet2TT9 N,
4 Qog Elz) = —Bl2)d2 = ("

W
£ [Ddnl; o,
powen series gad EC ) 8 for He v

e Toichmalln Lift of € 7 4, < Z,.
g"':t.pH and wrile ar

[Syr 1] VAT, ohere F(z} is wted for
Joked Avtin-tHasse ﬂ’}onumh'ﬂi-

Mende
(s the Mébow »)

Now, @C2)

£, 0p of V-3,

P9 Gda.

Hoci
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4)
C—OM wt Ceomn 'Fmo{ ’;uola o LpzmQ ngnﬂ"w—,, ixg?_'égsf’,o.
b 2uch PGG‘ that '

Wy = ﬂav‘;seafra)o{xa = d.@,oﬁ 1, R

' - - 2
-E’Y E Lg: 1 = gulra J Zb"—"' 204,
to = E(ia}

lHe'lre, whenewn a uariable il wwdox N (eg.n=0) s hsorled mto a

: oo - . ¢
Powen Sevies pusn 7(?,) vt means that the ~value is evalueted mod Ph'ﬂ

(5—) We shall cald 'to »-G IK]; (wa)x(w K(wo)x) o W= (“.ua t, ‘\Gq[,‘-‘

Cova?’imt 'mad.x #P"-,: ;.p. fo?‘un«hy Grq“.‘s 'a.uf'grngl"Ph.'.sm S ovan “(P(,._g..,,,, ,K)J

n n

¢ , - < 7[0(.5)> { reof . lKCCWﬂP }

to %o ¢ Kpl)'

&0[(15} ur&m; x s he i—;,.nd._‘_ic charoder definsd L)l Wy, }'()7-1\ 5 ;XD'(S)E'KZ'(S)

ol P amds X FALHDEALS) wed P,

Fovo eooh Jiven 'h2!,‘ W Comn -ylwny: vel.ﬂz.u 'tg- ‘7 omd
’ I l x k," 4)
"uP t, ” omd assame Hhat & ie Galois covmriant wod 11

! X ph
7t'o =E(Ep7 L5 Gdoibcovm'm"’ “er ﬂ-P

Tv the ohoe case,

£
$ov pach », becaus ¢ Elez)= Elz) 6r oy QGHP_, .

X
1) Becauss l-cocycles wort sz(m('"z’ﬁ)@ Iﬂ“"”{w.)x]e split,
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(¢) Now, Suppese givem a symmehric ,@Jf&na X of X, Fo any

closed point ?ﬁli X et

Ko ot Poadc complotin of K= (4,

kpy ¢ e Rieflad Bocl olsebru with maz. ool (o), vosidhe Lot Kp,
“todusd S e Jocd pn5 Oy p

Oy=Tp ¢ M pth P on Rpg defuud by ¥, at P

Wy =2 the assoc d:gmh&ﬂ (ew.r. b TL':F'),
K= I ),

- ¥
&::,1 v He Bide ehde ext’n of kP,f Cnl"’tzla..nncl-'hy * "<P 3

-bo GUKP*)’( it ¢4

2
ty i Galois-covariont Modxwp' .

{ Wy = d{aa to,

t, ¢ &;,:: the wnaque Liftimg of ty st

TR

&1’.2 2otk umique \R;-fﬂq_f Lobad nf%ebm Haat, Life (Ep [
Caen- ideal Up) '

G, = &l?.l—') &PR oy Frobenius 'w-a,.al. Lefas 0"1)

‘1) le Im(lg}, ? 'Tlted not LCV'/M +v @,’
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~Se
Q= Qo ) € K, (acharlly € KS);
(cﬁ Lemma'v‘?}

pU) = %, e KGT),
co Vhat t, = (dog t )0+ pd) e M oy-asmc daffehd..
By Vhe qula:r covar. c{ ty, we see ot a, € Ko 5 Hance

5’0 Uis = 2 })-aoc,uc extentin of "<P

(M) Now let PeG, ff_"‘ let %, 4, %, ty= E(2,) be

as i Core 2; aboves thus

Gag covan:
wod " ).

Wo = J,Qog T, , to:: E[Z.) (

(Tn Hus care ti = E(7 ), with a swikadle choic of -2, absve
%o}gcu: Hne urique ext!n of ty at. t,a-'—; -t,r_; cee (9)S+e?§,"
Lt +his i fv Lafer i,wq,ue')

Now, the mam yesuld of V-5 o0 M -F“o“ménj
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Theorem VI- 5 A necerb ey ond suffrcient comdition for
(*) Wi = (dlog t X1+ p o) (ft5)=a,e K, ¥(a,0,)=0)

fo be associated with some Qocal Lifting xF of X, (F=(peT2)

is, fv{ P:}: 2.) that

= 28 4 3
UF#) 2, = ";6;,"{' c(:) (Gnod 2,6p)
Fp

Corouarz1 The addifine choractun )‘1',’{:}!:;—) QT'P (vi-4)

s given by _9e, 48 §
‘ﬁ?l‘('&): 'L;;/&- \T(SP((?-FQ) ?) the Ko )
P
He n:.‘clue
Ciie u‘*":l 2 The p-cncﬂ.‘c subextencim of UKCUO/‘K

foas the cimduchr expm‘t fitpre=p+2,

Q:em.cvrk If me bzmje, Xy kee,.:m? e %y - exprestim of w,
.Fz)fva‘) Vhen the RHS of =¥} may C\‘lec but thie is no contradiction,
|
1. Sact, bolh sides ‘I‘M"[ om T Undew to =10 , {-‘u«/ change

by = (He5Vo/ ) (e Lomms V=1 1) dor wsl),
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(8) Out l;n.( of e ‘h"b"{ of ‘TI"VT_g

E ‘
(Step 1)~ %1 abowe 2, sq. ~7:,a“= zf_ r£°.38 CI,,P)-lIo-"

(S‘f.aP 3) (Norma,’ldz¢d Mu&ufﬂv\ Equdh'W) Tn 4erms of ) Ay
N
ard e corresp wd-/g X,/ o ()X;’.P/ 5 Vhe Lo eal equation fr XJa

aboue (P,27) Adas N form

-t
(f Y@= + pe (1= () V4 ()= 0,

whsne Cf’i(w):—" g, (W#’)_‘l

LSfeV_%) Fav' gm]' %, %;/ a,opv-l 'ZL, x{ N ?tfpldivd'y’ O‘L{'
. -t » 2 £ —
(1] ~3xP) 2= 2i D)+ p g (1= (0% y ¢ LCz))+p 4z, 7)) =0

be W Qciuah'c’h Fw nﬂmmﬂ"ﬁ; ,Q»co.ﬁ u_fw ""W'(; 0{ 76{ d(?,?’)- HM)

T orums owen those elemls of kP[f'JCu,Z,’J] that ave
Skew-symme e - te e whjuéqf‘(m of kf/ﬁ-‘p, The
Curmcrw\&:«J Frobenius 03 can be equu.i as

5}

)t = % - ;elssj(z}” )"z," + ) o,
wikh

: 24 Zp- <
T, = (,,u__xo’l’) '(5:1.." 4 z%(zop) i H(z,,Q)

Whoe HOo = 206, x}) € o Fxd.  H cabba
H(o) ¢ H:P/a»& cvnmw{/ cweh an H  omes foom sane 1.



vl e Techmillon bt
(Shl" 4) Tﬂ\&c gi abowe 30, et :j' 2 ’—-‘67%1 .

Fw 2)=2%Y, od t= E(2) , we obtain

2= 2P p 62D,
{ g o,

Pl -2
(StepB) Take Y, Gbow Y, st 4 = 8 %, Bz %Y, wd pub

'f:z = E(zn)» Uke cmpufe the Frobanius remaulnalmf 'u.v.-é_- Z;,

ond then w.vt t,, and  obfaun the followimy. P

T

15 = & 4 e {2‘,:—"6{"0\.%,« }
0‘0: El’/wo - ao(o—z) 'tl) i

Then
oy 6145 22 1 28
| il A »
o ‘:{l'{H@) -2 -28,1?,"'42 ;
Bo=6(20) e
Kgg—.%%:
Hence

~p-i
Qo= 28,7 - & HO)  Cmad 2,0p)

COnwre\‘/, it Qdos —Qg;z:p"_., FFP (»JTO@Z) wn,t{

7}‘(}\0&»,):0) Hhon ome Con rﬁeu.e/vse.ﬂu Mjum.cn,f and fa...ql

H (%) by “integration " otuck is pos‘::“c because T, ,)=0-

=)
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V.6 Local study ot PG

——

T Hws case, 0?14? (,);QCP-—!)= 0 ) ‘I{,( o eany Jo see Vhat one

Comn gmﬁl m (KCwﬂ@K [K? a 3cmafw X, of the ide ol .’P it

to::: 1+ N catishies Wy = doo? t, aind. -(-;ns=‘

G (I'K(w,,%{ )) ‘

}
tom (VSQ

arising from any focal Lifting

The Frobenius worphism Oa
_:(P of Io . (:_MfCM ") jee, it m@?: Hae cmuf\ﬁl_f,m of the ,eoup
n : - ,

! e ¢ ya
ring. (9)“'? into iself. (We need not remove TT7 eamd

Binwe na demominaters WM) “Thus, A, wrde b, Gbase ty) is
'{A\‘ecyu.o, and the foc? charaef XP (P¢6»7 s un.ra,mu'ﬁecl-

w'em{' carrefrwmls o e cons\rwmv‘(%{) n [Lvr.. 5) fw
Pé G'.) is s.‘m\p\/

] (x*v¥) a, = @] (moJ Gf)“

Ima‘&ﬂwhul i we drop Hu assumption 1571= G- -1) ad
allow “wsps", then Or&P(Q;’“P-"): ~G-1), tezX, =

4(07 7(0 ,a,f' eact, Cu:P‘
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vI-1 Globad resudt for the Q«'fl‘inth=f=>2

Theorem V=7 ¢ %, 4. given, with the assocsted differenticd
@y, Choose and fix such Ty e [K(u)* thet w,= dbog T, and
that Ty i Galoic covariant mod &t (-5 (5). Let p¥2Z-.
(1) The ;v“ow;”g conditims (A)(B) ane eqwiva{euf'

(A)  There exists a- symmetic Jufdng %, of Xy.
CRecald : 3 — 31)
(B) There exists Aje I satisfying () Gi);
(i)t formel candition Y (Awo)= 0,

(i7) He Qocad congruences ot off P,

28 dles V. .
pee o= Th - d( SR it ),

£0.
(Pé@’) AOE "—87(‘“%%’»0) (moé QP ))
Wy

P -1
whons -x'?,'O :‘tP;O ave as V-5, ¢ ) Mi v?.l): ‘l_a'l:P"o'~

(Note ¢ 2= ; becanse ¥(wol= w30 )

1) We ity thit “ordp b6 po ol i) whin Sl IS0 (x:ﬂ«s”n%,d ),
that @y (K) 20 fin almoct oll P, ond also il the worst poscible value
of odp®) 5 =1 exept that it cun be =2 VWhon p=3 and Pe@
(For p>3 P&, use B Galicover propwddies wib @ wan-triv. snmlia eld
th Gl {K"’“’/k)/h conthuds Ml m%(df., v,)=0),
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(m

Wher tfece u('w'vqlent conditims are satisfied,+he ch{crcnt‘,‘af

associated with %, is given by
Wi = (ddy T)UepFo) = dhog(Tyul),
. n ”

wheve 'T; is fhe unigue extensiom of Tg “wih T, =T;, F, is

2)
a voot of Hu Avidn-Schrecer etzua;’rfoﬂ @(Fp): Aa; and Fog= JQ,,Z -

(pkoO‘F) IM MG{,\@'I'G) Ipy com Qin&na
(1) the Local-5Qatad principle (ThVI-2), (i) the focad vesuld
(ThW-5 (PeQ), §T-4 (PG, (i) ik fvmule (Lemma V-], m=):
i dﬁo
Gy (o, 4 vP)— o,(0, t) = — g —oﬂgﬁ),
13

wpplied to Tp = tp vy A= Golo, 1)

V4

Remarkl () The RHS of ewch focdd congruence (B)G (?&G}

is independent of Mo choice of 2 cab'sfyimg Cor 2 WI-5,

(i) Sine Yhis RHS ¢ }'u,\'f a clase MHJ(E;.-“- »mP) ““y o silbia
o compule thic  for o practicd purpose  xp  need ot salishy W
‘"em *q“a'&#ﬂ Wo = ‘30 9&‘0 (17 4%, buf some congrusnc, moduls

n
ZD d’xo —fm— a gw&hl;)g PM 73 suﬁ',‘ce:.

) To be more precise, 7§ &y is Ho focad ring o{:xi at Fh genour point
and oy B ﬁ,:”« p-t Frobenive inducd frowm X1, T, belongs fo P
Subertoncm of é" torrespmd s o K Y= K Cw,).

ef. LemmaW-1(2) Note that

Cn Py
ILU, 'rns‘:e,s sensg,

2)



——-—-—-——Ktmwkz (VThe exictence of A € K satisfyog (B) omplies

(*) e ves ( ~2%0 N
5 TRy )= 1€ DK, >0l
Gn

This necoas any comdition (k) Fv F%, s equivalont +o Me ~exisken o
of on add: tfuw chatacin ‘[" ! I"/lk" -> FP ,unrem. cutacde Q’,
St fr eoch PeG" Ha reshictim lf'r," : pr—’ ﬂ}, fae M fovm

ty 1=

KP/H:P

(=2 ¢
(e, %) wekg)

With some Cp € H:l'"
Giif)
w&..‘f'j exists, +he domention bvan FFP of f*s'(('?huo'amu "

Cpl

1-rrﬁC€)

clase g o§ % (;{-mc(m“ nvolwes thet of choice of (CP’°)POS)'
17 e— Ce H'\“ CCP,o)yH(c"'CED)r)

whoe (27 dwm'tc‘s e p-twsion of Me diview

This analys:x *f’aagkf- me that Locod Comgrusmces  Gak

:y.:;\,e.ad of )vs‘f wo) I W as

L

nol wou)'&. 37 Quol:;v\j it Ty
able to 5?% o vesuldt sul o The T—7. The foovem

e_c'wd.g[,,} T(A,w,,)-::o was He m.‘.srlms ke/,
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vi-8 Examp@ We take up q%a;}n Ex.-3of [20]§31.

let G= EFB, X Hu.’,ﬂame Zuavfn‘r- < 1?9 de foned 17

Vo XY XY 7% a2k bx 224 e 250 (ab,ce ).
(Cared) va:&:o) c= 0; (Cou 2) eb$ Opor a=0,bec#0. o)
L eifhen cone, Wi nom-smpulan, wirk genus 3=3. Lot

G = K . efz—_: 0} == {4 k\_hf-zmpﬂ pts P.a,vaar.aiwu/
by (X:9eP'(&r }

(Nota: Cb-Ng-1)=4=(&])
Lot £, q)= 2%y~ 1334- xg + ag+bx+ e=0 (X=K/Z‘ ﬁ\?z)
be te affone el]y,qhm- Nots Hhot

3

£, = —cf_g_b)) fy = XPrxra,
‘T“u, J::anti& -l -|
Wy = :;x. C{PJ - - ;5 dz
fas He diviser G) and dlf)z cobshes (M) of VI- 3
(Wit Ep0=1) ; fonce W, i% assoc wikh a symmelric

QCFH:J X, of ¥={Ke— X(;%"x ;.

Tn [203, 4 was explavned Heak in Cone |y Xy Rifts funthan to 4
Symmetric SysTom R oven &}, (as an awﬁgdhm of T 3(%—'1))?
erd i Cone 2 Hhere is no dunthun Lifiting Eafoe | (by
Some compytatiom waong "0, Y Lo Y Specific cma; ol mentiomed ),

1 l‘t;, Case 'l, e wmay (omd wdl) ascunce €=f,

ln Cone 2, the shonge- Qoolewy M -Suu the flve comdi Fimn arises hecuune
we ot Cmsidening cnanee wly R q b € fFg.
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HQN) v SLJJ- -aiue o up’:cﬁ &nol}ica;f’a‘m, WS Th vi-17
e\uui’ e  Cam c.l'n.bck hee ./Qa‘«‘!:"'"a—abb‘l'fj 03C x, {ﬂu%z o Cm.e .‘1)
and Ve m-i@ﬁhbturldj im Cane 2.

-yl
ety

L G &
C“ovﬁ T, T he. divierr C"TD\_—_- (S"O/S;,-I) , whens Sl‘.‘-FGG with
(R )= (e B)” T Ao = ‘Tu—-T;' satisfies the wdu'ff‘wa
of Th -VT-'T’ Penee ?é‘t is .,0,{9”’&]0’15 bo o with
. ~l
W =(d1u1un)(f+Pﬁ)d @(Fﬂ):’ ’!‘T;""r;,
C-ﬁ'- e i s ewl ™ ot -r'qf:-r'?)l K

asion oloment ;—o,ras*fy g 600;'

(Cppn 1) Choase Vo=

(Cone) Tn Hoicane, P obows chotoe of To deor not
make Ha task sopler. . Chooses Ty, == Cx3+:c+a)-! !
For cach B, et Apg Chore) dowile P RHS of e -
Congrumte i (B) of ThV-T. The space of regulon differenhals
wr K is ’st:&.wci Ly Wy, X0, 4%, 74 some globi

A, e K cobche ta locak comdotems (R)¢i). 40 all P, ithen

(%) = tr(res, (a, 1)=0

atl P ,ﬁ
V'VU.A—I'I le.\)t,d- -9.,! !JL'L VLE [&')0' ‘Iwﬂl bijﬁ . BJ 'PLu;q sum

==z -4 b q:gwé,wi=4 for §=%W00 | fomes
i Cons 2 whure eilhet as-0 w&rﬁ:ﬁ'_ Gx) Is_nﬂ Cah‘sﬁi-

1 . ‘ '
) Tt cms d (030004 )= g e Sis, Sint 5 B o fern o
aden =2p = ~6 appesres o e RHS of K conguindd Th -7,
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3
Remorle  The divisr of T, on Cau 2 is (‘51’05“57'4)
D 7

3

-D”—‘—RIRZR% R‘i = {(q’wﬁi)/ x2'+‘z‘;+a=0}‘ Whe faye

3

Ay, =0 S D 4GVD, wd Ztrres (Ap =0
’ =Yg, J ’

S each =Xy, Wwu. Py pead cw“l-ut"zwr at PG@’U'DI

elerf e T,

Vi-9  Baton pass

As a report of my talls T am afraid 1 must stop e
r scmfa"fxtma velated can be found I 'ﬁupe to write them down
amd  post mew repavts in my home page

"RIMS fRome page > staff > enevtus 2

I Hank y ou fw y owa Pa’iwcé, ipupe. that © was
enjoyable af Iéast pantly, and stromgly Rope thel e

baton com be .pas'snl, to YoU,

ihara @ kurims. kyoto-u- ac-jp
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