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1 Preliminary

Let T be a topological space with Borel measure dt and H = L?(T, dt) be a Hilbert space
equipped with a norm | - |o. For a positive self-adjoint operator A on H with Hilbert
Schmidt inverse and each p > 0, define

E, ={§ € H : [¢], = [A"¢|o < oo}

and E_, by closure of H with respect to a norm |£|_, := |A7P¢|g, £ € H. Then we have
a chain of Hilbert spaces as

- CE,CHCE ,C---.

By defining
E =projlimkE, FE* =indlimFE_,

p—r00 p—0

the Gelfand triple is obtained :
ECHCE".

The canonical bilinear form on E* x E is denoted by (-, -) . For each p > 0, the Boson
Fock spaces of E, given by

L(E,) ={¢=(fa)nio: 9ll, = Zn!|fn|p <00, fn € Ef?n}

n=0
derive a chain of Fock spaces
-CcI(E,) cT(H)CI'(E_,) C---
Define
(E) =projimI'(E,), (£)"=indlimI'(E_,)

p—r00 p—0o0

then we again have the Gelfand triple
(E) CT(H) C (E)".

In particular, it is known as Hida—Kubo—Takenaka space with the Wiener-1t6-Segal iso-
morphism L*(E*, p) = T'(H) where p is a standard Gaussian probability measure on
E*. Note that the set of exponential vectors

1 ..
¢§:(17§,"',Hf®n,"')7 geE
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spans a dense subspace of (E). The topology of (E) is given by the norm
162 =S mllfl, 6= (f)e pER
n=0
Moreover, for ® € (E)*, there exists p > 0 such that ® € I'(E_,), that is
@], = inanﬁ_p <00, ®=(F,)>,
n=0
The canonical bilinear form on (E)* x (F) is given by

<<(I)7 ¢>> = Zn' <Fn7 fn> s ¢ = (Fn);L.O:(ﬁ ¢ = (fﬂ);L.O:O

n=0

2 White Noise Operators

An operator = € L((E), (E)*) is called a white noise operator where L((E), (E)*) is the
space of continuous linear operator from (E) to (E)*. For x € (E)*, the annihilation
operator a(z) € L((E), (E)) is given by

CL((L“) o= (fn)ﬁo:o = ((n + 1)33 ®1 fn+1)$10:0

where x ® f, is a contraction of tensor product. The adjoint of annihilation operator
a*(z) € L((E)*, (E)*) is called a creation operator, and its action is given by

a*(2) : ¢ = (fulnio = (28 fuo1)nlo-
For k € (E®WH™)* and ¢ = (f,)2, € (E), we define a sequence (g,)>, by

(n+m)!

T K &Qm fn+m7 n Z 0.
n:

g =0,0<n<l, gun=

The operator =, defined by Z;,,¢ = (gn)5%, is called the integral kernel operator with
kernel distribution . The following theorem shows that each white noise operator has
unique infinite series expansion called a Fock expansion.

Theorem 2.1 (Obata [12]) For each = € L((E), (E)*), there exists a unique family
of Kim € (E®H™)* sych that

[
== Z El,m("il,m)
1,m=0

whenever the sum converges in L((E), (E)*).

For S € L(E, E*) associated distribution 7¢ € (E ® E)* is given by

(1s, E@n) =(Sn, &), &neEE.



If (Sn, &) = (S¢,n) , ie. S = S* then S is called symmetric. If {e,}%, is an
orthonormal basis of H, then 75 has infinite series expansion

oo
Tg = g Se, ® e,.
n=0

The quadratic annihilation operator associated with S is defined by Ag(S) = Z¢2(7s).
Applying to the exponential vector ¢ of £ € E, its action is understood by

Ag(S)e = (5€, €) P
Moreover, Ag(S) has infinite series expansion

ia Sen)a

n=0

The dual of Ag(S) with respect to the canonical bilinear form is called the quadratic
creation operator

AL(S) = Eg0(Ts) Za (Sen)a*(en)

The conservation operator A(S) € L((E), (E )*) is defined by A(S) = Z;11(7s), and its
infinite series expansion is obtained as

A(S) = " a*(Sen)alen).
n=0

The second quantization of S is defined by
F(S)¢ = (S®nfn)20:07 ¢ = (fn)
and is related to the conservation operator as

dr (et
dt |t:0

= A(S).

A(S) is also called the differential second quantization operator.

3 Quantum White Noise Differential Equations
For Z € L((E), (E)*) and ¢ € F, a commutator
[a(€),E] = a(Q)E — Za((), [a"C,E] = a™(()E — Za"(()

are well-defined by composition since a(¢) € L((E), (E)) N L((E)*, (E)*) and a*(¢) €
L(E)*, (E))NL((E),(F)). Define

D{E=[a(¢),E], D;E=-[a"¢,Z],

which are called the creation and annihilation derivatives respectively. Both together
are called quantum white noise derivatives.
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Theorem 3.1 (Ji-Obata [6]) ((,Z) — Dét_ is a continuous bilinear map from E x

L((E), (E)") to L((E), (E)").

Example 3.2 (Ji-Obata [8]) For S € L(E, E*) and ( € E we have
D?Ag(S) = 0, DC_AG( ) = G(SC) + CL(S*C)7
D{AG(S) = a*(SC) +a*(5°C), D AG(S) =0,
DIA(S) = a(5*C), Do A(S) = a*(5¢).

[1]>

For = € L((E), (E)*), a function = on E x E defined by
(&) = (2, o))

is called the operator symbol of =. Note that the mapping = — = is injective.

[1]>

Proposition 3.3 (Obata [11]) Let © be a function on E x E with values on C. Then
there exists a continuous operator = € L((E), (E)*) such that © = Z if and only if

(1) © is Gateaux entire function;

(2) for any p >0 and ¢ > 0, there exist C > 0 and ¢ > 0 such that
1O n)| < Cexp{e(lEls, + 2,)}, &nekE.
Let 21,25 € L((F), (E)*). Then there exists a unique = € L((F), (F)*) satisfying

2(&,n) = e CMZ (6, m)E(E,m), EnEE

where = is an operator symbol of =. Then Z is called the Wick product of =; and =,
and denoted by = = =; © =5. For examples,

a(x) oaly) = a(z)aly),  a’(z)oa’(y) = a*(z)a*(y),
a(x) o a*(y) = a*(y)a(z), a*(r)oaly) = a*(x)aly).

The right hand sides of above examples are called the wick ordered form of given oper-
ators. More generally, for = € L((E), (E)*) one has

a*(x1) - a*(v2)Za(yr) - alym) = (a”(21) - - - a™(22)a(ys) - - - alym)) © E.

Equipped with Wick product, L((E), (E)*) becomes a commutative *-algebra. For Y €
L((E), (E)*) the wick exponential of Y is defined by

a
a

=1
wexpY = Z EYO"

n=0

whenever the series converges in L((E), (E)*).
A continuous map D : L((E), (E)*) — L((E), (E)*) satisfying

D(El < Eg) = (DEI) < EQ + EQ < (DEQ)

is called a wick derivation.



Theorem 3.4 (Ji-Obata [8]) The creation and annihilation derivatives are wick deriva-
tions.

According to wick derivation, Ji-Obata [8] introduced first order homogeneous linear
differential equation of wick type.

Theorem 3.5 (Ji-Obata [8]) Let G € L((E),(E)*). If there is an operator U €
L((E), (E)*) such that DU = G and wexpU € L((E), (E)*), then the solution of linear
differential equation:

Z2=GoZ=

s given by
E=Fo(wexpU)

where the operator F € L((E), (E)*) satisfies DF = 0.

For non-homogeneous type, we refer [9].

Proposition 3.6 (Ji—-Obata [8]) Let = € L((E), (E)*).
(1) D?: =0 for all ¢ € E if and only if ZE is of the form:

00
== E :O,m HOm

m=0

(2) D;==0 for all ¢ € E if and only if = is of the form:
E = ZEI,O(KI,O)'
1=0
(3) If 2 satisfies Df= =

(==0foral (€ E then = is a scalar operator.

Example 3.7 Let ,{ € E and S € L(E, E). By solving wick type differential equa-
tions, we can get the wick ordered form of = as following;:

A ea™ () — gl ga™ () gald) (3.1)
[(S)e? M = "SNP (S), (3.2)
eOT(S) = T(8)ea5"9). (3.3)

Indeed, for (3.1), take creation and annihilation derivatives for { € E to =, then we have
DgE - Dg-ea(n)ea*(o - ea(n)(Dg-ea*(C))
= (D (Q))e™ ) = (&, Q) e = (€, () [ o=
D;Z=D; e pa™(€) = (Dga(n))e a(n) ga* (<)
- <777 £> a(n) a*(C) - <777 §> Io=.

Let YV satisfy Dg‘Y = (¢ ) and DY = (5, {) I. Then from creation derivative one
has

Y=a"(()+Y, DfY;=0
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and from annihilation derivative we have
DY = D;Yi = (n, )

which implies that Y1 = a(n) + Y2 where D, Y; = 0. So Y = a*(¢) + a(n) + C for some
scalar operator C'. Then

[11

=C-wexpY = (- e (O™
and C' is obtained by

C = (Eo, do) = (e Oy, e M)y = e,

Similarly we can get (3.2) and (3.3). Furthermore, the wick ordered form of white noise
operators including up to quadratic annihilation and creation operators are well known.
For more details see Ji-Obata [9, 10].

4 One Parameter Group

Motivated from [10], we construct one parameter group involving annihilation, creation
and conservation operators. For a locally convex space X, let GL(X) be a group of
linear homomorphisms in X. A one-parameter family {7} }gcr is called a group if

(1) Ty = I
(2) T91+92 = Tnggz, for 6;,60, € R.

Let n, ¢ be differentiable functions from R with values on E and A be a differentiable
function from R to L(E, E). Let C be a differentiable function on R. For each § € R

we put
Ty = C(0)e” MODT(A(H))e* 0D,

To satisfy the group conditions, we consider the compositions of Tj, and Tp,

T, Ty, = C(61)C(02)e® MODT(A(6,))e O ea” MO (A(6,))e(C02)
_ 0(91)0(92)e<<(01),n(02)>€a*(n(01)+A(91)n(b‘z))P(A(gl)A(92))ea(<(02)+A(02)*C(01))

by applying (3.1), (3.2) and (3.3). Then the group property Tp,+9, = Ty, Ty, induces
following equations:

(01 + 62) = n(61) + A(01)n(62), (4.1)
A(61 + 62) = A(61)A(62), (4.2)
(61 + 62) = ¢(02) + A(62)"C(61), (4.3)
C(0; + 03) = C(6,)C () 002D (4.4)

and initial values are obtained as A(0) = 7, n(0) = ¢(0) = 0.
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Proposition 4.1 The one parameter family {Tp}ocr is a group if E-valued functions
1,¢, L(E, E)-valued function A and real valued function C satisfy following differential
equations:

1'(0) = A(0)n' (0), (4.5)
A'(0) = A()A'(0), (4.6)
¢'(0) = A(6)"¢(0), (4.7)
C'(0) = C'(0)C(H). (4.8)

Proor. Take #; =6 and 05 = h. Then from (4.2) we see
A0+ h)— A(9) = A(O)[A(h) — I]
which shows (4.6). In the same way, by taking 6; = 6 and 6 = h, we get
(0 + h) —n(0) = A(@)n(h).

Thus (4.5) is obtained. Similarly we have (4.7). For (4.8), consider a function f(z) =
C(2)el@:n@) Then f is differentiable and

Fl(z) = C'(x)e (€(0).n()) 4 C(2) (C(0), n(x)) {C(0).n(2))
shows that f/(0) = C"(0). So

C'(6) = C(6) lim CU)eOn C(6)C"(0)

is obtained. |

), (=¢(0)e E, A= A(0) € L(E,E) and c = C'(0) € R
4.5)-(4 .8) are obtained as followings:

A(f) = et C(0) =e?,

0
n(d) = /etAndt :/ e Cdt.
0

The proof is straightforward.

Theorem 4.2 Let nn = 1/ (0
be given. The solutions of (

Theorem 4.3 {Ty}ocr is a one-parameter group with the infinitesimal generator

dTy
— =cl+a* A(A g
2| =)+ A +a(0)
where n =1'(0), ¢ = '(0), A= A'(0), c= C"(0).
ProOOF. We can see by applying characterization theorem of operator symbol of
Tp. |

Corollary 4.4 Let A(0) =1 for 8 € R. Then one parameter family of
Ty = C(6)e” MO N (@)

is a group with the infinitesimal generator I+a*(n)+ N+a(C) where n =n/(0), ¢ = ¢'(0)
and N = A(I) is a number operator. For more details, see [2].

As a general case, one parameter group with the infinitesimal generator which is
a linear combination of a*(n),a(¢), A(B),Ag(A) and A%L(C) is studied in [4], where
A, B, C,n,( satisfy certain conditions.
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