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1 Introduction

Since the quantum stochastic integrals of adapted quantum stochastic processes have
been introduced by Hudson and Parthasarathy [10] as a quantum extension of the It6
(stochastic) integral, the quantum stochastic calculus has been studied extensively with
wide applications (see [28, 32]).

The Hudson-Parthasarathy quantum stochastic integrals has been extended to the
quantum stochastic integrals of nonadapted quantum stochastic processes by Belavkin
[3], Lindsay [24] and Attal & Lindsay [2]. Since then the nonadapted quantum stochastic
integral has been studied systematically in terms of quantum stochastic gradients by Ji
& Obata [16, 18]. Based on the quantum white noise theory [12], the notion of quantum
white noise derivatives has been introduced by Ji & Obata (see [14, 15, 16, 17, 19, 20]).
The explicit formulas [16] of integrands for quantum stochastic integral representation
of quantum martingales [11] has been derived in terms of the quantum white noise
derivatives. Also, the notion of quantum stochastic gradients [18] has been introduced
based on the notion of the quantum white noise derivatives. Recently, Ji & Sinha [21]
studied the quantum stochastic integrals for quadratic quantum noises.

On the other hand, based on the white noise theory [8, 22, 30] introduced by Hida,
Kuo & Russek [23] studied anticipating (classical) stochastic integrals by applying the
quantum decomposition of a Brownian motion.

In this paper, we study some regularity properties of the quantum Hitsuda—Skorohod
integrals as anticipating quantum stochastic integrals. Also, motivated by the results
in [23], we discuss new types of anticipating quantum stochastic integrals in terms of
pointwisely defined quantum white noise derivatives.

2 Admissible Generalized Operators

2.1 Admissible Rigging of Fock Space

We now review a construction of admissible rigging of Fock space which provides the
basic structure of this paper. Let H = L?(R,dt) be the Hilbert space of complex valued
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square integrable functions on R, = [0, co) with respect to the Lebesque measure dt and
let T'(H) be the Fock space over H defined by

r(H) = {¢ = ()t fa € HE" Sl fuf? < oo} ,

n=0

where H®" is the n-fold symmetric tensor product of H and | - | is the Hilbertian norm
on H and H®". For p > 0, we set

Gy = {¢ = (f)ozo € DH): N0l = Y nle™|fuf < 00}

n=0

and G_,, to be the completion of I'(H) with respect to the norm [ - ||, defined by

00
2 _
o2, =D nle™"|fal*.
n=0

Then {G,; p € R} forms a chain of weighted Fock spaces and so we have

G =projlimG, c G, C G =I'(H)CG_,C G =indlimG_,
p—r00 p—o0
for p > 0, where the strong dual space I'(H)* of T'(H) is identified with I'(H), and

the strong dual space G* of G is topologically isomorphic to the inductive limit space
indlim,_,o G_,. The canonical C-bilinear form ((-, -)) on G* x G takes the form:

(@, 0) = 0! (fas gy,  P=(f)€G", d=1(9.)€G,

n=0

where (f,, g») is the canonical C-bilinear form on H®" x H®™. Note that G is a countable
Hilbert space but not necessarily a nuclear space. An element in G is said to be admissible
or regular.

Remark 2.1 Let Ex C Hg C Ej be a Gelfand triple, i.e. Ey is a nuclear space, where
Hg = L3(R,,dt) is the Hilbert space of real valued square integrable functions on R
with respect to dt. Then for the standard Gaussian measure p on Ej characterized by

/ e dp(x) = e 2P, ¢ € Fg,
Eg

where (-, -) is the canonical bilinear form on Ejf x Fg again, by the Wiener-It6-Segal
isomorphism, I'(H) is unitarily equivalent with the Hilbert space L?(Ej, i) of complex
valued square integrable functions on Ej with respect to the Gaussian measure . In
this sense, the elements of G are considered as admissible Gaussian functionals. The
spaces G and G* were introduced by Belavkin [3] and have appeared along with classical
and quantum stochastic analysis, see e.g., [1, 4, 7, 11, 13, 14, 24, 25, 26, 33, 34].



2.2 Multiplications of Admissible Gaussian Functionals

Let ¢ = (fn), ¥ = (gn) € G be given. Suppose that f, = 0 and g,, = 0 except for finite
numbers of n and m. Then the Wiener product (or pointwise multiplication) ¢v) € G of
¢ and v is defined by

= (l+k K, =
¢ = (hn),  ha= ) §:m< Z ><m2_>fﬂk®MM+m (2.1)
I+m=n k=0

where fi11®rgm4x is the k-contraction of fi,j and gn x, see [30].
The following lemma is useful to study the continuities of Wiener product of admis-
sible Gaussian functionals and similar estimates can be found in [25] (see also [30, 33]).

Lemma 2.2 Let ¢ = (f,),¥ = (9.) € G be given. Suppose that f, = 0 and g, = 0
except for a finite numbers of n and m. Then for any p,r,s € R with r + s > 0 and

6(5737“)/2 T e(7“735)/2 n
1 <c" 2.2
"t )< () ) ‘ 22
for some 0 < ¢ < 1, it holds that
HWWM_l Tl N 1; - (2.3)

PROOF. For given h, as in (2.1), we obtain that

> I+ k k ’
’n'|hn|2 =nl ( Z Zk'( _Z, ><m;_ )|fl+k‘||gm+k|>

I+m=n k=0

2
<Z ZMlmk VI B (m o+ )l g, +k|> (2.4)

l+m=n k=0
where
—rl—sm —rl—sm
e (L+R)Im+k) g e
M = =0 k! ¢ S gV Clomirs
where "
l ! ! a/2\ """
Clm:qg = sup (i +n) Me’”” < el'm™ - < 0 (2.5)
S0 n! n! eq

for ¢ > 0 (see e.g., [30]: Section 4.1). Therefore, for any r € R and s € R with r+s > 0,
from (2.4), by applying Cauchy-Schwarz inequality we obtain that

2
e—rl—sm
il f? < o ( > M,W) T ET

l+m=n

2
\/m —ri—sm
< ( > e Cmrre | 1IN (26)

l+m=n
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By applying a simple inequality n™ < e™n!, from (2.5) we see that

e(r+s)/2

e(r+s)

(I+m)/2 €(T+S>/2 (I+m)/2
) v ()

r+s

G < e +/2 i (

Therefore, for any r € R and s € R with e"** > 2, from (2.6) we obtain that

2
nl
nl|h,|?* < < > e ‘Sm\/Cz,m;m) (xR

I'm
l+m=n
2
. V! . e(r+s)/2 (14+m)/2
<o Y P groem (€700 L6120 I
UIm! r+s
I+m=n
nl [els=30/2\ ! /or=3s)/2\ ™ ) )
< 1 _—
<(nt )g;n“m!( ) (5) Jrerner:
(s—3r)/2 (r—3s)/2\ ™
e +e
=) () MBI, 27)

Therefore, from (2.1) and (2.7) we obtain that

o o (s—3r)/2 (r—3s)/2\ "
” e + e
Pl = 3 e < lzm ) < ) ] VoI

e=(r 4+ s)

n=0 n=0

1 2 2
gl 4 B L) & (2:8)

for some 0 < ¢ < 1 satisfying (2.3), which gives the proof.

The following two theorem are obvious consequences of Lemma 2.2.

Theorem 2.3 ([33]) The Wiener product of admissible Gaussian functionals is con-
tinuous from G x G (equipped with the product topology) onto G. In particular, G is an

algebra with respect to the Wiener product.

Theorem 2.4 The Wiener product of admissible white noise functionals is continuous

from G* x G (equipped with the product topology) onto G*.

Let ¢ = (fn),¥ = (gn) € G be given. Suppose that f, = 0 and g,, = 0 except for
finite numbers of n and m. Then the Wick product (or normal-ordered product) ¢ © 1

of ¢ and v is defined by

dpotp=(k),  kn= > [igm, (2.9)

l+m=n

see [6, 8, 22]

The following lemma is useful to study the continuities of Wick product of admissible

Gaussian functionals and similar estimates can be found in [33].



Lemma 2.5 Let ¢ = (f,),¥ = (9.) € G be given. Suppose that f, = 0 and g, = 0
except for a finite numbers of n and m. Then for any p,r,s € R satisfying that

e2P7m) 1 2P < (2.10)

it holds that
2 2 2
Ioowl, <ol el (2.11)

PrROOF. For given k, as in (2.9), we obtain that

2
n”kn|2 =n! ( Z |fl||gm>

l+m=n
672r172sm ort ) ) )
T Sm
<nl! Z il Z Ne™| fi "m!e*™ g
l+m=n l+m=n

< (6727" +672s)”l ( Z l!€2rl|fl|2nL!623mgm|2> ’ (212)

l+m=n

Therefore, for any p,r, s € R satisfying (2.10), from (2.12) we obtain that

o0 o0
loowll =" nle?|k,[> <3 (¥~ 4 2=)" ( > l!em|fl|2m!eM|gm|2>
n=0 n=0 l+m=n
2 2
<lol* N2,

which gives the proof. O

The following theorem is an obvious consequence of Lemma 2.5.

Theorem 2.6 ([33]) The Wick product is continuous from G x G (equipped with the
product topology) onto G, and from G* x G* onto G*. In particular, G and G* are
algebras under the Wick product.

3 Admissible Generalized Operators

We denote by £(%,92)) the space of all continuous linear operators from a locally convex
space X into another locally convex space ) equipped with the topology of bounded
convergence. An operator in £(G,G*) is called an admissible generalized operator [14]
or simply admissible operator.

3.1 Integral Kernel Operators

Let [,m be non-negative integers. Let K;,,, € L(H®™, H®') and ® = (f,,)°%, € G*. For
each n > 0, we put

n+m)! n
Gl+n = (ni[)(Kl,m ® I® fn+m)sym~ (31)
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Then from Lemma 4.1 in [11], for any p € R and ¢ > 0, we obtain that

o oo
[+n) !
D o+ e g [ < Ky ? Y (04 m)! (Lt oy f, e
’ n! n!
n=0 n=0
— m 2
<N KOG Dl (3.2)

where || K| is the operator norm and Cj ., is given as in (2.5). Therefore, we define
an linear operator Z;,,,(K;,,) on G* by

El,m(Kl,m)cD = (gl-&-n);:o:ov ¢ = (fn)zio €gr, (3.3)

where g, is given as in (3.1). Then for any p € R and ¢ > 0 it holds that

I (Ki)® N, < [ Komlle®= 0™ /O @, PEG,  (34)

which implies that Z;,,(Kjm) € L£(Gprq,Gp). The operator =,,(K,,) is called the
integral kernel operator with kernel K, (see [13, 9, 22, 30]).
Now the following theorem is obvious.

Theorem 3.1 ([11]) Let I,m be non-negative integers and let K;,, € L(H®™ H®).
Then it holds that
El,m(Kl,m) S ﬁ(g, g) N E(g*7 g*)

Let n € H and let K, € L(H,C) be defined by K, (f) = (n, f) for any f € H. For
simple notation, we identify n = K, = K, where K is the adjoint operator of K, with

n’
respect to the canonical bilinear form (-, -), i.e., K(a) = an for all a € C. Then the
annihilation operator a(n) and the creation operator a*(n) associated with n are defined
by a(n) = Eg1(n) and a*(n) = Z1,0(n), respectively, and then from Theorem 3.1, it holds
that

a(n),a*(n) € L(G,G) N L(G",G").

It is straightforward to verify the canonical commutation relation:

[a(§),a(n)] =0, [a”(§),a" ()] =0, [a(),a"()] = [ &@n(t)dt = (&n)  (3.5)

Ry

for {,n € H.
The exponential vector ¢¢ associated with & € H is defined by ¢¢ = (£%"/n!) .
Then {¢¢; & € H} spans a dense subspace of G.

Proposition 3.2 ([14, 5]) Let ¢ € H be given. Then it holds that

a(()(PY) = (a(Q)P) ¥ + @ (a(()¥) , Peg’, veg, (3.6)
a(Q)(® o W) = (al()P) o U+ Do (a(()V), b,V eG (3.7)

Proor. (i) For any &, € H, we obtain that

a(C)(¢§¢n) = a(()(¢£+n)e<5’n> = <<a §+ 77) ¢£+ne<£’n> = << £+ 77> ¢£¢n
(a(C)e) by + b (a(C)@y) -



Therefore, by the continuity property a(¢) € L(G,G) N L(G*,G*) and the fact that
exponential vectors span a dense subspace of G and G*, we complete the proof.
(ii) The proof is similar to the proof of (i). In fact, we obtain that

a($)(de © by) = a(C)(Pern) = (G, §+m) ey = (¢, E+ 1) Pe 0 By
= (a(Q)¢e) © by + g © (a(C)dy) -

Let K € L(H, H). Then from Theorem 3.1, it holds that
AK) =E11(K) € L(G,G) N L(G", G").

The operator A(K) is called the conservation operator. for any p € R and ¢ > 0, from
(3.4) we obtain that

AR, < e™ 'V CralIKI T @M,y ®€G™ (3.8)

3.2 Multiplication Operators
Theorem 3.3 For any ® € G* and ¢,v € G, it holds that

(@, ) = (@, o) . (3.9)
PRrROOF. For given & = (F},) € G* and any &,n € H, from (2.1) we obtain that
l +k ®m
o, - ( > 5 (1H) s oS
l+m=n k=0 n=0
and
') n e} Tl —m + k‘ N §®m
(I)¢§’ an Z < Z > (anmek@kg@k) m!’ 77 >
n=0 0 k=0
o e o n + k Rk £®m ®<n+m)
=222 (Frn@u€™) © =,
m!
m=0n=0 \k=0
— elem Z<F Z ”+’€) ®n®€®k>
0 n+k=l
— e<5”7> P, ¢ §+n
= (@, ¢>n¢n>>-
Since the exponential vectors span a dense subspace of G, by the continuity of the Wiener
product (see Theorems 2.3 and 2.4), the proof is immediate. O

Let ® € G* be given. Then we consider the Wiener multiplication operator Mg :
G — G* and then from (3.9), ¢, ¢ € G, we obtain that it holds that

(Mg, ¥) = (o, ¥)) = (P, ¢u)) -
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Theorem 3.4 ([30]) For each ¢ € H, X; = (0,(,0,---) € G as a Wiener multiplica-
tion operator is represented as the sum of a(¢) and a*((), i.e,

Xe = a() +a*(0), (3.10)

which is called the quantum decomposition of X,,.
PRrROOF. Since X = (0,¢,0,---) € G, from (3.9) we obtain that

(Xede, dy) = (Xe, deby) = (X, dery) & =(C, 4+ m)elo?
= ((a(¢) +a*(¢)) ¢¢; ) ;
which gives the proof. O

For each t > 0, put B; = X1,,,,- Then {B¢}+>0 becomes a Brownian motion which is
called a realization of Brownian motion and so from Theorem 3.4 we have the following
quantum decomposition of Brownian motion:

B, = a(l[ovt]) + a*(l[ovt]), t>0. (3.11)

Remark 3.5 The operators £(G, G*) on admissible Gaussian functionals play an essen-
tial role in the study of quantum martingales and integral representations [11, 14, 16, 17].

4 Quantum White Noise Derivatives

In this section, we briefly review some basic properties of quantum white noise derivatives
[14, 15, 16, 17, 18, 20].

4.1 Annihilation and Creation Derivatives

For any admissible operator = € £(G,G*) and ¢ € H, from Theorem 3.1 the commutators

[a(€), E] = a(OE - Ea((),  —[a™((),E] =Ea"(() —a"(O)E

are well defined as compositions of admissible operators, i.e., belong to £(G,G*). We
define

DZFE: [a(¢), =], DgEz—[a*(C),E].
These are called the creation derivative and annihilation derivative of Z, respectively.
Both together are referred to as the quantum white noise derivatives (qun-derivatives
for brevity) of Z. By the definitions, it is obvious that

(DFE)" = ([a(¢),E)" = (alQ)=" = Z*a(())” = Za*(¢) — a*(¢)=
— D;E, (4.1)

For each admissible operator = € £(G,,G,), we operator norm of = is denoted by

IP;‘I'

Theorem 4.1 ([14]) Let ( € H be given. Then DCi are continuous linear operators
from L(G,G*) itself.



PROOF. Suppose that = € £(G,,G,). Then for any r > 0, by applying (3.4), we
obtain that
IDEE| = I1a(©); Elllp—pigr = N6()E = Ea(O)l—riqr
< lla(OllggrIEllpq + |EllpallalO) p—rip,

which implies that Dzr is a continuous linear operator on £(G,G*). Similarly, we see
that D is a continuous linear operator on L(G,G%). O

p=rigtr

Proposition 4.2 For each ( € H and ® € G*, it holds that
(DfMa) ¢o = (D; Ma) ¢ = a(C)®.
PrROOF. We obtain that
(DZqu») ¢o = (a(Q)Ms — Msa(()) ¢o = a(C)®,
(D Ma) do = (Maa™(C) — a*(¢()Ma) do = PX¢ — a*(()P = a(()2,
where we used the quantum decomposition as ®X. = X @ = (a(¢) + a*(¢))P. O

4.2 Pointwise QWN-Derivatives

Let ¢ = (fn) € G and t € Ry be given. Suppose that f,, = 0 except for a finite number
of n. We define

Do := (nfn(t7 '));.LO:D
where f,(t,-) € H@)(”’”7 and then D is called the classical stochastic gradient. The
classical stochastic gradient is denoted by V in some literatures see [8, 16, 18, 22, 29].
We now extend the domain of D to the space G*.

Lemma 4.3 ([16]) For any p € R and r > 0 we have
1D6l 72w, g,y = /R I Do) 12, dt < K(p.r) o),  ¢€G, (4.2)
+

where K (p,r) = sup,, (n+1)e*~*" < co. In particular, the classical stochastic gradient
DG, I*R.G ) 2 AR DG, , (43)

s a continuous linear map.

PROOF. For each ¢ = (f,)72, € G consisting of continuous functions f,, on R, we
have Do(t) = ((n+1) fny1(t, )22, where the right-hand side has a pointwise meaning.
Then we obtain that

/R I Do) 2, dt =3 mle=2w+n / (4 1) (8, ) 2t
+ +

n=0
oo

=Y (n+ 1) x (n+ e PV £ 3

n

=0
< Kpr)lel2,,
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which implies the proof of (4.2). O
Put

L*(R,G) := projlim L*(R,G,) = projlim L*(R) ® G, ,

p—o0 p—o0

L*(R,,G") :=indlim L*(R,,G_,) = indlim L*(R) ® G_,.
p—00 p—ro0

Then by Lemma 4.3, the classical stochastic gradient D is a continuous linear map from
G into L*(R,,G) and from G* into L*(R,,G*).

We see from (4.3) that D®(¢) has a meaning as G_,_,-valued L?-function in ¢ € R;.
Given ¢ € L*(R;), the linear map G,., 3 ¥ — (D®, ( ® ¢)) is continuous. Therefore
there exists a unique ¥ € G_,,_, such that

(D®, ¢ ) = (¥, ), ¢ €Gppr

It is reasonable to write
v = C(t)DD(t) dt.

Ry

As is easily seen, the Schwarz inequality holds:

<Kol Dl 2y, - (4.4)

—p—r

H‘ 5 C(t)DD(t) dt

which implies that the map

g,p S5 — C(t)Dq)(t) dt € Q_(pm

Ry
is continuous. On the other hand, for any £ € H, we obtain that
CA)Doe(t)dt = | C(t)adedt = | C(0)E(E) P db = (C, &) e
Ry Ry Ry
= a(() .

Therefore, we obtain that

(D) dt = a(C)D, e G (4.5)
R

see [16].

Remark 4.4 The space G* as a domain of the classical gradient D appeared in Aase—
(Oksendal-Privault-Ubge [1]. For a standard domain see e.g., Kuo [22], Malliavin [27],
Nualart [29].

Let 2 € £(G,,G,) for some p,q € R. Then for any » > 0 and ¢ € G, from (4.2) we
obtain that

— 2 =12 2
R B N E A P
Ry Ry

— 12 2
S K= ) IE L 10 I »
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which implies that
—_ 2 =12
/ IZD¢ [, g dt < K(=p,7) [ 2]
Ry

and so the map
L(Gp,Gg) 25— ED € LQ(RJmﬁ(gprh Gq)

is continuous. Similarly, we obtain that
= 12 = 112 =112 2
/R I D= N, dt < K(=g,r) 121, < K(=g, ) I E [, 121,
+

which implies that

- 2 =2
||| :Dt |||p+7’;q dt < K(_pa T) H| = ”|p;q ’

Ry
and so the map
£(G,,G,) > =+ D= € L*(Ry,L(G,,Gy—r)

is continuous. Therefore, the pointwise creation derivative D} is defined by

and D; Z is an £(G, G*)-valued L*-function in ¢ € R,. Motivated by (4.1), the pointwise
annshilation derivative D; is defined by

D;E=(D{Z),  EeL(G.6).

see [16, 18]. In fact, for given E € £(G,G*) and ¢ € H, from (4.5) we obtain that

((t)D;Edt = D=

Ry
and
DEE = (D;E*) = ¢(t) (DjE*) dt.
Ry
Proposition 4.5 For eacht > 0 and ® € G*, it holds that
(Dqu,) ¢p = (D{Mq,) @9 = D;P.
PrROOF. We obtain that
(D Mg) ¢o = (DyMg — My Dy) ¢y = Dy,
(D; Ms) ¢o = (D M3)" ¢o = (D Ms)" ¢o = (Mp,a)* ¢o = D, 2,

which gives the proof. O
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5 Anticipating Quantum Stochastic Integrals

For each t > 0, let F; be the o-field generated by {Bs; 0 < s < ¢}. A one-parameter
family ® = {®; };>0 C G* is called a generalized stochastic process [4, 11, 31] if there exists
ap > 0 (independent of t > 0) such that &, € G_, for all t > 0 and themap t — &, € G_,
is Borel measurable on R;. A generalized stochastic process {®; = (F}.,) }i>0 is said to
be adapted (w.r.t. F) if for all t > 0 and n > 0, suppFi,, C [0,¢]™.

A one-parameter family {Z;}er, C £(G,G*) is called a quantum stochastic process.
Our approach covers a wide class of classical and quantum stochastic processes in the
sense that G* and £(G, G*) involve distributions. As examples, for each ¢ > 0, we put

Ay =a(lpy), Af=a"(1pg), A =Z11(1p.)

For the definition of A4, the indicator function 1j4 is considered as a multiplication
operator on H, ie., 1jy(§) = Lpyg& =: o for any & € H. Then for each ¢ > 0,
A, A A € L(G,G) N L(G*,G*). The processes {A;}i>0, {45 >0 and {A; 1150 are called
the annihilation, creation and conservation (or gauge) processes, respectively.

5.1 Quantum Hitsuda—Skorohod Integrals

In this section, we study the Hitsuda—Skorohod type quantum stochastic integrals with
their regular properties.

Theorem 5.1 Let p,q € R be given and Z € L*(Ry, £(G,,G,)) be a quantum stochastic
process. Then there exists an admissible operator, denoted by 6~ (Z), in L(Gptr, G,) for
any r > 0 such that

@6 = [ /D)t (5.1)

Ry

for any ¢ € G.

PROOF. For any ¢ € G and r > 0, by applying (4.2), we obtain that

m / Z()(Dig) dt || < / IZ®) 1, I Dol dt
Ry q Ry

1/2 12
< ([ vzor,a) " ([ 0ok )
1/2
<VEK(-p,r) (/R 1@ 12, dt) I612,.,

which implies that the linear operator
Gpir D O — E) (Do) dt € G,
Ry
is continuous. ]

For given = € L*(R,, £L(G,, G,)), the admissible operator 6~ (Z) satisfying (5.1) is
called the annihilation integral of =, see [3, 24, 16, 18].



Remark 5.2 Let p,q € R be given and E € L*(R, £(G,,7,)) be a quantum stochastic
process. Then for any £ € H, we obtain that

5 (2)pe = /Dh E(t)(Dyge) dt = /ﬂh §()E(t)pg dt = </R

which implies that

E(t) dAt> o,

+

5(2) = /R =(t) dA,

on a certain domain. Furthermore, if = is adapted, then 07 (Z) coincides with the
annihilation integral of Hudson-Parthasarathy. For the definition of the adaptedness
of quantum stochastic processes, we refer to [11]. Also, for more study on quantum
Hitsuda—Skorohod integrals, we refer to [3, 24, 18].

As for a criterion for §~(Z) being a bounded operator on I'(H ), we have the following
corollary. A similar result can be found in [18].

Corollary 5.3 For any r > 0 and = € L*(R,L(G_,,['(H))), the annihilation integral
07 (Z) is a bounded operator on T'(H).

PROOF. The proof is immediate from Theorem 5.1. ([l

Theorem 5.4 Let p,q € R be given and = € L*(Ry, £(G,,G,)) be a quantum stochastic
process. Then there exists an admissible operator, denoted by 6% (Z2), in L(Gp, G4—,) for
any r > 0 such that

(6 (B¢, v) = / (E(t)o, D)) dt (5.2)

Ry

for o, 9 €G.

PROOF. For any ¢, 9 € G and r > 0, by applying (4.2), we obtain that

dé<@@w,mw»ﬁ‘SA;Hﬂﬂ¢mmequt

1/2 1/2
= 2 2
<([1zon, @) ([ 1owr, ) e,
1/2
< VR ([ 1501, ) 1ol 1v ] ...

which implies that the bilinear form

Gp X Gogir 2 (9,4) — | (E@)), D) dt € C

Ry

—_

is continuous. Therefore, there exists a unique admissible operator 6 (Z) € L(G,, Gp—r)
such that (5.2) holds.

For given = € L*(R,, £(G,, G,)), the admissible operator 67 (Z) satisfying (5.2) is
called the creation integral of =, see [3, 24, 16, 18].

As for a criterion for §*(Z) being a bounded operator on I'(H ), we have the following
corollary. A similar result can be found in [18].
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Corollary 5.5 For anyr > 0 and = € L*(R,L(T'(H),G,)), the creation integral 6+ (=)
is a bounded operator on I'(H).

PRrROOF. The proof is immediate from Theorem 5.4. O

Remark 5.6 The classical Hitsuda—Skorohod integral § is defined as the adjoint map
of the classical stochastic gradient D (see [8, 18, 22, 29]), i.e., for given ¥ € L*(R,,G*),
the classical Hitsuda—Skorohod integral §(¥) € G* of U is defined by

(6w, o) = [ (w0, Doyt weq (53
Therefore, by denoting (2¢)(t) = Z(t)¢, from (5.2) we have
F(E)p=0(E0), o¢€g, (5.4)

see [2, 24, 18].

The creation and annihilation integrals are related directly. The following corollary
gives a relation between creation and annihilation integrals.

Corollary 5.7 ([18]) Let p,q € R be given and E € L*(Ry, L(G,,G,)) be a quantum
stochastic process. Then it holds that

(67(2)" =d"(E). (5.5)

PRrROOF. For any ¢, % € G, we obtain that

(5 (@), ) = / () (D), ) dt = / (= (0), (Did)) dt

Ry
= (0" EY, ¢)),
which proves (5.5). O

Theorem 5.8 Letp,q € R be given and = € L™ (R4, L£(G,, G,)) be a quantum stochastic
process. Then there exists an admissible operator, denoted by §°(Z), in L(Gpir, Gg—r) for
any r > 0 such that

(@), ¥) = / (E()Dub, D) dt (5.6)

Ry
for ¢, € G.

Proor. The proof is a simple modification of the proofs of Theorems 5.1 and
5.4. O

For given £ € L*(Ry, £(G,,G,)), the admissible operator §°(Z) satisfying (5.6) is
called the conservation integral of =, see [3, 24, 16, 18].

As for a criterion for 6°(=) being a bounded operator on I'(H), we have the following
corollary. A similar result can be found in [18].

Corollary 5.9 For any r > 0 and = € L*(R,L(G_,,G,)), the conservation integral
0°(Z) is a bounded operator on T'(H).

PROOF. The proof is immediate from Theorem 5.8. [l



5.2 Extensions of Anticipating Quantum Stochastic Integrals

In this section, motivated by the results in [23], we discuss extensions of the quantum
Hitsuda-Skorohod integrals studied in Section 5.1. Based on the quantum white noise
calculus [12], we have the following integral representations:

t t t
Ay :/ asds, A} :/ ayds, N\ :/ aasds,
0 0 0

where g, and a; are the pointwisely defined annihilation and creation operators. On the
other hand, the pointwisely defined annihilation operator a; and the stochastic gradient
D, coincide on a certain domain. Hence, the following informal computations gives moti-
vations for extensions of the quantum Hitsuda-Skorohod integrals: for a given quantum
stochastic process {Z; }1>0 C L(G, G*) of enough regular operators =;, we may write as

t t
/ EudA, = | E.Duds =6 (1p4%),
0

¢ ¢
/ (dA,) Eq /Dsude— =D, ds+/ DfEids =0 (1j04Z) + /DjEsds,
0 0 0
/(dA* = /D*:Sds_6+( 045),
0
/ = _SD ds =d0"(1 42) / D Eqds,
0

/(dA z, /DDHds—é( 0uZ) + 0% (1 DIE). (5.7)

[I]

[I]

= _SDDds—é(OtE)Jré( 4D E),

o

However, DtlLEt has no meaning directly. For example, we consider the annihilation
process A; = a(1p,) and then
D;AS = l[oys](t).

But the annihilation process A; can be defined as a(lpy) and then we would have
D; Ay = 1y (t). Therefore, D; A; cannot be defined in a unique way [23]. From
the above example, if we deal with quantum stochastic processes, then it is natural to
consider two kinds of pointwisely defined annihilation derivative, D,i and Df . Let
{Et}s>0 C L(G,G*) be a quantum stochastic process. We define

+ = e . £
D E = 1;112 D=, DfE, = 1;%1 D=y,
if the limits exist.
Definition 5.10 Let {E:}+>0 C £(G,G*) be a quantum stochastic process.

(1) Suppose that §7(Z) exists, and D, =, exists and it is integrable on R, . Then we
define

/ Z.dAr, =57 () + | DyEt. (5.8)
R, R,
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(2) Suppose that §7(Z) exists, and D;_ =, exists and it is integrable on R,. Then we
define

/ ZdAr =5+ (2)+ [ Dr .. (5.9)
R4

R4

(3) Suppose that 67 (Z) exists, and D, =, D,_=, exist as integrable functions on R;.
Then we define

<a> / Et o) d142F = (5+(E) + aq Dt_JrEtdt + [6%) Dt_iEtdt (510)
Ry Ry Ry

for o = (a1, az) € R?, which is called the < a>-creation integral.

Theorem 5.11 Let p,q € R be given and let = € L*(Ry,L(G,,G,)) be a quantum
stochastic process.

(1) Suppose that D=, exists and D, Z. € L'(Ry, £(G,,Gy—r)) for some r > 0. Then
the integral fR+ Ed Ay, eists as an operator in L(Gp,, Gg—y).

(2) Suppose that D;_Z, exists and D_Z. € L*(Ry, L(Gp, Gy—r)) for some r > 0. Then
the integral fR+ = dA;_ exists as an operator in L(G,, Gy—r).

Proor. (1) Since = € L*(Ry, £(G,,G,)), by Theorem 5.4, the quantum Hitsuda-
Skorohod creation integral d*(Z) of = exists as an admissible operator in £(G,, G,—s) for
any s > 0. Also, since, by assumption, D, =, exists and D= € LRy, £(Gp, Gy—r))
for some r > 0, for any ¢ € G we obtain that

| [ pazoa| < ([ IDezd,,. @)10l,.
R, R,

which implies that the integral fR+ Dy, E; dt exists as an admissible operator in £(G,, G4—).

q—r

Finally, the integral fR+ Zwd A}, exists as an operator in £(G,, Gg—r)-
(2) The proof is similar to the proof of (1). O

By similar arguments used in Definition 5.10, we can define the quantum stochastic
integrals of types given as in (5.7) of which the study will be appear in some other
papers.
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