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INTEGRAL KERNELS OF THE RENORMALIZED
NELSON HAMILTONIAN

Fumio Hiroshima}
Faculty of Mathematics, Kyushu University'

Abstract

In this article we consider the ground state of the renormalized Nelson Hamil-
tonian in quantum field theory by using the integral kernel of the semigroup gen-
erated by the Hamiltonian. By introducing an infrared cutoff, the existence of
the ground state is shown and the expectation values of observables with respect
to the ground state are given in terms of a probability measure.

1 Introduction

This is a joint work with Oliver Matte [19]. Since the end of the last century several
interaction models between quantum mechanical matters and quantum fields have been
investigated; the Pauli-Fierz model [25] in non-relativistic quantum electrodynamics
and spin-boson model have been typical examples. There are a lot of contributions
to studying ground states of models. Here the ground state describes an eigenvector
associated with the bottom of the spectrum of a self-adjoint operator. The Hamiltonian
of the interaction system can be realised as a self-adjoint operator and we are interested
in investigating the ground state of the Hamiltonian, e.g., the existence of the ground
state and its properties.

In this article we discuss the ground state of a renormalized Hamiltonian introduced
by Edward Nelson in 1964 [23, 24] to consider the removal of ultraviolet cutoffs. This
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model is nowadays the so-called renormalized Nelson Hamiltonian. The renormalized
Nelson Hamiltonian describes a linear interaction between non-relativistic spinless nu-
cleons and spinless scalar mesons, where the non-relativistic nucleons are governed by
a Schrodinger operator acting in L2(R4Y), where N denotes the number of nucleons
and d the spatial dimension. The physical reasonable choice is d = 3. In this article
we assume that N =1 and d = 3 for simplicity.

In mathematics field operator

1 o =
o(f) = ﬁ(af(f) +a(f)) (1.1)

can be defined for f € L?(R3), but in physics ¢(z) is defined by ¢(f) with f = (- —z).
It is not straightforward however to define ¢(z). Tt is common to define ¢(z) as the
limit of ¢(f,) as n — oo, where f, — §(- — x) as n — oo in some sense. f, is called
cutoff function or ultraviolet cutoff function in this article. The Nelson Hamiltonian is
defined by introducing cutoff functions and it can be realised as a self-adjoint operator

acting in the Hilbert space given by
H =LR ZF,
where . denotes the boson Fock space over L?(R?) defined by

F = o[ Lam (R*)],

sym

where L2 (R3") denotes the set of symmetric L*-functions with L% (R?) = C. We

sym sym

set FW = L2 (R®) and

sym
Fo = {® € .F | Im such that &™) =0 for Vn > m}.

Fy is called the finite particle subspace of .%. Subtracting a renormalization term
from the Nelson Hamiltonian, we can define the renormalized Nelson Hamiltonian H.
A crucial point is that H. is defined by the limit of the Nelson Hamiltonian and
consequently it is given as a semi-bounded quadratic form. Then it is impossible to

see an explicit form of H, as an operator in 7. Recently J. Mgller and O. Matte [22]



however succeeded in constructing a Feynman-Kac type formula of e=7#>= explicitly.

More precisely it is shown that

(Pe™G) , = [ daB (F(Bo). K G(Br), .

Here (-, ) # is the inner product on .Z, (B;);>¢ denotes 3-dimensional Brownian motion

and K is an integral kernel which is of the form
Ky = e*foT V(Bs)dsea*(U)efTH[ea(U).
In this article we shall show (1) and (2) below:

(1) If an infrared cut off is introduced, then H,, has the ground state ¢, and it is

unique up to multiple constants.

(2) The ground state ¢, = @, (z, ¢) is localized in the sense of Gaussian domination

with respect to field operators ¢, and super-exponential decay of the number of

bosons:
o0
D e eaqag sy < 000 Y5> 0.
n=0

Above (1) and (2) can be proven by using Feynman-Kac type formula mentioned above.

2 Renormalized Nelson Hamiltonian

2.1 Definition of the Nelson Hamiltonian with cutoffs

In this section we define the renormalized Nelson Hamiltonian as a self-adjoint operator
acting in H. The Nelson Hamiltonian with ultraviolet cutoff A is defined by

Hy=H,®1+1® H; + H;.
We explain H,, H; and H; below. First

1
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denotes a Schrodinger operator acting in L?(R?). Here we assume that the mass of
the particle is one and we shall give an assumption on V' below. Operator Hy = dI'(w)

denotes the free field Hamiltonian acting in .# defined by the second quantization of w:

(w@o=0@{@_ ﬁiM@ﬂ},

j=1
where w(k) describes the dispersion relation (the multiplication operator by w(k)).
Note that Hf acts as

Hi® = @2, (Zw(kj)> DM (ky, - k)

=1

for & = @ ;@™ (ky,--- ,k,). Finally Hj is the interaction term defined by

—zkz%@KA(k) a eikm‘ﬁn,f\(k)
= f/( o) *) w(k)>dk‘

Here a(k) and af(k) are the formal kernel of the annihilation and creation operators,

respectively, satisfying canonical commutation relations:
[a(k), a (K')] = 6(k — K').

Using this notation we have a(f) = [ f(k)a(k)dk and a'(f) = [ f(k)a'(k)dk. Both

a(f) and a'(f) are closed operators and they satisfy canonlcal commutatlon realtions:

[a(f),a(9)] = (f,9)-

PK.A is the cutoff function given by

0, k| <=k,
Gualk) =41, k<R[ <A,
0, |k|>A

)

with infrared cutoff parameter x and ultraviolet cutoff parameter A such that
0<k<A.



In order to give an assumption on V' we define the Kato-class of potentials [4, 21].

Potential V : R? — R is called d-dimensional Kato-class potential whenever

lim sup / | l9(z —y)V(y)|dy =0
|lz—y|<r

r—0 reRd

holds, where function g depends on the dimension and is given by

|.Z’|, d= ]-7
g(z) = { —loglz|, d=2,
|z |4, d> 3.

We introduce assumptions used through this article unless otherwise stated.
Assumption 2.1 (Dispersion relation and potential) We assume (1) and (2):
(1) w(k) = [kl

(2) V is 3-dimensional Kato-class potential.

It can be seen that H; is infinitesimally small with respect to H, ® 1+ 1® H;. By the
Kato-Rellich theorem [20] H) is self-adjoint on D(H, ® 1+ 1® H;) and bounded from

below. We mention it as proposition below.

Proposition 2.2 Let k > 0 and A < oco. Then H, is self-adjoint and bounded from
below on D(H, ® 1+ 1® Hy).

2.2 Definition of the renormalized Nelson Hamiltonian

According to [23], we introduce the renormalization term defined by

1 [ [@ealk)?

Ey=—
AT e w(k)

(k) dk,

where (k) describes a propagator given by

6109 = (wih) + ;w)l.

We notice that lim F, = —c0.
A—oo

13
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Proposition 2.3 (Nelson [23]) Let x > 0. Then there exists a self-adjoint operator
H, bounded below such that for any 7" > 0

lim e~ T(Ha—En) ~THeo

KR—00

=€

Nelson [23] proved the convergence in Proposition 2.3 in the strong sense. It is however
shown that this convergence is in the uniform sense in e.g. [22].

We shall see that e"7#> can be represented in terms of path measures. Let (Bt)t>0
be 3-dimensional Brownian motion on a probability space (Q2, F, W?®), where W* de-
notes a probability measure on €2 such that W* (By = z) = 1. Let

T 7sw(k) T ef\Tfs\w(k)

\/7]1|k|>n6 ikBSdS, U= | Wﬂ\k\zneikBst-
Both integrals are finite for arbitrary x > 0 and R® > k # 0. Furthermore since
E s [U?dk] < oo and E[ [y, |U[*dk] < oo, we can see that U,U € L?(R?®) almost
surely. Hence both af(U) and a(U) are well-defined closed operators almost surely.
Here we review the exponentials of annihilation operators and creation operators.
See [17, Appendix B] for the detail. Let f € L?(R?) and we define the exponential of

creation operators Fy by

2

P-4

n=0

and the domain is given by
D(Ff){<1>€ﬂ |Z—Ha n¢>|<oo}.

Let ® € .Z(™) Thus we have

vm+n—1---y/m

[E5 @] < [[@]l +Z LA"1@]] < oo

n=1

Fo C D(Fy) follows. We also define the exponential of annihilation operators by

=1
Gr=2_ el



with the domain
=1
D(Gy) = {‘P €M, D)) [ —illalf) el < OO} :
n=0 "

We simply write Fy = e and G F= ¢®) whenever confusion may arise. Then we
can see that (e“f(f))* S e*f) and this implies that e*'() is closable. The closure of
e (1) is denoted by the same symbol. Similarly the closure of e*) is denoted by the

same symbol.

Proposition 2.4 (Algebraic relations) Let f,g € L*(R3) and P be a polynomial.
Suppose that Q € .% be the Fock vacuum. Then (1) ¢ @ed'(NQ = ea'(F+a)Q
(2) P(a(g))e” D0 = P((g, f))e” NQ and (3) e*@er'(NQ = e@ea' (NQ,

Proof See [17, Appendix B]. ]
We note that e*'()Q is an eigenvector for a(f) such that a(f)e® Q= (g, f)e*' Q.

We conclude that the spectrum of a(f) is C. e*'()Q is called a coherent vector.

Proposition 2.5 (Boundedness) Let ¢ > 0 and f € D(1/y/w). Then both e (f)e=tHr

and e~tHtealf) are bounded operators.

Proof See [17, Appendix B]. ]

Let A= e We=3Hr and A = e~ 3 Hieal0),
Lemma 2.6 Let k > 0. Then A and A are bounded.

Proof Since E[ [y, |U[*/wdk] < co and E[ [y, |U[?/wdk] < oo, the lemma follows from
Proposition 2.5. O

Theorem 2.7 (Matte and Mgller[22]) Let k > 0. Let F,G € H. Then it follows
that

Z

(FeT=G) = / daf” [e*foT V(Ba)ds g 3 Seen (F(BO),AAG(BT)) } (2.1)
R -

)

13
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where phase factor S,e, is given by

T ¢ T
Sren = 2/ (/ Vo(Bs — By, s — t)ds> dB; — 2/ wo(Bs — Br,s — T)ds
0 0 0

and
o—ikX o= [tlw(k)

wo(X,t) = /]RS T(k)ﬁ(k)]llklzﬁdk'

~THe for T > 0 is positivity improving, and if H,, has a ground state,

In particular e

then it is unique up to multiple constants.
We give several remarks on Theorem 2.7.

(1) In (2.1) we identify H with L*(R*;.%): the set of .#-valued L*-functions on R?.
Le., F € H implies that F(z) € # for each z.

(2) We revive a coupling constant g in Ha by replacing Hy with gHy. Then renor-
malization term E, is identical with the coefficient of g2 in the expansion of the

ground state energy of Hy with V =0 on ¢?, i.e.,

E(g) = Exg® + > _ ang™,

2<n

and we can see that lim Zang2n < 00. See [16].
A—o0 e

(3) Gubinelli,Hiroshima and Lorinczi [13] derived (2.1) for F,G € D with some dense

domain D.

3 Ground states

3.1 Existence of the ground state

The difficulty in establishing the existence of the ground state in quantum field theory
comes from the fact that the bottom of the spectrum lies in the essential spectrum,

not below it, as is the case for usual Schrodinger operator. Let us consider Schrédinger



operator —A/2+V with external potential V which satisfies V € L>*(R?) and |V (z)| —
0 as |z| — oo. This assumption yields that V' is relatively compact with respect to
—A/2; V(=A/2 +m)~! is compact for any m > 0 and the essential spectrum of
—A/2+V is [0,00). Let e be the bottom of the spectrum of —A/2+V and e, that of
—A/2. eg is equal to the bottom of the essential spectrum of —A /24 V. Then ey = 0.
If e < e, then e is discrete and we can conclude that —A/2 4V has the ground state.
Consider Hy. Similar to —A/2+ V', we denote the bottom of the spectrum of Hy and
H, with no external potential by F and Ej, respectively. In the case of the Nelson
Hamiltonian, despite inequality F < Ey, E lies in the bottom of the essential spectrum,
and it is unclear that H, admits a ground state.

In the case of A < oo it is shown that the ground state of Hy exists and it is unique
up to multiple constants. This is due to e.g., [2, 5, 6, 27]. In [14] the existence of
a ground state of the renormalized Nelson Hamiltonian without ultraviolet cutoff is
shown but only for sufficiently small coupling constants.

In this section using Feynman- Kac type formula mentioned above we can also show
that the ground state of H, exists for arbitrary values of coupling constants for x > 0.

Note that in our setting the coupling constant is absorbed in coupling function ¢, .

Theorem 3.1 (Hiroshima and Matte [19]) Suppose that x > 0. Then the ground

state of H, exists and it is unique.

Proof The uniqueness is due to Theorem 2.7. We shall show the existence. Outline
of a proof is as follows. See [19] for the detail.

Step 1: We assume that w(k) = /]k[2 + v2 with some artificial constant v > 0.
Let G C R3 be a bounded and open subset. Let

7¢(x) = inf{t > 0|B, + = ¢ G}
be the exit time from G. In particular when = & G,7g(x) = 0. Define the quadratic

form @, : S x € — C by

QU xds [ daE® [nmmzte%&ene*fo‘ V(B.)ds (\IJ(BO),AZ@(Bt)ﬂ .

R3

17
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Thus it can be seen that there exists a self-adjoint operator Hg bounded from below
such that (¥, e "¢ ®) = Q,(¥, ®). The self-adjoint operator Hg can be regarded as a
self-adjoint operator on L*(G) ® .%. Under the identifications .# = L?(Q) with some
probability space (Q, B, i1), and

L*(G)® F =2 L*(G xQ),

it can be seen that e "¢ is hypercontractive for t > 0. Hence Hg must have the
ground state in L?(G x Q) by [12, 26], since X X p is a finite measure on G x Q and
e et > 0, is hypercontractive. Here \ denotes the Lebesgue measure on G.

Step 2: Let ¢ be the unique ground state of Hg with p > 0 and we extend ¢¢ to

the vector on L?(R3 x Q) by zero-extension, i.e.,

Sule,d) = {%(w) (1.0) € G xQ
0 (z,9) ¢ G x Q.
Let ¢, = ¢g, and G,, T R3. It can be seen that {¢, } is a Cauchy sequence in L?(R3x Q)
and nlgl}\ ©p, exists for each A < oco. The limit is denoted by @, and it is the ground
state of Hy with p > 0.

Step &: Tt is established that if Hy with ¢ > 0 has the ground state, then H, with
= 0 also has the ground state, since £ > 0. This trick is used in e.g. in [5]. We
denote the ground state of Hy with p = 0 by the same symbol @,.

Step 4: Suppose that A — oo. Hence it can be also shown that {¢,} is a compact
set in L2(R® x Q) by using the uniform convergence of e~ to e7tl> as A — oo,
the pull-through formula, spatial exponential decay [2, 11] and the Kolmogorov-Riesz-
Fréchet type theorem [18]. This implies that {¢x} includes a strongly convergent
subsequence @, and we can conclude that Al’gnoo ©n = g is the ground state of H.
|

3.2 Ground state expectations

Problems we are interested in are the expectation values of observables with respect to
the ground state of H,. Let O be an observable realised as a self-adjoint operator in

. We want to estimate (¢4, Op,). Typical examples of O are et#N and etBo(f)?



3.2.1 Super-exponential decay of the number of bosons

We consider the Nelson Hamiltonian without the interaction: Hy, ® 1+ 1® H. The
ground state of it is f ® 2, where f is the ground state of H,. Then the number of
bosons of f ®Q is zero. Le., (1@ N)f ®Q =0, where N denotes the number operator
defined by N = dI'(1). We want to estimate the number of bosons of the ground
state ¢y of Hy. We define the number operator with momenta grater than one by!
N, = f‘k‘ZIaT(k)a(k’)dk and N_ = a'(k)a(k)dk. Then N = N, + N_. We set
1® N by N.

[k|<1

Lemma 3.2 ¢, € D(e®N+) for any 8 > 0.

Proof Let E be the bottom of the spectrum of Hy,. We have p, = e'Fe =, for

any t > 0. Then [[eNy,|| = e'F|le#Ne >y, || and by Feynman-Kac formula we can
see that
(FeNe =G = / dzE” {e%Sre“e_ Jy v (Bs)ds (F(Bo), €ﬂNA/~1G(Bt))} .
R3

It can be also seen that

- 1 -
ANE AL — 6a*(e" KZ10) BN ,~tH ja(D)

)

and e®M+e " is bounded for t > /3, since

PN+ o—tH F(e—t\k\+3ﬂ|k\z1) _ F(eﬂw21(—t|k|+3))r(e—t|7€|ﬂ|k\<1)

and 151 (—t|k| + ) < 0 for any |k| > 1. Then |(F,e?N+e H=G)| < C||F||||G| with
some constant C' depending only ¢ and 3. Thus e®N+e~*H~ is bounded and the lemma

follows. O

Lemma 3.3 ¢, € D(e’-) for any 8 >0

LN, = dl'(Ljg>1) and N_ = dI'(1j<1).

79
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Proof To show the lemma we use the Gibbs measure associated with the ground
state ¢,. Let (By)ier be 3-dimensional Brownian motion on the whole real line R. Let
F: = o(By;—t < r < t) be the sigma-field generated by {B,;—t < r < t}. We set
G = 0(Ui>oF). Define the probability measure ju(-) by

1
/,Lt(A) = 7/ dzE* [:ﬂALt} 5 A S g,
t JR3
where Z; denotes the normalising constant and
L= f(Bo) f(By)exSene [V

with

T t T
Sren = 2/ (/ Vo(Bs — By, s — t)ds> dB; — 2/ ©o(Bs — Br,s — T)ds.
=T =T T

By a direct computation we then have

—tHoo —BN_ ,—tHs
—BN_ . (8 f® ILe € f® ﬂ) T |: —(1—e=8) f° dsftd7’W:|
(ng76 @g) - }i}% ||€_tH°°f ® Il||2 - thIg}Em e ¢ 0 )
where
W = ie—|r—s|w(l€)e—ik’(BT—Bs)dk.
w<lkj<1 w(k)

We see that
W < / W) "2k < oo
r<lk|<1

which implies that W is unifprmly bounded with respect to Brownian motion and

t > 0. By the existence of the positive ground state, and

i e—tHocf ® 1
im ———- =
e Jetef@ | 7%

there exists a probability measure s on (€, G) such that

. e
(g, €M) =By, [e (1=e?) [0 ds J; Wd]



The proof of the existence of the measure ji., is due to [15]. By the analytic continuation

in 8 we can extend above identity to whole § € C. Thus it follows that
(g, €N-pp) = E,_ [ef(peﬁ)ﬁw ds [§° Wdr} for BeC.
In particular ||e™#N-,|| < oo for any 8 > 0, and the lemma is proven. 0
Theorem 3.4 (Hiroshima and Matte [19]) Let x > 0. Then
¢s € DY), VB >0.

Proof By Lemmas 3.2 and 3.3 we have

BN+

(SDgGBNSDg) = (‘Pgaeﬁl\uem]wpg) = (eﬂNﬂPgaeﬁNWPg) = |le SDg||||6ﬁN7SDg|| < 0.

Hence the theorem is proven. O
From Theorem 3.4 we can say that the number of bosons of the ground state of

H, is a few.

3.2.2 Gaussian dominations

In a similar manner to the proof of the super-exponential decay of ¢, we can also show
a Gaussian domination of the ground state ¢, by the path measure fi.

Let a = %(m + 4y and af = %(x — ) Set p(r) = e 1*/2 /74 The harmonic
oscillator in L*(R) is defined by h = afa. The spectrum of h is given by {n}>°, and
hen = nen for o, = (n)"V2([T"al)e. Precisely ¢n(z) = hy(z)e#*/2 with some
n-degree polynomial h,(z). In particular we have

lﬂi?f ||e(ﬁ/2)‘z|2<pn||L2(R) = 00, (3.1)

Now we consider the Nelson Hamiltonian without the interaction: H, ® 1+1® H;. The
ground state of it is ¢y = f ® Q, where f is the normalised ground state of H,. The

free field Hamiltonian H; can be regarded as an infinite freedom version of harmonic
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oscillator h. We have a counterpart of (3.1). Let ¢(g) be given by (1.1). We have

Q,eB229Q) = (1 — B)§//w||?)"V/2. In particular
(€, 9 p

lim  [|e®/220) o] = .
AHllg/ Vel =2

The renormalized Nelson Hamiltonian H., has a similar properties. We only mention

the statement.

Theorem 3.5 (Hiroshima and Matte [19]) Let « > 0. Suppose that §/\/w €
L*(R?), Tjy»kg/w? € L' (R?) and B < 1/||g//wl|]*. Let ¢(g) be given by (1.1). Then

0g € D(e(ﬂ/2)¢(g)2)

and

8K (9)?

[|eP/29t9)® 1 [e 1ﬁ||§/\/5|2} ,

2
= Eum
N o TYNATE

where K (g) denotes the random variable defined by

1 0 e—|r|w(k)g(k,)e—ikBr
K(g) = f/ dr/ dk .
( ) 2 —00 k<|k| w(k)

In particular

lim ||€(ﬁ/2)<t>(g)2

= Q.
B9/ v/el| 2 el

Proof In a similar manner to the proof of Theorem 3.4 we have

(gpg,ew‘b(g)wg) =E, [e—kzﬁzh/?e—iﬁlzL

_ 19(k)[?
h= /R dk 2w(k)’

e |
L= / k1, 20 / dse™®Iolg=Bs,
R3 —o0

where

Using the identity

¢—002/2 _ (97)-1/2 / ¢~ ik0l0) k22 ).
R

and taking analytic continuation of 5 to some region in the complex plan, we have the

theorem.

O



4 Concluding remarks

4.1 Comparison with Hj

In this article we show that the renormalized Nelson Hamiltonian has the unique ground
state and the number of bosons in the ground state is super-exponential decay which
can be proven by using the Gibbs measure derived from Feynman-Kac type formula.
In [19] it is also shown that for x = 0, H, has no ground state, but Gross-transformed
renormalized Nelson Hamiltonian H OCg; has the ground state for all kK > 0. We note that
H,, and HS are unitary equivalent if and only if x > 0. We can also see localization
such that [e”*lp,|| < oo for some v > 0. These results are counterparts of the results
for Hy established in [1, 2, 3, 5, 11, 14, 15].

4.2 The Nelson model on a Lorenzian manifold

In [10] the Nelson model is defined on a static Lorenzian manifold instead of R?* and
ultraviolet cutoff is removed. It is also interesting to studying ground states of the
renormalized Nelson Hamiltonian defined on a static Lorenzian manifold. The Nelson
Hamiltonian with ultraviolet cutoff defined on a static Lorenzian manifold has the
ground state according to local properties (curvature) of the manifold. See [7, 8, 9].
We conjecture that the renormalized Nelson Hamiltonian defined on a static Lorenzian
manifold also has the ground state in the same condition on local properties of manifold

as those of the Nelson Hamiltonian with ultraviolet cutoff.
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