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Existence of ground state of the model of a massless
charged particle interacting with a quantized

radiation field *
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(a) Hp LD IRT b« LYY M EFFOIERAZ Al LT

sup |[(A®1)P,,|| < oo (1.2)
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sup [|(1@ NY2)&,, || < oo (1.3)
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(¢) w(k) — +oo([k| = 00) Ic &k BHITEIEHIEDH 2 BTHE dT(w) ISH LT
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(d) TEHE T ICHLUTI(T) =@y 7" £EHLS T LICT B, DL
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(a) 1& m — +0 DRRICHENT D, DRI THINE T8 MR ZER ORI 2B <
CEEERT B, (b) & B DHORFEHRBRLANT L BEH®T B, THICL>TA
Z RV B, BT RO n K FEsZ o) LB L E, 00 Hm — +0 THRINET
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ZREIE K (b [Gérard 2000]).
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(i) [[fall =1 (n € N).
(i) % g € L2(RY) BH>C, |fn(k)| < g(k), (k € R n €N).
(ifi) fo(K) JRFTIC KB TH B, DEVHEED P> 01 LT
lim Sup/ |fn(k —s) — fo(k)|Pdk =0 (2.1)
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Rd



THb, k ZEMICBIT B s Dillite" Us £HL &, EZ

(xR (V1) ) (k) = (2m) =2 / ds(s)(Un-15£) (K)
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Y%, LENST, (21) 2 [, x(s)dx = x(0) = 1 KO [|fo]| = 1 IciEET B &

sup (1 = xr(iVi) full < (2m)72 /Rd ds|x(s)|sup || fn = Ur-15/nl

< (2m)~ 2 / PR CIET I e
s|< n

+2@m*Wf/ ds|%(s)|
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PMERD P > 01/ LT D, & (i) &9

sup | fu — Un-1ofull < sup /|k TR SR
n <

n

n

+ sup / (k) — fulk — R™'s)2dk
|k|>P

< sup / (k) — fulk — R™1s)2dk
|k|<P

n

+ / (2lg()[2 + 2g(k — R 's)[?)dk
|k|>P

< sup / ) — fulk — R™'s)dk
|k|<P

n

+f 1lg(k) Pk
|k|>P—R-1P

Lix%, LEN-T, &fF (i) £

msupsup [ fn — Un-1afall < / 4]g(k) [2dk
|k|>P
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R—oo n
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IX(S)] - [ fn = Ur-1sfnll < 2[X(s)
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INSREFEX D
0< hllznsup sup [[(1 — xr(iVi)) fall (2.15)
< 4(2m)~ 2 / dslss) [ 19002k + 2(2m) /2 / dsli(s)|  (2.16)
[s|<P |k|>P |s|>P

MERED P > 01 LTHDIID, TOHEME P 00 DEZ0ICPERTZDT, IE
A5 BDFEH KD

Atmsup [(1 = xR (Vi) full = 0 (2.17)
PMED o O
Remark. ZEHMNCRTEL T WEW 5 f, ODIRIFIE LTRD 2 D%EZ %,
() fu(x) =n""?f(x/n) <= fa(k) =n??f(nk)
(b) fu(x) = f(x —ne) <= fu(k) = f(k)e®

TZIT f € L2(RY) EHANIRY bb, e € R4\ {0} (a) EBMLEIOD X 5 I RITHED % 3
W2ERL, (b) FEHOXSITEFICRCEZWEHRZERT . EOFMEDEM (i) & (a) D
XD IRIEEMEEN T E 2 EREL, (i) (& (b) DX ICHERPRCGES T e /N EEE
HL T3,

Lemma 2.1 DM (iii) 3ZROFMICESHMA S LETE 2, IWHERZIHEH5DIES
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(iii") FMI#EAE D. € RT & |D. N {k|[k| < P}| — 0(e — 0) &7z & 5%, CTIC|-|
& d VR —FE%EKT, f, & DS L T—HlkiThHs, DFD

lim /D 1f0 = 5) — 0k (2.18)
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Lemma 2.2. (i),(i) kU (iii’) ZARET 5, TOEE, f, FZEMNCRET %, 7%
bb,

lim sup [|(1 — xr(iVk))fal =0 (2.19)
R—oo
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Proof. (2.12) &[AERIC
s = Unesafull <4 [l P+ [ 15u00) = fulh— BS)Pdic (220

L75%, D, OEHEED [, |gl2dk — 0(c - 0) £%55 T LIRS NE, Lemma (2.1)
LAECRUESIELT (2.19) BT ENTES, O

3 ZOZERENREE

B 1RV RZERIE W o= L2(RE; C*) = L2(R? x {1,2,--- ,s}) £ 9%, T
DZERIC BT 2 NEIE

() = [ dkFEg() (3.1)
KXo TEEEIND, TTIC, k= (k,j)eR®x{1,2,--- s},
/dk = Z/ dk (3.2)
j=1/R?
ThHs, GOIREO L)V RZERNE W FEORY T+ JEBTH 5,
F=PRw, (@.W:=C) (3.3)
n=0 sym

ARV e FOnkirRE UM e @ W EERL, W= (FM)x  L#, Ficff
P 2 IR ZE a(k), (k= (k,s) € RYx {1,--- ,s}) &

(a(R) DY (k- k) = Vi + 10D (B ky oo k), (3.4)
LiEFENS,
F D5 &, C FITrt L TROEHE (I)—(I11) ZEHL XS,
D) [@m]| =1
(1) g € L* (R4 C*) WEEL T, [la(k)®m|? < |g(k)[?, (k€ R x {1,---,s})

(IT1) %A D. € R4 & |D. N {k|k| < P} — 0(e — +0) Ziii’zd &3 %, LED
e>0IIIHLT

s=0m>0

lim sup / la(k)®y, — a(k — ) |2dk = 0 (3.5)
D
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FEL, k=(kj) 922k —s=(k—s,j) Thd, 7L

dk = /dk 3.6
/Dg ;Dg (3.6)
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2T O FZEMICRET 2 GEMF (d) AR DIZD) FAHiE TLRAE S
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Lemma 3.1. (I)-(1II) ZRET %, TDE X

lim sup ||dT(1 — xg(iVi))Y2®,,] =0 (3.7)

R—00m>0
I I RVASN
Proof. xr:= xr(iVk) EM&FET 5. &M (1) 2D
[ 1oty 2k < lg1? < o0 (3.8)
BDT ®,, € Dom(N'/?) TH%, Lizh>T, &, € Dom(dl'(xr)'/?) THY,
4T (1 = xR (Vi) /2 @[> = |N'/2®,, 1 = |dT (x )" > @ | (3.9)

L%, F] ﬁf{“-n/tﬁbt_ck‘ﬂk

= @0 [ (s)Ursads (3.10)
DT,
AU = (20) 2 [ )N Unora)ds (3.11)
EIEARICEL T ENTES, HOEOANLEDL, KPR DT EDENI DB ENTE
37259,
0 () 20, = (27) 2 [ d3(8) (@i D (U 10) ) (3.12)

= (2m)"Y/? /Rd dsf((s)/dk (a(k)®r,a(k — R™'s)®,,),  (3.13)
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1/2 2 _ (9r)—d/2 <o(s . . _
N30, = 2m) 2 [ dsi(e) [ dk aR)@nia(te,) B14)
A LicEETUL,

|01 — xR(iV3)) /2, |2 (3.15)
= (27r)*d/2/ dsﬁ(s)/dk (a(k) P, (a(k) — a(k — R™'s))®,,) (3.16)

Rd
< (2m)~4/2 / ds|%(s)| / dkl|a(k)® o[ (alk) — alk — R7'8) @] (3.17)

R4

2ZT{(k,j))k€De,j=1,---,5} & D &ET,ICTBL

|| bl @) = atk = R5) ] (318)
< ([ amlaten )" (2 [ arllaten P + otk - 92, ) " @)
<2 [ arlgtoR) " ( [ amignop) (3.20
= o(e) (3.21)

THs, TTICo(e) EmITHEDT e - 0DEZ0ICPRTS2ETH S, LIH-T,

[ dkla®® @) ~ alk ~ R15))| (3.22)
B R 5\ 1/2 .
<lal( [, Mot otk — R 9)@al) " + ot (3.23)
& (I BE T Lebesgue OEINAHERN 5
lim sup ldI'(1 ~ Xr(iV10)' /2@, |1* (3.24)
) B R . 1/2

< i sup(2r) 2 / aslx(o)llgl /D akla) —alk ~ R Neal?)” 4ol
= o(e) (3.25)

MEED € > 01 LTRDIIDs &5 T
lim [|d0(1 — xg(iVi))/?®, )% =0 (3.26)
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