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1 Introduction

The purpose of these notes is to give an explanation of the results obtained in [2|. In that paper, the
authors consider the Spin-Boson model, which is a very popular model for a qubit coupled to a radiation
field. It is proven, that ultraviolet renormalisation in the Spin-Boson model cannot be done in the same
way as Edward Nelson renormalized the Nelson model in the paper [8]. More precisely, it is proven, that
if Edward Nelsons method worked then the limiting operator is independent of the qubit so it would
be physically uninteresting. It should be noted, that the proof does not exclude other (more exotic)
renormalisation methods. It might be possible to take the coupling constant to 0 as the ultraviolet
cut-off is removed and then end up at a physically useful model.

2 Notation and definitions

The following introduction is taken almost directly from [2|. Throughout this paper, H will always denote
a separable Hilbert space. Write H®™ for the n-fold tensor product of H and let H®=" C H®™ be the
subspace of symmetric tensors. The bosonic (or symmetric) Fock space is defined as

oo

Fo(H) = PHE"

n=0

If H = L*(M, F, ) where (M, F, ) is a o-finite measure space then H®=" = L2 (M", F&", 1 9m),
We will write an element 9/ € JF,(H) in terms of its coordinates as 1 = ()(™) and define the vacuum
Q = (1,0,0,...). For g € H one defines the annihilation operator a(g) and the creation operator a'(g)

on symmetric tensors in F,(H) by a(g)Q2 =0, af(9)Q = g and

a(g)(fl ®S“'®an):%;<gvfi)fl ®s"‘®sﬁ®s"‘®s fn
aT(g)(fl®s"'®sfn): Vn+19®5fl®s"'®sfn

where ﬁ means that f; is omitted from the tensor product. These operators extend to closed operators
in F,(H) and (a(g))* = af(g). Furthermore, we have the canonical commutation relations:

[a(f),a(9)] = 0= [al(f),al(g)] and [a(f),al(g)] = (/,g)-

We also define the field operators
¢(g) = alg) +al(g).



Let A be a selfadjoint operator on H with domain D(A). Then we define the second quantisation of A
to be the selfadjoint operator

dlU(A) =0 é i(l@)kﬂA(@)wk

n=1k=1

The number operator is defined as N = dI'(1). If K is another Hilbert space and U : H — K is a bounded
operator with ||U]|< 1 then we define

(2.1)
H®sn

TU) =1 @ U e .
n=1
We will write dT(™(A) = d['(A) |ye.n and T(U) = T(U) |ye.n throughout the text. If w is a
multiplication operator then dI'™ (w) is the multiplication operator defined by the map wy, (k1. . ., kn) =
w(k1) + -+ + w(ky,). The following three results are essential standard results (see [1], [2], [6])-

Lemma 2.1. Let w > 0 be a selfadjoint operator defined on the Hilbert space H and let m = inf(o(w)).
Forn > 1 we have

oW =+ -+ A | N €0,
inf(o (™ (w))) = nm.
Furthermore, dI'(w) will have compact resolvents if and only if w has compact resolvents.

Lemma 2.2. Let U : H — K be unitary, A be a selfadjoint operator on H, V € U(H) and f € H. Then
T(U) is unitary and
D(U)dD(AD(U)* = dD(UAU*).
LW, VI)LU)* = W(Uf,UVU").
LU)p(HTW)" = (U ).

Furthermore, T(U)(f1 ®s -+ @5 fn) = Ufi @5 -+ @5 Ufp and T(U)Q = Q.
Lemma 2.3. Let w > 0 be selfadjoint and injective. If g € D(w=/?) then p(g) is dU'(w)/? bounded. In
particular, ¢(g) is NY/? bounded. We have the following bound

le(@)wlI< 20w + D)glll(dT (w) + )"0
which holds on D(dT(w)'/?). In particular, p(g) is infinitesimally dT'(w) bounded.

We now introduce the Weyl representation. For any g € H we define the corresponding exponential

vector
> Qn

g
e(g) = . 2.2
(9) 7;) Yo (2.2)
One may prove that if D C H is a dense subspace then {e(f) | f € D} is a linearly independent and total
subset of Fy(H). Write U(H) for the set of unitary maps from H into H. Let U € U(H) and h € H.
Then there is a unique unitary map W (h,U) such that

W(h,U)e(g) = e~ IMIP12=hUa (4 Ug) Vg e .
One may easily check that (h,U) — W(h,U) is strongly continuous and that
W (hy, U)W (ha, Us) = e~ U Ub) Y7 ((hy, Uy ) (ha, Us)),
where (hy,Uy)(h2,Uz) = (h1 + Urhe, U1 Us). If A is a selfadjoint operator on H and f € H we have
DAY — (it A) — (0, ¢t
el = W(tf, 1).

We have the following lemma (see [6]):
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W(h, U)p(g)W (b, U)" = ¢(Ug) — 2Re((Ug, h))
W(h, U)a(g)W (h,U)" = a(Ug) — (Ug, h)
W (h,U)al (9)W (h,U)* = a'(Ug) — (h,Ug).

Furthermore, if w is selfadjoint, non negative and injective on H and h € D(wU*) then
W(h,U)dT(w)W (h,U)* = dT'(UwU") — o(UwU*h) + (h, UwU*h)
on the domain D(dI'(UwU*)).

The last essential ingredient is the lemmas In what follows we consider two fixed Hilbert spaces H;
and Ho. We will need the following two lemmas (see [9]).

Lemma 2.5. There is a unique isomorphism U : F(H1 ®Ha) — F(H1) @ F(Hz) such that U(e(f @ g)) =
e(f) ®e(g). If w; is selfadjoint on H;, V; is unitary on H; and f; € H; then

1L, V1) @ W(f2,V2)

Udl"(wl D wa U*: w1)®1+1®d1"(w2)

) w
)

Up(fi, 2)U" = o(f1) @ 1 + 1@ ¢(f2)
) 1)
)

W(f1 & f2, Vi@ Vo)U*

AA

&.’

Ua(f1, 2)U* = a(f1) ® 1 + 1®a(f2)
Ud'(f1, f2)U* = a’(fi) @ 1 + 1@ al (f2).

Lemma 2.6. There is a unique isomorphism
U: F(H1) ® F(Ha) = F(H1) © @ F(H1) @ Sn(HS™)
n=1

such that N
Ulwe {5 }isg) = vOw e Pu o v,

n=1
Let A be a selfadjoint operator on F(H1) and B be selfadjoint on F(Hza) such that B is reduced by all of
the subspaces Sp(HS™). Write B = B ls., (wgmy- Then

UA®1+1® B)U* A+B<°>€B@A®1+1®B<">)

n=1
UA@BU"=A®B = B<0>A@éA®BW>.
n=1
3 The Spin-Boson model
Let 0,,0,,0. denote the Pauli matrices
" :<0 1) " :<0 4) " :<1 0)

+={10) =i o) 27 o -1

and define e; = (1,0) and e_; = (0,1). The Spin-Boson Hamiltonian is given by
H,(v,w) :=n0, ®1+1Qdl'(w) + 0, Q p(v),

which is here parametrised by v € H,n € C and w selfadjoint on H. We will also need the fiber operators:

Fy(v,w) =nL'(=1) +dl'(w) + ¢(v).
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acting in F,(#H). If the spectra are real we define

E,(v,w) == inf(o(Hy(v,w)))

For w selfadjoint on H we define
m(w) = inf{o(w)} and mMmess(w) = inf{oess(w)}.
Standard perturbation theory and Lemma 2.3 yields:

Proposition 3.1. Let w > 0 be selfadjoint and injective, v € 'D(wilﬁ) and n € C. Then the operators
F,(v,w) and Hy,(v,w) are closed on the respective domains

D(Fy(v,w)) = D(dI'(w))
D(H, (v,w)) = D(1 & dT (w)).
Given any core D of w the linear span of the following sets

J(D) ::{Q}U U{fl®5"'®sfn|fjep}

ID)={f1® f| f1 € {er,e_1}.f2 € T(D)}

is a core for F(v,w) and Hy(v,w) respectively. Furthermore, both operators are selfadjoint and semi-
bounded if n € R and they have compact resolvents if w has compact resolvents.

From the paper [2] we find the following theorem:
Theorem 3.2. Let ¢ = (¢1,¢_1) = €1 @ d1 +e_1 @ ¢_1 be an element in Fy(H)? = Fo(H) ® Fp(H) =~
C2 @ Fy(H). Write ¢; = ((bl(-k)) forie{—1,1}. Leti e {—1,1}. Define ¢; = (d)Ek)) where

qg(ic) B ¢§’“) k is even
' ¢(,kl) k is odd
and V(¢p1,¢-1) = (%1,8_1). Then
(1) V is unitary with V* = V.

(2) If w > 0 is selfadjoint and injective then V1 ® dI'(w)V* = 1 ® dI'(w). Furthermore, if n € R and
v € D(w™?) then
VH,(v,w)V* =F_,(v,w) ® Fy(v,w).

(3) Let w > 0 be selfadjoint and injective, n € R and v € D(w~/?). Then E,(v,w) = E_jp(v,w) and
Hy,(v,w) has a ground state if and only if the operator F_, (v,w) has a ground state. This is the
case if m(w) > 0, and it is non degenerate if n # 0. Also

nf (Oess (Flp) (v, w))) = E_ ) (v, @) + Miess(w)
Inf(0ess (Hy (v,w))) = Ey(v,w) + Mess(w)

and &y (v,w) > E_y (v,w) if and only if both n # 0 and m(w) # 0.

(4) Let w > 0 be selfadjoint and injective, n € R and v € D(w™/?). If ¢ is a ground state for H,(v,w)
then

V¢: €—sign(n) ®¢ 77# 0
e 1®Y 1 +er®YPr n=0

where ¢ is a ground state for F_, (v,w) and ¢1,7_1 are either 0 or a ground state for Fy(v,w).
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At this point we should look at an example:

Example 3.3. The physically correct model we have H = L2(R3, B(R?), \3) where A3 is the Lebesgue
measure and B(R?) is the Borel o-algebra. Furthermore, w(k) = /|k|2+m? and vy A = gw*1/21{|k‘§A}
for some m >0, g > 0 and A > 0. In this case, m(w) = m = Megs(w) and o(w) = [mM, 00) = Tess(w). Note
that all assumptions in Theorem 3.2 are fulfilled.

4 Result and Interpretation

Throughout this section w will always denote an injective, non negative and selfadjoint operator on .
Furthermore, we will write m = m(w) and mess = Mess(w). The main technical result is the following
theorem:

Theorem 4.1. Let {vg}4c(0,00) C D(wil/z) and P,, denote the spectral measure corresponding to w. For
each m > 0 we define Py = P,((m,00)) and Pm = 1 — Py = P,([0,m]). Assume that there is m > 0
such that:

(1) {Prvg}ge(o,00) converges to v € D(w™1/2) in the graph norm of w=1/2.
(2) lw™ Pyl diverges to co as g tends to infinity.
Then the g-dependent family of operators given by
Fyii(vg,w) 1 = W(w ™ Pavg, 1)y (vg, @)W (w1 Prvg, 1)* + [lw™ 2 P, |2
=W (2w Prug, —1) + dl'(w) + ¢(Pmv,) (4.1)
is uniformly bounded below by f|77\7supggwyoo)Hwil/Qﬁmv‘qHQ. Furthermore, {ﬁn,ﬁl(vng)}ge(o,oo) con-

verges to dI'(w) + ¢(v) in norm resolvent sense as g tends to oco.

The assumption in part (1) is critical. Divergence where w is small can lead to problems (see [3]| for a
counter example). The following Corollary easily proved:

Corollary 4.2. Assume H = L?>(M,F, ) and w is a multiplication operator on this space. Letv: M —
C is measurable and {Xg}ge(0,00) be a collection of functions from R into [0,1]. Assume g — xg4(x) is
increasing and converges to 1 for all x € R. Assume furthermore that k — x4(w(k))v(k) € D(w™1/?)
and that there is m > 0 such that ¥ := Ly,<mv € D(w™2). If k= w(k) " o(k)1ys1y (k) ¢ H there are
unitary maps {Ug}ge0,00) and {Vy}ge(0,00) independent of 1 such that:

(1) {UgFy(vg,w)Uy + Hw’l/zl{w”ﬁ}vgH2}g€(0,oo) converges in norm resolvent sense to the operator
dl'(w) + ¢(¥) as g tends to infinity.

(2) {VyHy(vg,w)V; + \|w‘1/21{w>m}vg||2}ge<0_oo) is uniformly bounded below and converges in norm
resolvent sense to the operator

H := (dl'(w) + ¢(v)) & (dI'(w) + ¢(0))
as g tends to co. In particular,
(Hp(0g,) + 0™ 2L myvg [P +0) ™ = (Ho(vg,) + o™ 2L g [*4+0) ™
will converge to 0 in norm as g tends to co.

Example 4.3. We continue Example 3.3. Let us consider self-energy renormalisation schemes as invented
in [8]. In such schemes proves that

Hy(vg,n,w) = Ey(vg,a,w)

converges in strong or uniform resolvent sense to an operator H,lfc“(vg,w). Using Corollary 4.2 we see:



(1) A= Ey(vga,w) + lw™ 21 us130g.4l% has a limit independent of 7.

(2) (Hy(vga,w) + lw™ 2 LigsayvgalP+0) 71 = (Ho(vg,a,w) + w21y vgal*+i) ™" converges to 0
in norm as A tends to oo.

From this we conclude that if a self-energy renormalisation scheme exists then H,I;‘en(vg,w) must be
independent of 7, which is not physically interesting. In other words, the contribution from the qubit
disappears, as the ultraviolet cutoff is removed. This result is similar to the result in [4], where it is
shown, that the mass-shell in a certain model becomes "almost flat" as the ultraviolet cutoff is removed.
Thus the contribution from the matter particle vanishes as the ultraviolet cutoff is removed.

5 Sketch of proof of Theorem 4.1.

In this section we give the central ideas behind the proof of Theorem 4.1. From now on, w will always
denote an injective, non negative and selfadjoint operator on . As a simplifying assumption we have

m(w) > 0.

We will also assume {v,}gc(0,00) Satisfies the assumptions of Theorem 4.1. It is easy to see that if they
hold for some m then it will also hold for m = m. Hence we will now assume that m = m. Using Lemma
2.4 we see that

Fym(vg,w) = nW (2w vy, —1) + dl'(w)
Hence it is enough to prove that if {hy}gc(0,00) C H satisfies
Tim = o0
then
Tn(hmw) = UW(hg _1) + dr(w)

converges to dI'(w) is norm resolvent sense as ¢ tends to infinity. The following Lemma goes back to [5]
and is the first fundamental observation.

Lemma 5.1. Theorem 4.1 holds if w has compact resolvents.

Proof. First we see that W (hg, —1) converges to 0 weakly for g tending to infinity. By [10, Theorem 4.26]
it is enough to check exponential vectors. We calculate

—||v. 2 v,
(€(g1), W (g, —1)e(go)) = e Ial7/2400:92) (e(g1), e(vg — g2))
— ool /24 (0g,02)+01,00)—{1,02)

which converges to 0. We calculate
(Ty(vg,w) =)~ = (A0 (w) = )71 =n(T;y(vg, w) — 1)~ W (vg, ~1)(dl(w) — i)~
:772(T"7(U97w) - i)ilw(vfn *1)((11—‘((«1) - Z‘)71‘/1/(7}.617 71)(dr(w) - i)71
+ n(dl(w) — )7 W (v, —1)(dT'(w) — )"
This implies
1(Fy(vg,w) =)~ = (d0(w) =) 7H < (ml+D)Inlll (AL (W) = i)~ W (vg, ~1)(dD(w) — i) 7|
By Lemma 2.1 we see (dI'(w) —i)~! is compact so the result is finished. O

The next Lemma is very technical. The full proof can be found in [2] and we only make a short sketch:
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Lemma 5.2. Assume w is a selfadjoint, non negative and injective operator on H. Let P,, be the spectral
measure of w. Define the measurable function fi, : R — R

o]

fk(m) = Z(n + 1)2_k1(7L2*’C7(n+1)2*"‘]ﬂ(m,oo) (SC)

n=0
along with wy, = [ fr(\)dP,(X). Then the following holds
1. fn(v,wk) converges to ﬁn(v,w) in norm resolvent sense uniformly in v.

2. Let {hg}ge(om> be a collection of elements in H. For each k € N, there are Hilbert spaces Hi k., Ha i,

selfadjoint operators wi i, wa r > 0, a collection of elements {ng,k}ge(o,oo) C Hix and a collection
of unitary maps {Uy i} ge(0,00) such that

Uy, : Fo(H) = Fo(Hix) © (EB Fo(Hik) ® Sn((“rcz,k)m)) :

n=1
w1k > 27 has compact resolvents, ||hy||= szg” for all g > 0 and
Ug}kﬁ,](hg, wk)l,{;)k :ﬁ,,(ﬁm, wlﬁk) (S5} @ <ﬁ‘(71)nn(’};g7k7 wl,k) RI1I+1I® d[‘(”) (wz,k)>
n=1
for allm e R.

Proof. Part (1) can easily be derived from the fact that

—k
[ (F (v, w) = Fyy (v, wie) )¢ [|= [[(dD(w) — dI'(we)) )| < %ndr(w)wn.

for all ¢ € D(dI'(w)). Standard resolvent formulas then finishes the proof. In part (2), one constructs
Hilbert spaces H1,; and Hz ; and a unitary map Uy : H — Hi i @ Ha such that

UgrwiUyg j, = w1k @ wa

where wy p > 27% has compact resolvents and ffzk,g = Uy rhg € Hiy, for all g € (0,00). One now uses
Lemmas 2.2, 2.5 and 2.6 to construct Uy . O

We can now prove that Theorem 4.1 is true. From Lemma 5.2 part (2) and Lemma 5.1 we see that
the theorem holds if w = wy, for some k. Lemma 5.2 part (1) then finishes the proof.
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