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1 Introduction

Suppose we have independent and d-variate two populations, II;, i = 1,2, having an
unknown mean vector p; and unknown covariance matrix 3J; for each i. We have independent
and identically distributed (i.i.d.) observations, ®;i.,...,®i,,, from each II;. We assume
n; > 2, i =1,2. Let &y be an observation vector of an individual belonging to one of the two
populations. Let N = ny + np. We assume xg and x;;s are independent.

In this paper, we consider classification in the High-dimension, low-sample-size (HDLSS)
context such as d — oo while N is fixed. Hall et al. [7], Chan and Hall [5] and Aoshima
and Yata [2] considered distance-based classifiers. In particular, Aoshima and Yata [2] gave
the misclassification rate adjusted classifier for multiclass, high-dimensional data in which
misclassification rates are no more than specified thresholds. On the other hand, Aoshima and
Yata [1, 3] considered geometric classifiers based on a geometric representation of HDLSS data.
Aoshima and Yata [4] considered quadratic classifiers in general and discussed asymptotic
properties and optimality of the classifiers under high-dimension, non-sparse settings. For
linear support vector machine (SVM) in HDLSS settings, Hall et al. [6], Chan and Hall [5]
and Qiao and Zhang [11] showed that the misclassification rates tend to zero as d — oo
under certain severe conditions. Nakayama et al. [8] investigated asymptotic properties of
linear SVM for HDLSS data. They proposed a bias-corrected linear SVM and showed that it
gives preferable performances compared to linear SVM. Nakayama [9] investigated asymptotic



properties of a soft-margin linear SVM. On the other hand, Nakayama et al. [10] investigated
asymptotic properties of SVM with the Gaussian kernel for HDLSS data.
In this paper, we consider the soft-margin SVM as follows:

y(x) = w’o(z) +b, (1)

where ¢(-) is a feature map, w is a weight vector and b is an intercept term. Let us write
that (z1,...,2n) = (@11, ., %10, T21, ..., T2p,). Let t; =—1for j=1,...,n; and t; =1
for j =n; +1,..., N. By differentiating the Lagrangian formulation with respect to w and
b, we obtain the following dual form:

N 1NN
L(Oz) = Z a; — By Z Z ajaj/tjtj/k(mj,mjr),
j=1 j=1j'=1
where k(z;,z;) = ¢(z;)Td(z;) is a kernel function, and @ = (a1,...,an)T and ajs are

Lagrange multipliers such as w = Zévzl ajti¢(x;). The optimization problem can be trans-
formed into the following: argmax L(a) subject to
(e

N
0<o;<C, j=1,...,N, and » ajt; =0, (2)
j=1

where C(> 0) is a regularization parameter. Let us write that

& = (a1, ...,an)T = argmax L(a) subject to (2).
(07

There exist some x;s satisfying that ¢;y(z;) =1 (i.e., &; # 0). Such x;s are called the support
vector. Let S = {jld; #0, j =1,...,N} and Ng = #5, where #A denotes the number of
elements in a set A. The intercept term is given by b = Ngl > ieslti=2jes Qytyk(xy, @j)}.
Then, the classifier in (1) is defined by

(@) = ajtjk(m, ;) +b. (3)
jes

Finally, in SVM, one classifies ¢ into II; if §(zo) < 0 and into II otherwise. See Vapnik [12]
for the details. Let e(i) denote the error rate of misclassifying an individual from 1I; into the
other class for ¢ = 1,2. We claim that a classifier has consistency if

e(i) =o0(l) asd— oo fori=1,2. 4)
In this paper, we investigate the following typical kernels for the soft-margin SVM:

(I) The Gaussian kernel: k(z;,z;) = exp(—||z; — z;|?/7) and
(IT) The polynomial kernel: k(xz;,x;) = (¢ + m]Ta:j/)T7
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where (> 0) is a scale parameter and ¢ > 0 and r € N.

In Section 2, we investigate asymptotic properties of the soft-margin SVM with the Gaus-
sian kernel. In Section 3, we investigate asymptotic properties of the soft-margin SVM with
the polynomial kernel. We show that the SVMs are heavily biased in the HDLSS context espe-
cially for imbalanced data. In order to overcome such difficulties, we propose a bias-corrected
SVM in Section 4. In Section 5, we check the performance of the BC-SVM by numerical
simulations.

2 Asymptotic properties of the soft-margin SVM with the
Gaussian kernel

We assume that limsup,_, . ||#;]|2/d < oo and tr(X%;)/d € (0,00) as d — oo for i = 1,2.
Here, for a function, f(-), “f(d) € (0,00) as d — oo” implies liminfy , f(d) > 0 and
lim supy_,o f(d) < co. Similar to Aoshima and Yata [2], we assume the following assumption
for II;s as necessary:

(A-i) Let z45, j =1,...,n4 beiid. random ps-vectors having F(z;;) = 0 and Var(z;;) = I,
for each 7 (= 1,2) and some p;. Let 255 = (215, .- .,zmj)—r whose components satisfy
that limsupy_, . E(z;-l”-) < oo for all r and

E(zzgrjzizsj) = E(ZZQT‘])E(ZZQSJ) =1 and E(Zirjzisjzitjzi1lj) =0

for all » # s,t,u. Then, the observations, x;;s, from each II; (i = 1,2) are given by
Tij = I‘izij +p;, g =1,...,n; where I'; is a d x p; matrix such that I‘lrj =3

Note that (A-i) naturally holds when the II;s are Gaussian.

We consider the soft-margin Gaussian kernel SVM (sm-GSVM), that is, the classifier (3)
with the Gaussian kernel. Let A, = ||u; — pol>. Let ki) = exp{—2tr(X1)/7}, ko) =
exp{—2tr(22)/7}, () = exp[—{tr(X1) + tr(Z2) + Au}/7], and

A([) =K1(I) + Ka(ry — 2K3(1) and
Ni(ry =1 — exp (—2tr(%;) /) fori=1,2.

We note that Ay > 0 when py # g or tr(X;) # tr(2g). We consider the following condition:
(1)

lim inf ——

fori=1,2.
Pt >0 fori , (5)

Let Ayy = Ay + iy /m1 + mary/n2 and npin = min{ni, na}. We consider the following
condition for C:
lim inf 7CA*(I)nmin
d—o00 2
Let tr(Xmin) = minj—1 2 tr(%;) and ¢ = exp{—2tr(Xmin)/v}. We assume the following condi-
tion as d — oo:

> 1. (6)
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tr(32) + A, {tr(32)}/?

min{?A%; /4%, 72}

Let 05y = mi(ry/n1 — ma(ry/m2- Let §(p)(xo) denote g(xo) given by using the kernel function
(I). Then, from Sections 2 and 6 in Nakayama et al. [10], we have the following results.

(A-ii)

=o(1) fori=1,2.

Theorem 1. Assume (A-i) and (A-ii). Assume also (5) and (6). Then, it holds that as
d— oo

A ,
gy (o) = A ((II)) ((—1)1 +-0 oy oP(l)) when xg € I1; fori=1,2.

Assume also

5
(A-iii) limsup Pl |
d—oo A

Then, the sm-GSVM holds consistency (4).

Corollary 1. For the sm-GSVM, one can claim that

e(l)=140(1) and e(2)=0(1) asd—

o0
if liminf —= >1; and
d—o0 A(I)
e(l)=o0(1) and e(2)=1+0(1) asd— o0
)
if limsupﬂ < —1.
dooo A

under (A-i), (A-ii) and (5) and (6).

From Corollary 1, if |5( 1)\ is larger than Aj), the sm-GSVM would give a bad performance.
In order to overcome such difficulties, we propose a bias-corrected SVM in Section 4.

3 Asymptotic properties of the soft-margin SVM with the
polynomial kernel
In this section, we consider the soft-margin polynomial kernel SVM (sm-PSVM), that is,

the classifier (3) with the polynomial kernel.
Let ry(rry = (C+ 111 12)", Kagrry = (C+ [m2l®)", K3ry = (€ + pf py)7, and

A1y =K1r) + Koy — 26377y and
Micrry =(C +tr(5) + [lgl|*)” = kyrpy for i =1,2.
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We consider the following condition:

lim inf n

Pt >0 fori=1,2. (7)

Let Ayrry = Arry + mn/m1 + na(rry/m2. We consider the following condition for C:

CA, i
lim inf ——IDMmin oy ®)
d—o0 2
We assume the following conditions for ¢ and 7:
¢/d € (0,00) and 7 € (0,00) as d— oo. 9)

We also assume the following condition:

e l[* = [lpeo 1

0.
d >

(A-iv) liminf
d—o0

Let d(rry = m(rr)/m1—2(11y/n2- Let Gy (xo) denote §(xo) given by using the kernel function
(IT). Then, from Sections 2 and 7 in Nakayama et al. [10], we have the following results.

Theorem 2. Assume (A-i) and (A-iv). Assume also (7) to (9). Then, it holds that as d — oo

A ]
Yrry (o) = A ((IIII)) ((—l)l + ﬁ + Op(l)) when xg € I1; fori=1,2.

Assume also

0
(A-v) limsup| un|
d—oo  B(IT)

Then, the sm-PSVM holds consistency (4).

< 1.

Corollary 2. For the sm-PSVM, one can claim that

e(l)=140(1) and e(2)=0(1) asd—

0
Zf lim mfﬂ >1; and
d—o0 A(II)
e(l)=o(1) and e(2)=1+0(1) asd— oo
)
if limsup ) < —1.
d—o0 (I1)

under (A-i), (A-iwv) and (7) to (9).

Similar to the sm-GSVM, if [§(;p)| is larger than A7y, the sm-PSVM would give a bad
performance.



4 Bias-corrected SVM

Let
i (x4, i M (x5, x;
’flizz Uk ” ZZ p ;7’ ” for 1 =1,2; and (10)
j=1 J=1j=1 z i
-y ZZ M o))y 3oy Mow o) (1)
ning
=1 ~j=1j'=1 Jj=1j'=1

We consider estimating 4§ as 5= f1/n1 — fla/ne. We give a bias-corrected SVM (BC-SVM) as
follows:

B o,

9Bc(xo) = §(x0) — —. (12)

*

One classifies g into II; if §pc(xp) < 0 and into Iy otherwise. We have the following result.

Theorem 3. Assume (A-i) and (A-ii). Assume also (5) and (6). For the classifier (12) with
the Gaussian kernel, it holds the consistency (4).

For the Gaussian kernel, the BC-SVM claims the consistency without (A-iii).

Theorem 4. Assume (A-i) and (A-iv). Assume also (7) to (9). For the classifier (12) with
the polynomial kernel, it holds the consistency (4).

For the polynomial kernel, the BC-SVM claims the consistency without (A-v).

Remark 1. Nakayama et al. [8] gave a bias-corrected linear SVM. Nakayama [9] also pro-
posed a robust SVM in HDLSS settings for the linear kernel.

5 Simulation

In this section, we compared the performance of the sm-GSVM, sm-PSVM and BC-SVM
with the kernel functions (I) and (II). We set II; : Ng(p,, 3;), ¢ = 1,2, having puy = 0, 3 =
¢1B(0.3171"*YB and 2, = ¢, B(0.41-11"*) B, where B = diag[{0.5+1/(d+1)}/2, ... {0.5+
d/(d+1)}"/?]. Note that tr(X%;) = ¢;d for i = 1,2. We considered

= (—1/5,1/5,-1/5,...,-1/5,1/5)T (= . say),

where the r-element is (—1)"/5 for r = 1,...,d. We set (n1,n2) = (20,10), v = d/4 in the
Gaussian kernel and ( = d, r = 2 in the polynomial kernel. We considered three cases:

(a’) M1 = Ky and (01762) = (17 1)7

(b) iy =0 and (e1,¢2) = (0.9,1.1), and

( ) My = po and (61762) (097 11)
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Note that |1 — po|? = d/25 for (a) and (c), || — pe]|?> = 0 for (b), |tr(Xq) — tr(Za)] = 0
for (a), and [tr(21) — tr(Xa)| = 0.2d for (b) and (c). We set C = 4/(nminA.) for both kernel
(I) and (II). From Lemma 2 in Nakayama et al. [10], it holds that A, = A.{1 4 op(1)}, so
that (6) and (8) hold. We repeated 2000 times to confirm if the classifier does (or does not)
classify xg € II; correctly and defined P;. = 0 (or 1) accordingly for each II; (i = 1,2). We
calculated the error rates, e(i) = 230:010 P;,./2000, ¢ = 1,2. Also, we calculated the average
error rate, € = {€(1) + €(2)}/2. Their standard deviations are less than 0.0112 from the fact
that Var{e(i)} = e(i){1 — e(4)}/2000 < 1/8000. In Figures 1 to 3, we plotted &(1), €(2) and
eford=2% s=5,...,12.

We observed that the BC-SVMs give good performances as d increases for (a) and (c).
However, for (b), the error rate of the BC-SVM with the polynomial kernel is 0.5 because
(A-iv) does not hold. On the other hand, the BC-SVM with the Gaussian kernel gave good
performances drawing information about heteroscedasticity. For the sm-GSVM and the sm-
PSVM, &(1) and &(2) became quite unbalanced. This is because of the bias in the SVM. See
Corollaries 1 and 2 for the details.

Next, we considered (a) to (c) for (ni,n2) = (20,10), d = 1024 (= 2'%) and C =
27 [(nminAy), t = 1,...,10 for the kernel function (I) and (II). Similar to Figures 1 to
3, we calculated the average error rate € by 2000 replications and plotted the results in Fig-
ure 4. We observed that the sm-GSVM and the sm-PSVM give bad performances for all C.
However the BC-SVMs gave good performances when C' > 2/(nminAx).
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Figure 1: The error rates of the BC-SVM with (I), BC-SVM with (II), sm-GSVM and sm-
PSVM for (a). The left panel displays &(1), the right panel displays &(2) and the top panel
displays € for d = 2%, s =5,...,12.
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Figure 2: The error rates of the BC-SVM with (I), BC-SVM with (II), sm-GSVM and sm-
PSVM for (b). The left panel displays &(1), the right panel displays €(2) and the top panel
displays € for d = 2%, s =5,...,12.



0.5
a7
0% Z'Z;‘*———--—-—"
\'*'t~
—~ 03
e
0.2
®: sm-GSVM
011 & smpsvm
+ 4+ BC-SVM with (1) "~.. S~
~
0,04 =& BC-SVM with an) e 3
5 6 7 8 9 10 11 12
log,d
<@ sm-GSVM 1.0
~# sm-PSVM
0.4 @+ BCSVM with (1)
=&~ BC-SVM with (ID) 0.8
03
_ — 0.6 @ sm-GSVM
e(1) e(2) - sm-PSVM
«4+ BC-SVM with (I)
02 0.4 :‘~~ =&~ BC-SVM with (11)
it S
S *-..... B T
01 o S 0.2 T u_\\,
~~< Sl e, TTm—an
PT N (N — PR PRt TP ST, Y 6.6 A QUL PO Pt 'Y
5 6 7 8 9 10 1 12 5 6 7 8 9 10 11 12
logod log,d

Figure 3: The error rates of the BC-SVM with (I), BC-SVM with (II), sm-GSVM and sm-

PSVM for (c). The left panel displays €(1), the right panel displays €(2) and the top panel
displays € for d = 2%, s =5,...,12.
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Figure 4: The error rates of the BC-SVM with (I), BC-SVM with (II), sm-GSVM and sm-
PSVM for (a) to (c) when d = 1024 and C' = 277+ /(nyinA,), t = 1,...,10. The left panel

displays (a), the middle panel displays (b) and the right panel displays (c)
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6 Proofs

6.1 Proofs of Theorem 1 and Corollary 1

Assume (A-i), (A-ii) and (5) and (6). From Proposition 1 and Lemma 4 in Nakayama et
al. [10], we have that as d — oo

2

aj = A*(z)nl{l +op(1)} forallj=1,...,m; and
~ 2 y
a; = A*(I)n2{1+0P(1)} for all]:n1+17---7N

for the Gaussian kernel. Then, similar to the proof of Proposition 1 in Nakayama et al.
[10], we can conclude the result of Theorem 1. From Theorem 1, we conclude the results of
Corollary 1.

6.2 Proofs of Theorem 2 and Corollary 2

Assume (A-i), (A-ii) and (7) to (9). From Propositions 1 and 8 in Nakayama et al. [10],
we have that as d — oo

2

a; = —{1+op(1 forallj=1,...,n1; and
1= K (Top(D} forall; 1
2
dj=-———{1+o0p(1)} forallj=m+1,...,N
ANGINL

for the polynomial kernel. Then, similar to the proof of Proposition 1 in Nakayama et al.
[10], we can conclude the result of Theorem 2. From Theorem 2, we conclude the results of
Corollary 2.

6.3 Proofs of Theorems 3 and 4

By combining Theorem 2 in Nakayama et al. [10] with Theorems 1 and 2, we can conclude
the results.
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