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1 Introduction

The studies about local maps were started by Larson, Kadison and Sourour. In
1988, Larson[9] studied local automorphisms of Banach algebra and obtained the
first results concerning to local maps. In 1990, Kadison|[8] exhibited the results
concerning to local derivations on von neumann algebras. Larson and Sourour[10]
got the results of local derivations of B(X) for a Banach space X.

The studies of 2-local maps were initiated by Semrl[l?)]. He got the results about
2-local automorphisms and 2-local derivations in 1997. Inspired by his results,
Molnér[12] started the sudies about 2-local isometries in 2002. He considered the
group of all surjective complex linear isometries. If X is locally compact Hausdorrf
space, Gyéry[3] studies that 2-local isometries are complex linear isometries on
the ste of all continuous functions vanishing at infinity Cy(X). Hatori, Miura,
Oka and Takagi[4] got the results in the case of the uniform algebras in 2007.
C(™[0,1] denotes the set of all n-times continuously differentiable functions on
[0,1] with [[fllc = supsepo,1] 2op—o |f®(#)|/k!. In 2018, Kawamura, Koshimizu
and Miura[7] studied about C(™[0, 1] . They got the results that 2-local isometries

are surjective complex linear isometries on each space. In recent years, the case



of surjective real linear isometries are studied. Hosseini[5] studied C'(™][0, 1] with
1l = max{1£ O], 1/ O), [ O)], -+, £ D), /™[l oc} in 2017. The results
about 2-local isometries in the case of real linear isometries is fewer than the case
of complex linear isometries. I get the result about surjective real linear isometries.

I will prove it.

2 Fundamental definitions

In this paper, R stands for the set of all real numbers. The symbol C stands for

all complex numbers.

Definition 2.1 (isometry). Let (X, dx),(Y,dy) be metric spaces. Let T be a map
X into Y. If dx(x1,29) = dy (T (x1), T (x2)) for all points x1,x9 € X, then T is

called an isometry.
Note that T is injective if 1" is an isometry .

Definition 2.2. Let X be a Banach space. The set of all surjective complex
linear isometries on X is denoted by Isoc(X). The set of all surjective real linear

isometries on X is denoted by Isor(X).

Definition 2.3 (2-local isometry). Let X be a Banach space. Let T be a map
on X. If for each pair of elements f,g € X there exists Ty, € Isoc(X) (or
€ Isor(X)) such that Ts o(f) = T(f) and Ty 4(g) = T'(g) depending on f and g,

then 1" is called a 2-local isometry .
We note that no continuity, surjectivity nor linearity are assumed for 7T'.

Definition 2.4. Let C[0,1] denote the set of all complex-valued functions f on

the closed interval endowed with the supremum norm
[flloe = sup{|f ()| : ¢ € [0,1]}.
Then (C[0,1], || - ||so) is a Banach algebra.

Definition 2.5 (Choquet boundary). Let X be a locally compact Hausdorff space.
Let A be a uniform algebra on X. Define a subset E of X by E={t € X : f(x) =
1} for some f € A. Then E is called a peak set for A. For every x € X | E,
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is a peak set for A. If {x} =, Ea, = is called a weak peak point of A. Define
Ch(A) by Ch(A) = {x € X : x is a weak peak point for A}.Then Ch(A) is called
the Choquet boundary of A.

Definition 2.6 (reflexivity). Let X be a Banach space. We say that Isor(X) is

2-local reflexive if every 2-local isometry is in Isor(X).

3 Surjective real linear isometries on C0, 1]

In this section, we consider the form of surjective real linear isometries (Theorem
3.1) . This theorem was essentially proved by Ellis[2] or Miura[11]. We note that
the Chouque boungary and the Shilov boudary of C[0, 1] corresponds to the closed
interval [0, 1].

Theorem 3.1. A map T is a surjective real linear isometry on C[0,1] if and
only if there exist a continuous function T(1) : [0,1] — {z € C: |z| = 1} and a
homeomorphism ¢ : [0,1] — [0, 1] such that one of the following equalities

T())=TA)fept) (feC[0,1],t€0,1])

{T(f)(t) =T)fee) (feC[0,1]tel0,1]).
Proof. First, we assume that a map 7" : C0, 1] — C[0, 1] is a surjective real linear
isometry on C[0,1]. The Couquet boundary of C[0,1] coincides with the closed
interval [0, 1]. By a theorem of Miura[11] and the connectivity of [0, 1], one of the

following equalities

Tit)=TMW)fopt) (feC0,1],t€l0,1])

T/ = T() o) (f€Clo,1).te.1]).
Next, we assume that there exist a continuous function T(1) : [0,1] - {z € C:
|z| = 1} and a homeomorphism ¢ : [0,1] — [0,1] such that one of the following

equalities

T(HE) =TA)fept) (feC[0,1],t€[0,1])
TN =TA)fept) (feC[0,1],t€[0,1]).

We infer that T is a surjectve real linear isometry on C|0, 1].



4 2-local isometries in C10, 1]

The studies about 2-local isometries were started by Molnar[12]. If there exists
Ty g € Isor(C|0,1]) such that Tf = T ,f and Tg = T}49 for every pair of
elements f, g € C[0, 1], then T is called 2-local isometry.

The following is the main result in this paper.

Theorem 4.1. Let T be a 2-local isometry on C[0,1]. Then T is a 2-local isom-
etry. Thus 1sor(C10,1]) is 2-local reflexive.

To prove Theorem 4.1, we can reduce the case of T(1) = 1 (Proposition 4.1).
When we assume that 7(1) = 1, for every element f € C]0,1] there exists an
isometry 77 ¢ such that 7'(1) = 77 ¢(1). Since 7'(1) = 1, we get 11 (1) = 1. By

Theorem 3.1, 1" satisfies one of the following equalities

{Tf(t) =T pf(t) =T ) foprs(t) = fopis(t) (f€C0,1],t€]0,1])
Tft)=Tipf(t) =Ty (1) foprp(t) = foprs(t) (f €C[0,1],t€][0,1)),

where @1 ¢ is a homeomorphism. When we put to such that ¢; ¢(t) = to, one of

the following equalities

Tf(t) = (to)
TF(t) = F(to)-

Proposition 4.1. Let T be a 2-local isometry on C[0,1]. When T'(1) =1, T is a

2-local 1sometry.

Proof. Let Id be the identity map of C[0,1]. Since T" is a 2-local isometry, for
every f € C[0,1] there exists T 1q € Isor(C|0,1]) such that T'(f) = T 14(f) and
TId = Ty 14(Id), also there exists 11,74 € Isor(C[0,1]) such that T'(1) = T3 14(1)
and T'(Id) = T4 14(Id). By Theorem 3.1, Tt 14 and 17 jq are represented by

Tf,Idg(t) = Tf,Id(l)g o @f,]d(t) (g € C[O’ 1]7t € [07 1])
or (1)
Ty rag(t) = Ty 1a(1)g o 0y 1a(t) (g € C[0,1],1 € [0,1])
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Ti1a9(t) = T1 1a(1)g o 1,14(t) (g € C[0,1],t €[0,1])

lejdg(t) = T1,1d<1)g o Sol,ld(t) (g S C[O, 1],t S [0 1]),

where ¢ 14 and 1 14 are homeomorphisms on [0, 1] respectively. Since 17 14(1) =

T(1) =1, Ty 1q is represented by

Ti1a9(t) = gop11a(t) (g€ C[0,1],t €0,1])
or (2)
Tl,[dg(t) :gOgOl’]d(t) (g S C{O,l],t S [O, 1})

Tf(t) = f(t
We define a set E; s by E ¢ = {te [0,1] : 1) @ } for every f €

Tj(t) = f(to)
C[0,1], to € [0,1]. Now, Ej, s is a subset of [0,1]. By the definition of Ey ¢, Ey, 14

is represented by Ey rq = {t € [0,1] : T(Id)(t) = Id(to)}. Since T'Id = T} 141d
and (2), we get
Tld =T 14ld=1Idoy114 = P1,1d- (3)
We get Eyyrqa = {t € [0,1] : p1,74(t) = to} since (3) and Id(ty) = to. Since p1 1q is
a homeomorphism, E} 4 is a singleton.
We take by, € [0,1] such that {b;, } = Ei ra. We have T'Id(b,,) = Id(to) = to by

by, € Ey,rq and the definition of E; ;4. Therefore we obtain
o1,14(bt,) = to (4)
by (3). Forthermore we have

T1d(by,) =Ty 1ald(bs,)
=Ty1a(1)Id o @y 1a(bsy)
=Ty ra(V)y,1a(be,) (5)

by TId = Tf’[dld and (1) By (5) and T(Id)(bto) = t(), we have Tde(l)(Pf,Id(bto) =
to. Since @y 1a(by,) is in [0,1] and to is in [0,1], Tf74(1)(bs,) is a real number

which is a scalar of modulars 1. we get
Ty.1a(1)(beo) = 1. (6)

Therefore we obtain
o f,1d(bty) = Lo (7)



Tf(t) = f(to)
Tf(t) = f(to)

We consider E; 5 = {t €1[0,1]: } for every f € C]0,1]. Since

Tf="T¢raf and (1), we get

Tf(bty) = Tr,1a(1)(bey) f © 5,1a(bsy)
Tf(bey) = Tr1a(1)(beo) f o 5.1 (bty )-
By (6), we have
Tf(bto) O Pf, Id(bto)
Tf(bey) = f oy ra(be,)
By (7), we have

T (by,) = f(to)
Tf () = 1),

Therefore by, is an element of Ey ;. Since f is an arbitrary element of C|0, 1], we
get Eygra = {bi,} = ﬂfec[o,l] By

Let 1 be a map [0,1] into [0,1] such that {¢(to)} = Nyecio) Ftof- Since
{bto} =Ntecpo1) Eror, we get ¥(to) = by,. By TId =T rqld and (2), we have

T'1d(Y(to)) = T, 1ald(¥(t0))
= Idpy,1a(¥(t0))
= ¢1,14(¢(t0))
= ¢1,1d(bty)-

By (4), we get
T1d((to)) = to- (8)

We will prove that a map ¢ is bijective. Let x € [0, 1] be x = ¢1 14(y) for every

€ [0,1]. We obtain by, ) = ¥(©1,1a(y)) € By, rayra- We get TId = ¢y 14
by (3). By T'Id = 1,14 and (8), we get ¢1,1a(¥(p1,1a(y))) = T1d(¥(p1,1a(y))) =
©1,74(y). Since @114 is a homeomorphism, we get ¢(¢1,74(y)) = y. By = =
©1,1d(y), v is represented by ¢ (x) = y. Therefore 1 is surjective.

We take t1, to € [0,1] and assume that t; # t;. We notice ¥(t1) = by, € Ey, ¢
and Y(t2) = by, € Ey,y  (f € C[0,1]). We get T1d(¢(t1)) = ¢1,1a((t1)) by (3).
Since we have T'Id(v(t1)) = t1 by(8), we get ¢1 14(1(t1)) = t1. In the same way, we
get @1 1at(t2) = to. By the assumption t1 # ta, we get 1, 74(¢(t1)) # ¢1,1a(¥(t2)).
We obtain 1(t1) # 1 (t2). Therefore 1 is injective.
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By (4) and (7), we get v1,14(bty) = @f.1a(bey). Since by, = ¥(to) (to € [0,1]),
we have ¢1,14(1¥(t0)) = ¢¢,1a(1(t0)). Since v is a bijection, for every ¢ € [0,1] we
represent @1 74(t) = ¢¢,14(t). We get

P1,1d = Pf1d- 9)

Let i be a constant function : [0,1] — i. A map 7' is represented by

Ti(to)) = i(to) = i
or
Tiw(ty)) = ilto) = i

for every to € [0,1]. Since 1 is bijective and [0, 1] is connected, T" satisfies either

of the cases

(a)T satisfies T = i for every t € [0, 1]
or

(b)T satisfies Ti = —i for every ¢ € [0, 1].

First, we consider the case (a). We get

T_[d = Tde(l)Id o QDde
=Tt 1a(1) ¢y 14

for the identity map Id of C0,1]. By the above equation and (3), we get ¢1 14 =
Tde(l)gOde. By (9), we get Tfy]d(l) = 1. Since (9) and Tf’[d(l) = 1, and we get

Tf="Ts1a(1)f oprra
= fovsrd
=fopira.

Consequently, in the case (a), 1" is represented by T'f = f o ¢y 14 for every f €
C0,1]. Next, we consider the case (b). Let U be a map : C[0,1] — C|0,1]
such that U = T. We notice U is a 2-local isometry. For the constant functions
1,i € C[0,1] we have U(1) = T(1) = 1 and U(i) = T(i) = —i = i. we apply the
case (a) to U, we get Tf = Uf = fop1.14. So we get Tf = fo1.14. Therefore

when 7T'(1) = 1, one of the following equalities

Tf(t) = fer1,1a(t) (f€C[o,1],t €]0,1])
Tf(t) = f‘;pl,ld(t) (f € C[Ov 1]’t € [O, 1])

By Theorem 3.1, T is a surjective real linear isometry on C|0, 1]. O
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Proposition 4.2. Let T be a 2-local isometry on C[0,1]. Then T satisfies
7M@) =1 (t€0,1]).

Proof. Since T is a 2-local isoetry, for every f € C[0,1] there exists Ty €
Isor(C0,1]) such that T¢ 1 (f) = T'(f) and Tf,1(1) = T'(1). Since T ; is an element
of Isor(C[0,1]), there exists T (1) such that |T:(1)] = 1. By Ty1(1) = T'(1),
there exists T'(1) such that [T'(1)(¢)] =1 (¢t € [0,1]). O

Proposition 4.3. Let T be a 2-local isometry on C[0,1]. Define a map S by

S=T)T. Then S is a 2-local isometry on C|0,1] such that S(1) = 1.

Proof. Since T is a 2-local isometry, for every pair of elements f, g € C|0, 1] there
exist Ty 4 € Isor(C]0,1]) such that Tf,f = Tf and Tt 49 = T'g. Define a map
Stg by Spg=T(1)T}t,. Since T}, is a real linear isometry, we get that for every
a, B R, u,v e C[0,1]

Stglau+ pv) =T(1)Ty 4(cu+ Bv)

TﬂaTﬁg (u) + BT q4(v))

T (1)T,g(u) + BT (1)Tf,4(v))
aSyg(u) + BSf4(v).

Consequently, Sy 4 is a real linear map. We get that for every u € C[0,1]

155.9(@)lloc = [IT(1) T, (u)]l oo
= [T5.g(wlloo

= [[tloo-

So Sf4 is an isometry. Since T, is a surjective real linear isometry on CY0, 1],
T'y,q is bijective. There exists a map T’y ; which is an inverse of T ;. Define a map
vbyv= T;;T(l)u for every u € C[0,1], then v is an element of C|0, 1]. We get
Stq(v) = WTLQT];;T(DU = u. We notice Sy 4 is surjentive. Therefore Sy, is
a surjective real linear isometry on C[0,1]. By the assumption, Sy, = T(1)T}4.

We have

Sfygf = ﬂTfygf

=T)Tf
= SFf.
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By the same way, we get Sy 9 = Sg. Therefore S is a 2-local isometry. For the

constant function 1 € C10, 1] we get S(1) =T(1)T(1) = 1. O

Proof of Theorem 4.1. Let S be a map S = T'(1)T. By Proposition 4.3, S is a
2-local isometry of C[0, 1] such that S(1) = 1. We apply Proposition 4.1 to S, S

satisfies that one of the following equalities

{Sf(t) =fop(t) (tel0,1])

Sf(t) = fow(t) (te]0,1]),

where ¢ is a homeomorphism on [0,1]. Since S = T'(1)T, we get T(1)S =
T(1)T(1)T = T. Therefore T satisfies that one of the following equalities

Tf(t)=TMW)fop(t) (fe€C0,1],tel0,1])
Tf(t)=TM)fop) (feC0,1]tel0,1]).

By Theorem 3.1, T is a surjective real linear isometry. Therefore Isogr(C10,1]) is

2-local reflexive. O
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