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1 Introduction

Semrl introduced the 2-locality [1] and defined 2-local automorphisms and 2-local
derivations. For a given algebra A, a (not necessarily linear nor multiplicative) map
T: A — Ais said to be a 2-local automorphism (resp. 2-local derivation) if for
any a,b € A, there exists an automorphism (resp. derivation) T, on Asuch that
T(a) = Tap(a) and T(b) = T, 4(b). Semrl proved that every 2-local automorphism
(resp. 2-local derivation) of B(H), the algebra of all bounded linear operators on an
infinite dimensional separable Hilbert space H, is an automorphism (resp. deriva-
tion). After that, Molndr extended the concept of 2-locality to isometries [2] and
studied 2-local isometries of B(H). If X is a Banach space, a (not necessarily surjec-
tive nor linear) map T : X — X is called a 2-local isometry if for any z,y € X, there
exists a surjective complex-linear isometry 75, on Xsuch that T'(z) = T, ,(z) and
T(y) = T,y (y). Molnar showed that every 2-local isometry is a complex-linear isom-
etry. Motivated by this result, Gy6ry studied 2-local isometries of the function space
Co(X) [3], where Cy(X) denotes the Banach algebra of all continuous complex-valued
functions vanishing at infinity on a locally compact Hausdorff space X. Gyéry proved
that there exists a 2-local isometry which is a non-surjective complex-linear isometry

on Cy(X) for some X. Gy6ry also proved that every 2-local isometry of Cy(X) is a
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surjective complex-linear isometry in the case of X is first countable o-compact Haus-
dorff space. We refer to other result [4, 5, 6, 7, 8]. By the Mazur-Ulam theorem [9],
every surjective isometry between normed spaces which preserves the origin is real-
linear. So it would be interesting to consider real-linear isometries. We motivated
by a Kawamura, Koshimizu and Miura’s research of 2-local isometries of C"([0,1])
equiped with the C-norm (or X-norm) [10] (notatations and the statement are in sec-
tion 3) and studied 2-local isometries of C'([0,1]) as the 2-locality of the group of
all surjective "real-linear” isometries. We proved that every 2-local isometries (as the
2-local property for the group of surjective real-linear isometries) of C*([0, 1]) equiped
with the C-norm (or X-norm) is actually a surjective real-linear isometry (Hosseini

studied in the case of different type norms [11]).

2 2-local isometry

In this section, we prepare some definitions. We use the following notations for the
given Banach space X.

Isoc(X) :={T: X — X | T:surjective complex-linear isometry }

Isog(X) := {T : X — X | T:surjective real-linear isometry}

By these notations, we can rewrite the definition of 2-local isometry as follows.

Definition 2.1 (2-local isometry(Molndr)). Let X be a Banach space. Then, a map
T: X — X is a 2-local isometry if the following holds.

Ve,y € X 3T, € Isoc(X) s.it. T(x) =Ty y(x) N T(y) =Ty y(y)

We want to consider 2-local isometries as the 2-local property for the group of all
surjective ”real-linear” isometries in the main theorem. To emphasize it, we write

”2-local Isor(X)” or ”2-local Isoc(X)” instead of ”2-local isometry”.

3 2-local isometries of the space of continuously
differentiable functions

We need some preparations before writing the statement of a result of Kawamura,
Koshimizu and Miura on 2-local isometries of C™([0,1]) equiped with the C-norm

(or ¥-norm). We denoted by C™ ([0, 1]) the space of all complex-valued n-times con-



tinuously differentiable functions on the closed unit interval [0,1]. The C-norm and

Y-norm on C™([0,1]) are as follows.

. If’“l " ||f ||oo .
I flle = supZ (f e c™([0,1]), IIfls Z (f € c™([0,1)))

Both norms make C"([0,1]) into a Banach algebra. Kawamura, Koshimizu and

Miura studied 2-local isometries of this Banach algebra [10].

Theorem 3.1 (Kawamura, Koshimizu and Miura). Let A be a Banach algebra
(C™([0,1]), ]| - llc)- Then every 2-local Isoc(A) T is of the following form:

T(f) = clfonl (feC™([0,1])),
where c € T, m € {id,1 —id}, e € {£1} and [f]° := Re(f) + icIm(f).

So every 2-local Isoc((C™([0,1]), || - [l¢)) map is in Isoc((C™([0,1]),] - |l¢)). They
proved that this statement is also true for the Y-norm in the case of n = 1. Moti-
vated by this result, we studied 2-local Isog(C™([0,1])) and proved that every 2-local
Isor(C1([0,1])) map is in Isog (C([0,1])), where the norm is the C-norm or ¥-norm.

4  Main theorem

We want to prove that every 2-local Isog(A) for A with the C-norm (or ¥-norm) is
actually a surjective real-linear isometry. Hereinafter, we denotes C([0,1]) equiped

with the norm is C-norm or ¥-norm by A.

Theorem 4.1 (Main theorem). Every 2-local Isog(A) map S is of the form
S(f)=clfor]® (Vf €A,
where c € T, e € {£1} and 7 € {1,1 —id}.

We applying two theorems in the proof of the main theorem. First one is a theorem

by Kawamura, Koshimizu and Miura [12]. This theorem gave the form of maps of
Isog (C1([0, 1])).

Theorem 4.2 (Kawamura, Koshimizu and Miura). Let B be (C™([0,1]),] - |lc) or
(CH([0,1]), | - ). If S : B — B is a surjective real-linear map, then there exists

63



64

ceT, me{l,1—1id} and € € {£1} such that S(f) = c[f o x| for every f € B.

Second one is a theorem by Li, Peralta, Wang and Wang [13]. This theorem is an

extension of a Kowalski-Stodkowski’s theorem [14].

Theorem 4.3 (Li, Peralta, Wang and Wang). Let B be a unital Banach algebra on
C, and let A : B — C be a mapping sutisfying the following properties:

(1) A:1-homogeneous (i.e. A(azx) = alA(z))
(2) A(z) —A(y) € To(z —y) (Vx,y € B)

Then A is linear, and there exists ¢ € T such that cA is multiplicative.
Now we prove the main theorem by applying above theorems.

Proof of Theorem 4.1. Recall that A is (C1([0,1]),] - ||), where the norm is the C-
norm or ¥-norm. Let S be a 2-local Isogr(A) map. For any pair f, g(€ A), there exists
Ty 4 € Isor(A) such that S(f) = Ty 4(f) and S(g9) = Tt4(g). Applying Theorem
4.2, there exists cgq € T, 7,4 € {£1} and 7y, € {1,1 —id} such that Ty, is of the

following form:
Trg(h) =cpglhompgl™e (Vh e A) (1)

By this formula (1), we will show that the followings:
SOAf) =AS(f) (Vf € AVAEC) or S(Af) =—AS(f) (VfEAVAET) (2
o(S(f) = 5(g)) € To(f —g) (Vf,g€A) (3)

a(S(f)—5S(g9)) € To(f —g) (Vf.g€ A (4)

First, we show that (2) holds. Take any A € C\ {0} and fix it. By the 2-locality of S
and Theorem 4.2, for every f(€ A) there exists Ty xs € Isor(A) which satisfies

SOAF) = TrasNf) = cpl(M) omp]*h = [N Tpap(F) = N S(S)-

So S(Af) = AS(f) or S(Af) = =AS(f) holds. To show that (2), we suppose S(A\14) =
AS(14) and show that S(Af) = AS(f) holds for every f(€ A). If there exists F €
A\ {0} such that S(AF) = —AS(F), this F is not a real-constant. We consider maps



hs :=sF+(1—s)14 (s€[0,1]). Because of F' is not a real-constant, hg is also not

a real-constant for all s(# 0). Now we define
u=sup{t € [0,1] | S(Ahs) = AS(hs) (0<Vs <t)}.

By the definition of u, there exists two sequences {f,}, {gn} € A" such that S(\f,,) =
AS(fn)y S(Agn) = —AS(gn) (Vn € N) and li_)m fn = li_>m gn = hy. Since S is an

isometry, the following equations hold:

[S(Afn) = SAgn)ll = A fr = Agull = Al fn = gull = 0 (n — 00),
”S()‘fn) + S()‘gn)” = H/\S(fn) - AS(gn)H = ‘)‘H‘fn *gnH —0 (TL - OO)

Hence we have

< ISAfn) = SAg)Il + 1SN fn) + S(Agn)[| = 0 (n — o0),

so 0 = nh—>Hclo 2S(M\fn) = 2X nh_)rrgo S(fn) = 2Mhy holds. Hence we have h, = 0 and
u # 0, this is a contradiction. We have proved (2). Next, we prove that (3) holds.
Take any pair f,g € A and fix them. By the 2-locality of S and (1), There exists
Ty 4 € Isor(A) such that

S(f) = S(9) =Trg(f) = Trg(g) =Tro(f —9) = crol(f —g) oms 40

Hence we have

a(S(f) = 5(9)) = alergl(f = g) o7y g77)
= crglo(f =9I CTo(f - g).

Now we have proved (3) holds. Similarly, one can prove that (4) holds. Next, we
define a map U : A — A by

U:= {Sv ifS(ila) =1S(1a)
TS, ifS(ila) = —iS(1,)

Clearly U is also an isometry. We consider the composition mapping of U and eval-
uation functional 7 : A — C,7(f) := f(t) (¢ € [0,1]), and define Uy(= 14 0 U) :
A — C. By (2),(3) and (4), each U, satisfies the assumptions of Theorem 4.4. So

U(14)U; is multiplicative. We prove that U(14) is a constant. o(U(14)) C T by
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(3) and (4), so ||[U(14)|]loc = 1. Hence we have 1 = ||14]| = ||U(14)|, and by the
definition of the norm of A, we have ||U(14)’|lcc = 0. This yields U(14) is a constant.
Now we proved that there exists ¢ € T such that each cU,; is multiplicative. Since
the maximal ideal space M4 is homeomorphic to the under lying space [0, 1], we can

define a map 7 : [0, 1] — [0, 1] satisfying cU; = 7). Now U is represented by
Ulf)=c(fom) (f€A).

Because U equals to S or S, it suffices to prove that 7 is id or 1 — id to complete
the proof. By m = ¢U(id), w is differentiable and ||x|| = ||U(id)|| = ||id|| = 2 holds.
Because 7 is continuous, 7 must be surjective. Suppose not, we can take a point
s € [0,1]\Im() and its neighborhood V such that VN Im(7) = @. We can choose
foe A\Oas fo =0on V,and 0 # | fol| = [[U(fo)ll = [lc(fo o m)|| = [|0]] = 0 holds
because U is an isometry. This is a contradiction. So 7 is surjective. We also have
|7 |loc = 1. Hence, by the mean value theorem, 7 is contractive. By surjectivity and

contractivity of m, one can prove that 7 is id or 1 — id. O
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