The mod 3 cohomology ring of the finite projective general
linear group of degree 3
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In what follows, English parts are taken from the slides I used in this talk.

1 Introduction

L1, £9RE S LD LT 2GR, AAHEREDHIH»SIZ LD ET.

We are interested in the mod ¢ cohomology H*(—) = H*(—;Z/¢) of the classifying
space of

o GL,(C)~U(Mm),
o GL,(F,),
e PGL,(C) = GL,(C)/C* ~ PU(n) = U(n)/S", and
o PGL,(F,) = GL,(F,)/F},
Suppose

e /(, p: prime numbers such that (¢,p) =1,



e g is apower of p, and

e unless otherwise stated, we assume €2|(q —1).

Un) & n IROL=K") —HET n IROEFELAK EO— T GL,(C) £ RE b
V—REMEIZRD £9. SEZEMERE P E—REIZRY) EFITr6TIFRETY—H[H
BUZ D E9. TTDTIAKRERY—DGE%2 L LD L WHRHZIE Un) & GL,(C)
ERALEVWDIZEIZARD . RBEEE L TORENBRERE X, -2 2 I3EE
Bk C 2HMRIATF, TEESHA XS LW RHIIE Un) Tid7%< GL,(C) 25 %
LRENH D FT. Un) 132" NEREY —BEE WS 2 & THRERIZRD £
FTODTrRATY—DAMIZE 5 TIE GL,(C) &0 A EIEADHD £T.
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We want to know
H*(BPGL,(C)), H* (BPGL,(IFy))

and
H*(LBPU(n)).

LX is the free loop space of X, i.e.

LX = {continuous maps S' — X}.
— D n ITDOVWTHRZNWE Z B3RO T, —~ D n IZDWVTOFEEE TH
LS DB~ DHF TR THFHATERVESICAXET. TTDOTE TN
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MINIXEHAL—TEEDZ & TT.

Borel O LAY 7RAER & LT
H*(BGL}'I((C)) - Z/E[ZZa 241 267 ct 3Z2n]

NELHSNTWE T, Quillen [Qui72] DFEHR & U THIBEE —MARILEIZ DWW
TH EDORMFDL & TIX

H*(BGL,(Fy)) = Z/l[z2,24, %6, - - - »Z2n) @ A (21,23, 25, - - Z2n—1)

PHISNTWET. p=L DEGEIZODVTIHESHNRERIION TV TR~
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H*(LBU(n)) = Z/lz2,24, %65 - - - 22n] @ M (21,23, 25, - - -, 22n—1)



& 725 Z &% Quillen DEFHA & [AFRIZ Eilenberg-Moore A2 MVRF| % W5
CHETEXT. LBUM) DA FRER Y —DEEIZHEDORE R L IER XNV DHFA
WZIXbn D FHA. folklore EWIRZEDBRDNE R AL DY H DN TH
HOFIEZTER W15 83 WTT.

1.3. ZZ TR E 3D Toda A7 MILRF] [Tod87] IZ DWW THINTEE %
.G EARMEZIZaA VA M) —HELET. T % GOHTLOHDREE UE
T DT —RUVEERDT BBl 2525 28N TETHED T 74 N — R4

BI' — BG — B(G/IN)

=8

BI' — BG — B(G/T") — BBT
FCHEETEZ LY. BBl [ZHHHZEMOMEHENPSHRIZEZH5ZEDTES
TAaN P —=2arvZ2HAWTUTOLD AR MVRVIDERTE 7.

For
BT' - BG — B(G/T") — BBT,

there exists a spectral sequence

Cotory-sr)(Z/l, H (BG)) = H*(B(G/T)).

Toda 1% [Tod87] TZDARY MVRIZER L, ZNZ2HNT £ =2 DA
H*(BPU(4n +2)) DR 217 >TWXT. TOEHREEZRL L ZDARY ML
ZHNEa R M) —FEONFEERO IR EQY —DFHEIII R VFEZZT S TH
5EDIZBZFT. LU, ZTOART MLRFID [Tod87] AMTHERIZHib T
WaBHlIEH D EFEA. TOEKRTIDOHFEDOHKD—DIE L #£2 DHBHIZEHID
ARY NVRFIMSEEBO AT Y —DFBICAEHTHAI L2 RTIET
T ZDRNS L =3 DEFEHED H*(BPGL3(F,)) DEHHENZ D SANDE—HL W
S5 ETHELWHII LIZRD XY
1.4. ZDO—HFTHRKNY —BGHHET BN WIEHHREDE n=2D L ZD
PGLy(Fy) TY. RN INTHEHELHENRTY. fRarend—, flx
IX Morava K-Biw, O FFAILHLEE N EETT.
n=20 EZlEmod/l IFRETY—IZDODWVWTIERUTFTDES>RETLL bhroT
WET.
PGL,(C) ~ PUQ2) = SU22)/C> = SO(3).

For ¢ # 2,

H*(BPGLy(C)) = Z /![z4],

H*(BPGLy(F,)) = Z/{[z4] ® A(z3)

= H*(LBSO(3)).



For ¢ = 2,
H*(BPGLy(C)) = Z/l[wy, ws],
H*(BPGLy(F ) = Z/2[w2, w3] @ A(x1,x2)
= 7./2[x1, wa, w31/(x] + wox? 4+ w3x)
= H*(LBSO(3)).

mod2 AFREBY—IZOWVWT ED LS IZFHETE 5DIE H(BPGL,(C)) % IE
BUZAR S5 T, aFER Y —DEHABUZ R 55 A0 HilV — 7ZEH D a7k
EQY—RZTOEME LTOABRY anNL—HOIFRETY—IZD2WTIE, 728
Z 13 Kuribayashi [Kur99], Kishimoto-Kono [KK10] iZ —f%i@h % b £7.

U2 U BPGL3(F,) ® mod3 I FRED Y —FZLHABRIZRD FHEADTLDLS
IZIEWE FHA. BPGLy(F,) RHEHV— FEED 3 RE R Y — 0% % DM
PR SFHATERV—FRFLOOHE VWS Z 2 b 7.

We can compute these cohomologies because H*(BG) is a polynomial algebra. BPGL3 ~
BPU(3), ¢ = 3 is the first non-polynomial case.

2 Known results

21. AN £ =3,n=3 & U PUB) ~ PGL3(C), PGL3(Fq) D45 ¥EZEM D mod
3 3KREBY—%%Z %Y. Kono-Mimura-Shimada [KMS75] Tl Rothenberg-
Steenrod AR hILRF%EFAWT BPUQB) D mod3 IHRET V=D EFHBEINTW
% 9". Rothenberg-Steenrod A X7 kLRI

G — *x— BG — BG
D—BEDBGIZADL T4V bL—YarvhollEIngd ART MLVRS
COtOI‘H*(G)(Z/& Z/ﬁ) = H*(BG)

EWVWS Z & TE Y. Kono-Yagita [KY93] Tlk PUB) DK b —F A T & fi
KIGFHEART =)V 3-8 Ay 2 7Z/3 x /3 12 UCRMEFZFIRE T 52 212
£h
H*(BPGL3(C)) — H*(BT) ® H*(BA»)

WHEHIZREZ 2R UTWVWET. ZHid Adams D FAH ([KY93])

(>2 DL &

H*(BG) — H H*(BA)
AcA
MHENIRS. 22T A X G DRERT =)L (B BERIKDEL.



M G=PUQB) DFHIZEDI>TWVWEILEZRLTVWET. Bz xeHde

From now on, we assume ¢ = 3.

Theorem 2.1 ([KMS75], [KY93]) H*(BPGL3(C)) is isomorphic to
Z/31ys, 22,2121 © A(y3,y7)/ (v322, 722, Y822 + ¥3¥7),
where y3 = Qo(z2), y7 = Q1(22), y8 = QoQ1(z2). The induced homomorphism
H*(BPGL3(C)) — H*(BT) ® H*(BA,)
is injective where T is a maximal torus and A, is a maximal non-toral elementary

abelian subgroup of GL3(C).

Z 2T Q;: H'(X) — HF2C-1(X) 12 Milnor fEFIZ & XiEh 2 akE 0 Y —fEH
FZTCIAFREOY—DEDHFAFFZIFEIY—DRTERLET. DFED o &
H?((BPGL3(C)) DT, y3 & H3(BPGL3(C)) DIt & WS Z LIz ) £7.

2.2. BPGL3(F,)) @ mod 3 IHREH Y —IZFL TIE Tezuka [Tez02] T g = 4,7
mod 9 D EIZ H*(BPGL3(Fy)) DEIEEMNRESNTWET. £xbd 5 H
LV — 72 LBPU3) ® mod 3 I 74 E 1 Y — (2 L Tl Kuribayashi-Mimura-
Nishimoto [KMNO06] C H*(LBPU(3)) ® H*(BPU3))-MEDEENGFIHE I TW»
9. 206 DFERIL Rothenberg-Steenrod LD A X2 K~ )L RS

Cotory-c)(Z/t, H*(G)) = H*(LBG)
Cotory-)(Z/{, H*(G)) = H*(BG(F,))

EHW, TNSDART MIVRAID E-U RV TBRBILLTWAZ 2 RT I &I
o onTVWET. 25 DOFHEIL Tezuka TAH [Tez98]

H*(BG(F,)) = H*(LBG) for any integral group scheme G?

M G=PUB) g»qg=4"71 mod9 ODHHIZHEDL>TWVWDHILEZRLTWVE
3. 2D Tezuka PH%Z ¢=0 mod 9 DEHIZHRTIENIDHEDE S5 —D
DHWKTT.

2.3. E® BPGL3(C) ® mod 3 I RET Y —DEHEIE Toda AR bILRS]Z HW
THLERRBIZTEET. ST EOHETIEZNITERG TRV ¢ D) Toda
ARG MIVRIZH WS ERAHIEHATEXT.

Toda spectral sequence for
BS' — BU(3) —— BPU(3) — K(Z,3)

collapses at the E;-level.



Theorem 2.2 As an algebra over 7./3, H*(BPGL3(C)) is generated by
22,212, Y3 = Qo(22),y7 = Q1(22),y8 = Q001(22),
H*(BPGL3(C)lyg '1 = (Z/3lys, 2121 © (y3,y7))lyg '],
¢: H*(BPGL5;(C)) — H*(BGL3(C)) & H*(BPGL3(C))[yg ']
is injective and, in H*(BPGL3(C))[yg h,
1
22 = —(=y3y7)
)8
Moreover, 7, 712 are characterized by
m™(22) = 22,
T™(212) = 23 + 2326 — 2323

24 UMD U, HEBEITREELD D X7, E-HOFEDIRERIZZ 5 — Tk
TEHENE S DBRRRWMPIZR o TWEET. 722 2 PUQR) % SUB) Dt
ABTUTDESH7T7 74 N=R5]%F 2T Toda AT MIVRI|ZHEKT D &
BTEEITNHINIE E-LALVTIRGRLL $HA.

Toda spectral sequence for
B(Z/3) — BSU(3) — BPU(3) — BB(Z/3)
does not collapse at the E;-level.
Ey = 7/3[y2, y8, 241 @ A(y3).
dr(z4) = £y2y3.

3 Results

31, #WREZVWLSODIZDFH U TERTHEZKR DD £, FROKEDN
LBPUB) Pmod3 IHREBY—IZDOWTHKDVHEET. DD ED Tezuka D
FHD G = PGL3(F,) I LT DB ET.
Theorem 3.1 Toda spectral sequence for

B]FqX — BGL3(F,) — BPGL3(F,) — BBIF;,

that is,
CotorH*(Bqu )(Z/3, H*(BGL3(F))) = H*(BPGL3(FF,)),

collapses at the E;-level.



Theorem3.2 Asanalgebra, H*(BPGL3(IF,)) is generated by y»,y3,y7,y8,21,22,28,29, 212 -
21, 28, 29 are characterized by

™ (z1) = 21,
¥ (28) = 2127, Qo(zg) = 0, 228 = 0,
T™(20) = 2227 + 2123, Oo(z9) = 0, Y229 — Y328 = —Y3)8;

where 77 = 2225 + 2324.

Theorem 3.3
H*(BPGLy(F)lyg '1 = (Z/3[y2, 38, 2121/ 03 + y3212 — y208) © A3, y1)lyg ',
¢: H"(BPGL3(F,)) — H*(BGL3(F,)) © H*(BPGL3(F,))[yg "
is injective.
Theorem 3.4 In H*(BPGL3(F,))lyg '],
1 3
z1 = —O2y7 +y23),
y8
1
22 = —(=y3y7),
8
1
8 = —0O5 — 3 — y3212),
y8
1 7
29 = —(—y2y3 — y2y3212)-
y8
Theorem 3.5 The mod 3 cohomology ring is generated by elements above with the
following 13 relations
Y222 + ¥321 = ¥228 = Y229 + ¥328 = y2y7 — ¥821 = 0,
Y322 = Y329 = y122 = y721 + ¥3¥321 = ¥729 = 0,

y822 + y3y7 = 0,

and

Y221212 + Y728 = _)’;ZI + y7ys,
Y3712 + yszs = —¥5 + 3,
Y2y3212 + Y829 = —yzy}

HEE - AHFTIX ISPS BHRER 17K05263 DK% 3213725 DT,
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